Math 254 Exam 9 Solutions

. Carefully define the term “basis”. Give two examples in R2.
A Dbasis is a set of vectors that is independent and maximal. Four examples are

{(170)7<O’1)}a {(171)7(3’2>}’ {(170)’(377)}’ {(_8’8)7(_877)}'

. Consider the basis S = {uj,us} = {(1,-2),(2,—5)} of R? and the linear operator
F(z,y) = (2o + 3y, 42 — by). Find the matrix representation [F.

The change-of-basis matrix from the standard basis E to S is P = [_} 2]. We also
have [F]g = [ 3 3]. We now calculate P~! = [_3 2], and now [F|s = P7![F]gP =
[ AT 5] 31 =[5 0]

. Let V' be the vector space of functions that have as a basis S = {uy, ug, us, ug, us} =
{1,sin 0, cosf,sin 26, cos 20}. Let D be the differential operator on V. Find the matrix
representation [D]s.

BONUS: What is the nullity and rank of D?

We calculate D(uy) = 0,D(u2) = ug, D(usz) = —ug, D(us4) = 2us, D(us) = —2uy.

00 0 0 O 01 0 0 O
0 0 -1 0 O 00 1 0O
Therefore [Djs=| 0 1 0 0 0 [.BONUS: | 0 0 0 1 0 [is[D]ginrow
00 0 0 -2 0 0 0 0 1
00 0 2 0 00 0 0 O
canonical form. This is rank four; D must have the same rank. Since S has dimension

5, the nullity of D is 5 —4 = 1.

. Set A =[}1]. Find two other matrices similar to A.

Many solutions exist; choose any invertible matrix P, calculate P~!, and P~'AP will
be similar to A. For P = [{9], we have P~' = [§,)], and P7'AP = [}3] ~ A. For
P=[43],P7 = [32 12, and PTIAP = [} ~ A,

. Prove that, for any square matrices A, B, if A is similar to B, then B must be similar
to A.

1. Suppose that A is similar to B.

2. Hence, there is some invertible matrix, P, such that A = P~'BP.

3. Multiply on the left by P, and on the right by P! to get PAP™! = PP7'BPP~! =
IBI = B.

4. Set Q = P~L. Q is invertible, and Q7! = (P‘l)*1 = P.

5. There is an invertible matrix, namely @, such that B = Q1 AQ.

6. Hence, B is similar to A.



