ARITHMETIC OF SEMIGROUP SEMIRINGS
VADIM PONOMARENKO

ABSTRACT. We define semigroup semirings by analogy with group rings and semigroup
rings. We develop arithmetic properties and determine sufficient conditions under which
a semigroup semiring is atomic, has finite factorization, or has bounded factorization.
We also present a semigroup semiring analog of Gauss’ lemma on primitive polynomials.

1. INTRODUCTION

The study of group rings is very popular and active, e.g. [7]. Similarly, the study of
semigroup rings has a rich history, e.g. [8]. Also, the study of semirings is very active not
only in mathematics but in computer science and control theory, e.g. [9]. In this context,
it seems natural to study semigroup semirings; however relatively little work (e.g. [4, 14])
has been done in this area. We propose to study the arithmetic properties of semigroup
semirings, specifically factorization into irreducibles and primes. For tools we will use
tools from semirings as well as from semigroups.

This work is organized as follows. Section 1 collects basic facts and tools about semirings
and factorization theory. Section 2 introduces semigroup semirings and develops several
tools to find atoms. Section 3 introduces content sets and maximal common divisors,
which generalize the notion of greatest common divisors. These tools are sufficient to
determine necessary conditions for a semigroup semiring to be atomic, finite factorization,
and bounded factorization. We also prove a semiring analog of Gauss’s lemma on primitive
polynomials.

Definition 1.1. We call R = (R, +, x) a semiring if it satisfies the following.

1. (R,+) is a commutative monoid with identity 0.

2. (R, x) is a commutative monoid with identity 1. We abbreviate x via juxtaposition.
3. Forall a € R, a0 = 0.

4. For all a,b,c € R, a(b+ ¢) = (ab) + (ac).

Following [9], we call R an information algebra if it also satisfies the following.

5. Forall a,b € R,ifa+b=0thena=5b=0.
6. For all a,b € R, if ab=0 then a =0 or b = 0.
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For convenience, set R* = R\ {0}. Properties (5),(6) are equivalent to R* being closed
under +, X.

Lemma 1.2. Let R be an information algebra, and let aq,as, ..., ag,b1,bs,... b € R.
Then Zle a;b; is monzero if and only if there is some i € [1,k| with a; and b; each
nonzero.

Proof. 1f the sum is zero, then each summand is zero by property (5), and hence for each
i either a; = 0 or b; = 0 by property (6). The other direction is trivial. O

Let (M, -) be a commutative monoid with identity e. We say that binary relation R on
M respects - if for all a,b,c € M, aRb implies that (a-c)R(b-c). We define the relation |
on M via a|b if there is some ¢ € M with a - ¢ = b. We say that a is a unit if a|e and a
nonunit otherwise. It is easy to see that the product of units is a unit and the product of
nonunits is a nonunit. We say that a and b are associates if a|b and bla.

We now recall terms from the arithmetical theory of semigroups. For an introduction,
see [6]. We say that nonunit @ is an atom if a = b - ¢ implies that either b or ¢ is a unit.
We say that (M, ) is atomic if every nonunit may be factored into atoms in at least one
way. We say that nonunit a is prime if a|b - ¢ implies that a|b or alc. We say that (M, -)
is reduced if e is the only unit.

For a in atomic (M, -), we say that aj - as - - - a is a factorization of a if the product is
a and each a; is an atom. Two factorizations a; - as - - - a; and a} - @), - - - ), are equivalent
if there is some permutation m € Sy, and a;, ar(;) are associates for 1 <14 < k. This is an
equivalence relation on the set of all factorizations of an element. For nonunit a, we call
F(a) a factorization set of a if every equivalence class of factorizations of a has exactly one
representative in F'(a). We define the length set L(a) = {k:ay-as---ar € F(a)}. Note
that |F'(a)| and L£(a) are independent of the choice of equivalence class representatives
for F'(a). We say that a has unique factorization (UF) if |F(a)| = 1; we say that a has
finite factorization (FF) if |F(a)| < oo; we say that a has bounded factorization (BF) if
|L£(a)| < co. We say that (M, -) is UF, FF, BF if each nonunit in M is. We define the
elasticity p of a € M via p(a) = %. We define the elasticity p(M) = sup,ecp p(a),
and say M is fully elastic if every x € Q N [1, p(M)) is the elasticity of some element in
M.

We say that (M, -) is yoked if for all a,b € M there is some ¢ € M where either a-c=b
or a =b-c. We say that (M,-) is cancellative if a - ¢ = b - ¢ implies that a = b. Following
[3], we say that (M, -) is weakly cancellative if a - b = a implies that b = e. This property
has also been called plain, in [9].

Lemma 1.3. (M,-) is weakly cancellative if and only if the following holds.
Ya,b,c € M, with unit a. If a-c="b-c then a = b.

Proof. Let d € M withd-a=e. Thenc=d-a-c=d-b-c. Applying weak cancellativity,
d-b=eceand hence b=a-d-b = a-e = a. The other direction follows by taking a =e. [
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Our primary focus is on information algebras R. We study the multiplicative monoid
(R*, x), and say that R is atomic, cancellative, reduced, etc. if (R*, x) is. We say that
a € R* is a unit, atom, prime, etc. if it is in (R*, X).

Example 1.4. The set of nonnegative integers Ny is a UF, cancellative, reduced, infor-
mation algebra under the usual +, x.

Example 1.5. For B = {0,1}, weset 0+0=0x0=0x1=1x0=0,0+1=140=
1+1=1x1=1,and 1 > 0. This is an UF, cancellative, reduced, yoked information
algebra known as the Boolean semiring.

Example 1.6. Let (R, +, x) be the set of fractional ideals of a Dedekind domain D. +
has identity (0), and x has identity D. (R, +, X) is an atomic information algebra.

Example 1.7. Let R be a partially-ordered multiplicatively commutative semiring (or
ring). Set Rt = {r € R:r > 0}, the positive cone of R. R* is an information algebra.

Example 1.8. Let R be a commutative semiring. Suppose that R is additively idempo-
tent, i.e. a4+a = a for all a € R. Then in fact R is partially ordered via a > bif a = a+0,
and hence R is an information algebra.

Example 1.9. Let R be a commutative semiring that is not a ring. Then {1+ :r €
R} U {0} is an information algebra.

Proposition 1.10. Let (M,-) be a commutative monoid. Then the following hold.

1. The relation | is a preorder, with ula for all units v and all a € M.

2. If a = u-b for some unit u, then a,b are associates. If (M,-) is also weakly
cancellative, then the opposite implication also holds.

3. Let a € M. If a is an atom then for all bla, either b is a unit or an associate of a.
If (M, -) is also weakly cancellative, then the opposite implication also holds.

4. Let a,b € M be associates. If a is an atom them b is an atom.

5. If (M, ) is weakly cancellative, then every prime is an atom.

6. If (M,-) is UF, then every atom is prime.

7. If (M,-) is reduced and weakly cancellative, then | is a partial order. If (M,-) is
yoked, then | is a weak order. If (M,-) is reduced, weakly cancellative, and yoked,
then | is a total order.

8. The relation | respects -.

9. If there exists a partial order < on M with least element e that respects -, then
(M, ) is reduced. Further, < is a refinement of |. That is, if a|b then a < b.

Proof. (1) ala since a - e = a; hence | is reflexive. Suppose a|b and b|c. Then there are
d,d € M with c=b-d,b=a-d. Combining, ¢ = a- (d - d) so a|c; hence | is transitive.
Ifu-v=ethena=(u-v)-a=u-(v-a), hence ula.

(2) Suppose that a = b - u for some unit u. Hence bla. Let v be such that u-v =e. We
have a-v =b-wu-v = b, and thus a|b so a,b are associates. Suppose now that (M, -) is
weakly cancellative and a, b are associates. Then there are d,d with a =b-d,b=a-d'.
Combining, we have a = b-d = a - (d' - d), and hence e = d' - d. Thus d is a unit and
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a=">b-d.

(3) Suppose that a is an atom. Let bla for nonunit b that is a nonassociate of a. Then
a = b - c for some ¢ € M. Since a is an atom and b is a nonunit, then ¢ must be a unit.
By (2), a, b are associates, contrary to hypothesis.

Now let a be a nonatom that satisfies the condition. Write a = b - ¢, a product of two
nonunits. By hypothesis, b must be a unit or associate of a, hence an associate of a. By
(2), b =a-u for some uw € M. Hence a =b-c=a-(u-c), and by weak cancellativity
u - c=e. Hence c is a unit, in violation of hypothesis.

(4) Suppose otherwise; we write b = u - v for some nonunits u, v. Since a, b are associates
there is some ¢ € M with a =b-c=wu-v-c. hence a is a product of nonunits u, (v - ¢), a
contradiction.

(5) Let a € M be prime. Suppose a = b - ¢ for nonunits b, c. Since a is prime, we assume
without loss that alb. Hence a,b are associates and by (2) there is some unit u with
b=a-u. Nowa=b-c=a-u-c, and by weak cancellativity u - ¢ = e and hence c is a
unit. This contradiction shows that a is an atom.

(6) Let a € M be an atom, and suppose albc. There is some d € M with a-d =0 - c.
We take factorizations d = (dy - dg---),b = (by - by--+),c = (¢1 - c2---). We have two
factorizations a - (dy -dy-++) = (by -by--+) - (c1 - co--+); by UF these must be equivalent.
Without loss we may assume that a,b; are associates; but then a|b. Hence a is prime.
(7) Suppose that a|b and bla. Then by (2), a = ub for some unit u, and v = e since (M, -)
is reduced. Therefore a = b and | is antisymmetric. Suppose that (M, -) is yoked. Then
for all a,b € M, either alb or bla and hence | is a total preorder (aka a weak order). A
total partial order is a total order.

(8) Suppose that a|b. Then there is some d € M with a-d =0. Thena-c-d="5b-¢, and
hence a - ¢|b - c.

(9) First, note that if w is a unit different from e we have u-v =cande <u=u-e <
u-v = e, a contradiction. Hence (M, -) is reduced. Suppose now that a|b. Then there is
some c € M withb=a-¢c. Wenow havea=a-e<a-c=0b. O

For information algebras R, we will use |, to denote the preorder | on the reduced
monoid (R, +).

Proposition 1.11. Let (M,-) have UF. Then (M,-) is weakly cancellative if and only if
it 15 cancellative.

Proof. One direction is trivial. For the other, suppose that a, b are nonunits and a-c = b-c.
If ¢ is a unit we multiply by ¢! and get a = b; otherwise we take factorizations a =
(a1-ag-++),b=(by-by--+),c=(cy-co---). By UF the factorization (a;-as---)-(ci-ca--+)
is equivalent to (by -by---)-(cy-cy---). Hence we may assume without loss that a;, b; are
associates for all 7, and thus a, b are associates. By Proposition 1.10.2, there is some unit
u with a =wu-0. But then u-b-c=10-c, and by weak cancellativity © = e and hence by
Lemma 1.3, a = b. 0]

Definition 1.12. Given semirings R, Ry, we say ¢ : R — R is a morphism if it satisfies
the following, for all a,b € Ry:
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1. ¢(a+b) = d(a) + d(b)
2. ¢(ab) = ¢(a)d(b)
3. 6(0) =0, §(1) = 1

For morphism ¢ and property P, we say that P carries forward if P(a) implies P(¢(a)).
We say that P carries backward if P(¢(a)) implies P(a). We say that P is preserved if it
carries forward and backward. We make similar statements for semiring properties.

Proposition 1.13. Let ¢ : Ry — Ry be a morphism. Then units and associates carry
forward. If units are preserved, then atoms carry backward. If ¢ is injective, then can-
cellation and weak cancellation carries backward. If ¢ is surjective, then yoked carries
forward.

Proof. (Units) Let a € R; be a unit. Choose b € R; with ab = 1. Then ¢(a)¢p(b) = ¢(1) =
1, so ¢(a) is a unit.

(Associates) Let a,b € Ry be associates. There must be ¢,d € Ry with a = bc,b = ad.
We have 6(a) = 6(b)6(c) and 6(b) = ¢(a)o(d).

(Atoms) Suppose that ¢(a) is an atom. a cannot be a unit since units carry forward.
Suppose a were not an atom. Then we write a = ajao for nonunits a;,as € R;. Then
o(a) = ¢(a)p(as), a product of nonunits since units carry backward. Hence ¢(a) is a
nonatom, contrary to hypothesis.

(Cancellation) Suppose that ac = be. Then ¢(a)p(c) = ¢(b)¢(c), and by cancellation on
Ry, ¢(a) = ¢(b). Since ¢ is injective, a = b.

(Weak cancellation) Suppose that ab = a. Then ¢(a)¢(b) = ¢(a), and by weak cancella-
tion on Ry, ¢(b) = 1. Since ¢ is injective, b = 1.

(Yoked) Let a,b € Ry. Since ¢ is surjective, there are a’,0’ € Ry with ¢(a') = :
Since R; is yoked, without loss we let ¢ € Ry with a’c = V. Then ¢(a')¢(c) = ¢(b') and
ap(c) = b. Hence Ry is yoked. O

Proposition 1.14. Let Ri, Ry be semirings. Let ¢ : Ry — Ry be a bijective morphism.
Then ¢! : Ry — Ry is a (bijective) morphism. Also, ¢ preserves units, associates, atoms,
primes, and UF.

oot Let b € By 0(071e) 4 0710) = oo 1(a) + o6
o Ha+b) = ¢ (d(¢7 (a) + (b))) = ¢~ '(a) + ¢~'(b). Simi
6(6~1(a)) (6~ (b)) = ab. Hence ¢~1(ab) = ¢~ (¢(¢~ ()6~ 1(5))
¢! is a morphism.

¢ preserves units, associates, and atoms by applying Proposition 1.13 to ¢ and ¢~!.
(Primes) Suppose that a is a prime but ¢(a) is a nonprime. Hence there are b, ¢, d € R
with ¢(a)d = be, but ¢(a) t b and ¢(a) t c. Because ¢ is surjective, there are V', ¢, d’ € R;
with (') = b,¢(c') = ¢,¢(d) = d. ¢(ad’) = ¢(a)p(d) = ¢(a)d = be = $(V)o(c') =
o(b'd), hence since ¢ is injective ad’ = b/c’. Since a is prime, without loss a|¥’, i.e. there is
some h € Ry with ah = '. Now ¢(a)p(h) = ¢(b') = b, so ¢(a)|b, a contradiction. Hence
¢ carries primes forward; the other direction follows from ¢!

(UF) Suppose Ry is UF. Let a € R; have two inequivalent factorizations ajas - - - ay,

(b)) = a +b. Hence

larly, gb(qb Ya)p~1(b) =
)= ¢ ' (a)¢~(b). Hence
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ayay -+ -aj. But then ¢(a1)g(az)- - d(ar), d(ay)d(ay) - - - ¢(a)) are inequivalent factoriza-

tions of ¢(a), a contradiction. Hence ¢ carries UF backward; the other direction follows
from ¢ 0

Note that for any morphism ¢, if a|b then ¢(a)|¢(b). Recalling an important tool from
factorization theory, we say that ¢ is a divisor morphism if the converse also holds.

Definition 1.15. We say that morphism ¢ : Ry — Ry is a divisor morphism if it satisfies
the following: For all a,b € Ry, if ¢(a)|p(b) (in Rz), then alb (in Ry).

Proposition 1.16. Let ¢ : Ry — Ry be a divisor morphism. Then units and associates
are preserved, while atoms and primes carry backward. If ¢ is surjective, then atoms and
primes are preserved.

Proof. Let a,b € Ry. If ¢(a) is a unit, then ¢(a)|l = ¢(1), so a|l and a is a unit. If
o(a), ¢(b) are associates, then ¢(a)|o(b), ¢(b)|p(a); hence alb, bla so a, b are associates.

Let a € Ry with ¢(a) prime. Suppose albc. Then ¢(a)|p(b)p(c). Since ¢(a) is prime,
we may assume without loss that ¢(a)|¢(b). Hence alb.

Let a € R; and suppose that ¢(a) is a nonatom. Write ¢(a) = be, and by sur-
jectivity there are ¢/, € R; with ¢(b') = b,¢(c’) = ¢. Hence ¢(a) = ¢(b'd') and
o(a)|o(t' ), (' )| p(a). Therefore a,b'c are associates. U, ¢ cannot be units since units
carry forward; hence a is a nonatom.

Let a € Ry be prime. Suppose that ¢(a)|bc; by surjectivity there are ¥, € R; with
o) = b,¢(c!) = ¢. Because ¢(a)lbc = ¢(b'c’), a|b'd; since a is prime we may assume
without loss that a|b’. But then ¢(a)|p(b") = b. O

Proposition 1.17. Let Ry, Ry be atomic semirings, and let ¢ : Ry — Ry be a divisor
morphism. For all a € Ry, sup L(a) < sup L(¢(a)). Further, BF and FF carry backward.

Proof. Let a € Ry, k € L(a). Choose ajay---a € F(a). ¢(a) = ¢(ar)o(az)--- d(ax).
£6()) D L£(6(a)) + L(B(a)) + -+ L(Ba) > 1+ 1+ -+ 1> k. Hence sup £(a) <
sup L(¢(a)), and if the right hand side is finite (i.e. a is BF) then so is the left hand side.

Let a € Ry, ajas---a, € F(a). Since ¢ preserves units, ¢(a) = ¢(ar)p(az) - - o(ax),
a product of nonunits. Suppose now that F(¢(a)) is finite, but F(a) is infinite. Sinced
each element of F'(¢(a)) has only finitely many partitions as above, there must be at least
two (in fact infinitely many) partitions ajas - - - ag, ajal - --a) € F(a) both mapping to
(bybt -+ )(bob3 - -+ ) -+ (bibi -+ ) € F(¢(a)), where (bjb]---) € F(¢(a;)) N F(¢(af)). But

then ¢(a;) = ¢(a}), and hence a;,a) are associates, and hence ajaz - - - ay, ajal - --ay are

equivalent yet both in F'(a), a contradiction. O

Proposition 1.18. Let R be an information algebra. Then ¢ : R — B given by ¢(0) = 0,
o(r) =1 (for all other r) is a morphism.

Proof. If a = b = 0, then ¢(a + b) = ¢(ab) = 0 = ¢(a) + ¢(b) = ¢(a)p(b). If a,b are
nonzero, then a+b, ab are both nonzero, so ¢(a+0b) = ¢(ab) =1 = ¢(a)+¢(b) = ¢(a)p(b).
If one of a,b is zero, but the other is nonzero, then a + b is nonzero and ab = 0. So

dla+0b) =1=¢(a) + ¢(b) while ¢p(ab) =0 = ¢(a)p(b). O
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2. SEMIGROUP SEMIRINGS

Semigroup semirings may be seen as analogous to group rings and semigroup rings. We
propose to study their arithmetic properties, namely factorization into atoms.

Definition 2.1. Given information algebra R and reduced commutative monoid (.S, +)
with identity e, we define the semigroup semiring R[X;S] = {> .47 X° : s € R},
where we insist that all but finitely many coefficients r, = 0. Notationally, we write
A =Y .qa:X?® where elements of R[X;S]| are denoted by capital letters and their
coefficients by lower case versions. We will often abbreviate Y _c by just > . We define
+, X as follows.

1. A+ B =) (as + bs)X*, with identity 0 = > 0X>*.

2. AX B=) rX* wherery =) . __ a,b,. This has identity 1 =1X*.

Example 2.2. Let R be an arbitrary information algebra, and let S = Ny. Then R[X; 5]
is the semiring of polynomials with coefficients from R. These have been studied in [2, 13].

ses

Example 2.3. Let S be an arbitrary reduced commutative monoid, and let R = B. Then
R[X; S] models the semiring of subsets of S, with operations union (4) and Minkowski
addition (x). These have been studied in [5, 12].

Example 2.4. Let S be an arbitrary reduced commutative monoid, and let R = Nj.
Then R[X;S] models the semiring of multisets from S, with operations multiset union
(4) and multiset addition (x).

Proposition 2.5. Semigroup semiring R[X;S] is an information algebra.

Proof. (1) (R[X;S],+) is closed and commutative with identity 0 because (R, +) is.

(2) (R[X;S], x) is closed and commutative because R is a semiring. We have 1 = 1.X¢ +
>0X*, so 1A = > r,X*® where ry has only one nonzero summand, namely la,. Hence
1A = A.

(3) AO= > 7 X* wherer, =% . a,0=0. Hence A0 = 0.

(4) A(B+C) = 2o X", where vy = 32 au(by + ¢0) = 20,40 (auby) + (aucy) =
> utoes Gubo + D4y @uCy, Tepeatedly using the semiring properties of R. Hence A(B +
C) = (AB) + (AC).

(5) Let A, B € R[X;S]. If A+ B =0, then (a+b); = 0 for all s € S; hence since R is
positive a;, = by, = 0 and thus A = B = 0.

(6) Let A, B € R[X;S], and set C = AB. If C =0, then ) . a,b, =0 forall s € S.
Suppose that A # 0 and B # 0. Then there are u,v € S with a, # 0 and b, # 0. By
Lemma 1.2, ¢,4, # 0 and hence C' # 0, which contradicts hypothesis. Hence either A =0
or B=0. U

Proposition 2.6. Let R[X;S]| be a semigroup semiring. The natural embedding ¢ :
R — R[X;S] given by ¢(a) = aX® is a divisor morphism. Also, the natural projection
Y R[X;S] — R given by ¥(>_ as X®) = a. is a morphism.

Proof. (1) Let a,b € R. ¢(ab) = (ab)X® = abX ¢ = (aX)(bX°) = ¢(a)p(b). ¢(a+b) =
(a+b)X®=aX®+bX® = ¢(a) + ¢(b). If ¢(a)|o(b) then there is some C' € R[X; S| with
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»(A)C = ¢(B). Since s is reduced, ¢ = 0 for s # e, and hence C' = ¢, X¢. We have
aeCe = be, s0 alb.

(2) Let A,B € RIX;S]. Y(A+B) = (A+ B)e = Ac+ B. = Y(A) + ¢(B). Y(AB) =
(AB)e = >t pee Guby = acbe = Y(A)Y(B), where u + v = e implies u = v = e since S is
reduced. U

Proposition 2.7. Let R[X; S| be a semigroup semiring. Then the following hold.
1. aX*€ is a unit in R[X;S] if and only if a is a unit in R.
2. aX® is an atom in R[X;S] if and only if a is an atom in R.
3. If R[X; S] is cancellative/weakly cancellative/yoked, then so is R.

Proof. Propositions 1.13, 1.16, and 2.6. 0

Definition 2.8. Let R[X; S| be a semigroup semiring, and let A € R[X;S]. Set Supp(A4) =
{s € S : as # 0}, the support of A. If e € Supp(A), then we call A elementary. If
|Supp(A)| = 1, then we call A monomial. We call elementary monomials constants.

The product of two elementary elements is elementary, and the product of two mono-
mials is a monomial. The converses of these statements are given in Propositions 2.9 and
2.12.

Proposition 2.9. Let R[X; S| be a semigroup semiring. The following are equivalent.

1. For all A, B € R[X;S], if AB is a monomial then A, B are each monomials.
2. S is cancellative.

Proof. If S is not cancellative, let a,b,c € S satisfy a +b = a + ¢ and b # c. Then
(1X9)(1X° +1X°) = 1XT + 1 X% = 2X %P gives a monomial product, yet 1X°+ 1X¢
is not a monomial. Conversely, suppose that S is cancellative and B is not a monomial.
Let a € Supp(A), b, c € Supp(B). Both a+0b and a+c are in Supp(AB), and a+b # a+c
since S is cancellative and b # ¢. Hence AB is not a monomial. 0J

Proposition 2.10. Let R[X; S| be a semigroup semiring, and let A, B € R[X;S|. Then
Supp(A + B) = Supp(A) U Supp(B) and Supp(AB) = Supp(A) + Supp(B).

Proof. Set C = A+ B. Let s € Supp(C). Then ¢s = as + b, and since ¢, # 0, either
as # 0 (and s € Supp(A)) or bs # 0 (and s € Supp(B). Hence s € Supp(A) U Supp(B).
Now let s € Supp(A) U Supp(B). Without loss s € Supp(A). We have ¢5 = as + bs. Since
as # 0, cs # 0 so s € Supp(C).

Now, set D = AB. Let s € Supp(D). Then d, = > . _ a.b,. Since dy # 0, some
summand corresponding to «' 4+ v/ = s is nonzero. Hence a,, b, are nonzero, so u' €
Supp(A),v" € Supp(B) and s = ' +v" € Supp(A)+ Supp(B). Now let u+v € Supp(A)+
Supp(B). By Lemma 1.2, since a,, b, are nonzero, d, 1, # 0, and so u+v € Supp(D). O

Lemma 2.11. Let R[X;S] be a semigroup semiring, and let A, B € R[X;S]. AB is a
constant if and only if A, B are.

Proof. Set C' = AB. If C is a constant, then Supp(C) = {e} = Supp(A4) + Supp(B), by
Proposition 2.10. Since S is reduced, Supp(A) = Supp(B) = {e}, and hence A, B are
constant. The other direction is similar. O
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Proposition 2.12. Let R[X;S] be a semigroup semiring, and let A,B € R[X;S|. If
A+ B is elementary, then at least one of A, B is elementary. If AB is elementary, then
both A, B are elementary.

Proof. Let e € Supp(AB) = Supp(A) + Supp(B). By Proposition 2.10, there are a €
Supp(A), b € Supp(B) with a + b = e. Since S is reduced, a = b = e. O

Proposition 2.13. Let R[X;S] be a semigroup semiring, and let A, B € R[X;S]. Sup-
pose that S is cancellative. Then |Supp(AB)| > max(|Supp(A)|, |Supp(B)|), with equality
if one of A, B is a monomial.

Proof. Without loss we assume |[Supp(A)| > |Supp(B)|. Let r € Supp(B). We have
|Supp(AB)| = [Supp(A)+Supp(B)| > |Supp(A)+{r}|. Fora,b e Supp(A), if a+r = b+r
then a = b since S is cancellative. Therefore |Supp(A) + {r}| = |Supp(A)|. If B is a
monomial, then the inequality is an equality. U

Corollary 2.14. Let R[X; S| be a semigroup semiring with S cancellative. Then every
divisor of a monomial is again a monomial.

Theorem 2.15. Let R[X; S| be a semigroup semiring. The set of units of R[X;S] is
U={rXc:risaunit of R}. In particular, each unit is a constant.

Proof. By Proposition 2.7, each element of U is a unit in R[X;S]. Suppose now that
1 = AB. By Proposition 2.10, Supp(A) + Supp(B) = {e}. Since S is reduced, Supp(A) =
Supp(B) = {e}. Hence A = aX® B =bX®, and AB = (ab)X®. Hence A,B € U. O

Proposition 2.16. Let R[X; S| be a semigroup semiring, and let A, B € R[X;S|. If AB
is elementary, then (beA+ a.B)|. (AB + (acb.)X¢) and b A| L AB.

Proof. Let s € Supp(A). By Proposition 2.12, B is elementary and hence e € Supp(B).
Thus s = s + e € Supp(A) + Supp(B) = Supp(AB). Set C' = AB. We have asb,|cs.
Further, for all s # e, asbe+bsac|cs, while for s = e, asb, = ¢5 80 asbe+acbs = cs+ach.. O

The following result simplifies the search for divisors of an elementary element, and is
the key to finding elementary atoms (as will be seen in Corollary 3.6).

Theorem 2.17. Let R[X;S] be a semigroup semiring, and let A, B € R[X;S]. If AB is
elementary, then Supp(A) U Supp(B) C Supp(AB).

Proof. Apply Proposition 2.16 to A, B. 0

Proposition 2.18. Let Ry[X; S|, Ry|X; S| be semigroup semirings, and let ¢ : Ry — Ry
be a morphism. Define ¢' : Ri[X; S| = Ro[X;S] via ¢' (O] as X®) = > ¢(as)X?®. Then ¢’
is a morphism. Further, if ¢ preserves units, then so does ¢'.

Proof. Let A,B € Ri[X;S]. ¢'(A+ B) = ¢'(O(as + bs)X?®) = > dlas + bs)X®° =
D (B(as) +9(bs)) X° = 3" d(as) X°+ > ¢(bs) X° = ¢'(A)+¢'(B). ¢'(AB) = ¢'(3_ ¢ X°) =
Zses P(cs) X* = Zses X zu+v:5 P(au)p(by) = D 0(as) XY (b)) X® = ¢'(A)¢'(B).
¢'(0) = ¢'(0X°¢) = p(0)X® =0X° =0, and ¢'(1) = ¢/(1X°) = p(1) X =1X° = 1.
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Suppose now that ¢ preserves units. By Proposition 1.13, ¢’ carries units forward.
Suppose now that A € Ry[X;S] and ¢/(A) is a unit. By Theorem 2.15, ¢'(A) = rX°¢ =
d(ae) X, and ¢(a.) is a unit in Re. Since ¢ preserves units, a. is a unit, and hence
A =a.X° is a unit. O

Theorem 2.19. Let R[X; S| be a semigroup semiring, and let A € R[X;S] be primitive.
Let B € B[X; S] with Supp(A) = Supp(B). Suppose B is an atom. Then A is an atom.

Proof. Combining Propositions 1.18 and 2.18, we get morphism ¢ : R[X;S] — B[X;S]
that maps A to B. Suppose that A = A; Ay, a product of nonunits. Then ¢(A) = B =
¢(A1)p(Az). Since B is an atom, without loss ¢(A;) is a unit. The only unit of B[.X; 5]
is 1.X°¢, and hence A; = rX¢ for some nonzero r. By Corollary 3.4, A; is primitive and
thus 7 is a unit in R. But then A; is a unit by Proposition 2.7, which is a contradiction.
Hence A is an atom. O

Definition 2.20. Let S be a reduced commutative semigroup with identity e. We call
v:S — Ny a valuation if v(s-t) =v(s)+v(t) for all s,t € S.

Note that if v is a valuation then v(e) = v(e-e) = v(e) +v(e), so v(e) = 0. Valuations
are useful in our context because of the following.

Proposition 2.21. Let R[X; S| be a semigroup semiring, let v be a valuation on S, and
let p € R. Setv: R[X;S] = R via v(A) = 3 csupp(a) asp”®). Then v : R[X;S] — R is
a morphism.

Proof. v(A+ B) = ZseSupp(A+B)(a5 + bs)py(S) - ZSGSupp(A) aspV(S) + ZsESupp(B) bSpV(S) -
v(A) +v(B). v(1) = v(1X°¢) = 1p"® = 1p° = 1, and v(0) is an empty sum so v(0) = 0.
V(AB) = ZsGSupp(A)+Supp(B) ZHH}:S aubvpu(s) - ZseSupp(A)JrSupp(B) Zquv:s aupu(u)bvpu(v)
= ZsESupp(A) a“py(U) ZsGSupp(B) b’UIOV(U) = V(A)V(B> O

Proposition 2.22. Let (S,-) be a a reduced commutative semigroup with identity e. Let
o € S be prime. For all s € S, set v(s) = sup{n : o"|s}. Suppose that the following two
conditions hold.

1. Forall s € S, v(s) € Ny.

2. Foralls,te€ S, ifc-s=oc-t then s =t.
The v is a valuation on S.
Proof. Let u-v = s; we write u = 0™ ./, v = ¢¥® . ¢/ for some u',v" € S. Certainly
v(u') = v(v') = 0, by maximality of v. We have s = u-v = /™™ .o/ . ¢/ s0
v(s) > v(u) + v(v), and we write s = g?(WTW) . g/ = v ¥(®) .4/ .4/ By hypothesis (2),
s’ =’ -v'. Since o is prime, if o|s’ then o|u’ or o v/, contrary to v(u') = v(v') = 0. Hence
v(s') = 0 and thus v(s) = v(u) - v(v). O

Note that if S is BF, then the first condition of Proposition 2.22 holds. If S is cancella-
tive, then the second condition of Proposition 2.22 holds.
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Example 2.23. Consider the multiplicative submonoid of the quadratic integer ring
Z[\/=5]. Tt has units U = {1,—1}. Set S = (Z[/=5]/U,-), a reduced commutative
semigroup with identity e = [1]. Set 0 = [6 + v/—5] € S. It is prime since it has
norm 36 + 5 = 41, a rational prime. S is BF and cancellative, hence Proposition 2.22
applies. Consider N[X; S|, the semiring of multisets from S. Set A = 1X?+2X7 +3X°°.
vo(A) = 6, which is not helpful; equally » = 1 gives the same result. However, if we take
r = 2 we have v(A) = 17, a rational prime. v preserves units, since if v(B) = 0 then
bs = 0 for all s. Hence by Proposition 1.13, A is an atom.

Proposition 2.24. Let S be a reduced commutative semigroup with identity e. For valu-
ations vy, v, we define operation o via (11 o vo)(s) = v1(s) + va(s). Under this operation,
the set of valuations on S s a nonempty reduced commutative semigroup with identity

I/()IS—>{O}.

Proof. We have (11 o 1n)(s-t) = vi(s-t) + va(s-t) = v1(s) + a(t) + va(s) + 1a(t) =
(r1(s) + va(s)) + (11(t) + a(t)) = (11 o a)(s) + (11 o 1o)(t), so vy o vy is a valuation.
o is commutative by symmetry. 1y o v(s) = vy(s) + v(s) = 0+ v(s) = v(s), so v is
neutral. Lastly, if 11 o vy = 1, then v;(s) + 15(s) = 0 for all s, but since v4(s), v2(s) € Ny,
v1(s) = va(s) =0 and v = vy = 1. O

3. PRIMITIVITY AND MAXIMAL COMMON DIVISORS

Definition 3.1. Let R[X;S] be a semigroup semiring, and let A € R[X;S] be nonzero.
We call the R-content of A the set Rc(A) = {r € R : r|a, for all s € Supp(A)}. We say
that A is R-primitive if there is no nonunit in Rc(A). We call the S-content of A the set
Sc(A) ={t € S : t|s for all s € Supp(A)}. We say that A is S-primitive if Sc(A) = {e}.
We say that A is primitive if it is both R-primitive and S-primitive.

Lemma 3.2. Let R[X;S] be a semigroup semiring, and let A € R[X;S] be nonzero.
r € Re(A) if and only if rX¢|A. s € Sc(A) if and only if 1X°|A.

Proof. If r € Rc(A), then for all s € Supp(A) we define a, via a;, = ral,. We have

s

A= ZseSupp(A) ra X® = (rX©) ZseSupp(A) a, X It A= (rX°)B = ZSESupP(B) rbs X*, so
r|as for all s € Supp(A) = Supp(B) and hence r € Re(A).

If s € Sc(A), then for all ¢ € Supp(A) we define ¢’ via t = s+ t'. We have A =
ZteSupp(A) atXt = Zt’:s+t’€$upp(A) atX8+t = (le) Zt’:s—i—t’ESupp(A) a3+t'Xt : NOW7 if A=
(LX*)B = 3~ coupp(p) 0eX 1, then Supp(A) = s + Supp(B), so s € Sc(A). O

Proposition 3.3. Let R[X;S] be a semigroup semiring, and let A, B € R[X;S|. Then
Rc(A)Re(B) € Re(AB), Re(A) N Re(B) € Re(A+ B), , and Sc(A) + Se(B) C Sc(AB).

Proof. We apply Lemma 3.2 repeatedly. If d, € Re(A),d, € Re(B), then d, X¢|A, d,X¢|B
and hence (d,X)(dpX¢) = (dodp) X|AB so dudy € Re(AB). If d € Re(A) N Re(B), then
dX¢|A,dX¢|B so A = dX°A",B = dX°B' and A+ B = dX*(A' + B'), so dX*|(A + B)
and hence d € Re(A+ B). If t, € Sc(A),t, € Sc(B), then 1X%|A, 1X"*|B and hence
(1X')(1X") = 1X" " |AB so t, + t, € Sc(AB). O
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Corollary 3.4. Let R[X;S] be a semigroup semiring, and let A, B € R[X;S]. If AB is
R-primitive (resp. S-primitive), then A and B are each R-primitive (resp. S-primitive).

Proposition 3.5. Let R[X;S] be a semigroup semiring. Every elementary element is
S-primitive. If S is also yoked, then the opposite implication also holds.

Proof. Let A € R[X;S]. Suppose that A is elementary, and let ¢t € Sc(A). e € Supp(A)
since A is elementary, so tle and ¢t = e since S is reduced. Hence Sc(A) contains no
nonunits, and A is S-primitive. Suppose now that S is yoked and A is S-primitive. By
Proposition 1.10, | is a total preorder on S, hence on Supp(A). We may therefore choose
some t € Supp(A) (not necessarily uniquely) that is a common divisor of each element
of Supp(A). Since A is S-primitive, ¢ is a unit. Since S is reduced, t = e. Therefore
e € Supp(A) and A is elementary. O

The following result is a major tool for construction of elementary atoms in semigroup
semirings. We have no similarly simple construction for primitive non-elementary atoms,
lacking an analog to Theorem 2.17.

Theorem 3.6. Let R[X; S| be a semigroup semiring, let A € R[X;S] be elementary, and
set T'= Supp(A) \ {e}. Let s € T be “mazimal” in the sense that for allt € T, s+t ¢ T.
Suppose that for allu,v € T, u+v # s. Then A is an atom.

Proof. Suppose otherwise, that A = BC', a product of nonunits. We first prove that B
is not a monomial. Suppose otherwise, that B = bX*. We have b € Rc(A),t € Sc(A).
Since A is elementary, by Proposition 3.5, A is primitive and so b,t are units, and by
Proposition 2.7, B is a unit, contrary to hypothesis. Hence B (and, similarly, C') is not a
monomial. Since s € Supp(A), by Proposition 2.10 there are u € Supp(B), v € Supp(C)
with u+v = s. If u = e, then s € Supp(C). Choose any v’ € Supp(B) \ {e}, which is
nonempty since B is not a monomial. Then v’ + v = «' 4+ s € T, which contradicts the
“maximality” of s. Hence u # e, and similarly v # e. Now by Theorem 2.17, u,v € T
and u + v = s. This contradicts hypothesis, and hence A is an atom. 0

Example 3.7. Let A € R[X;Ny] be elementary with deg(A) = n. Suppose that either
[1,%] or [§,n — 1] has no intersection with Supp(A). Taking s = n in Corollary 3.6, we
conclude that A is an atom.

The following is derived from an example in [13].

Proposition 3.8. Let R[X; S| be a semigroup semiring. Suppose that 1,2(=1+1),3 are
patrwise distinct in R. Suppose further that the sum of any two units in R is a nonunit.
Suppose lastly that there is some s € S with s,2s(= s+ s),...,12s all distinct. Then the
elasticity of R[X; S| is at least 3/2. In particular, R[X;S] is not UF.

Proof. Note that X¢+ X* 4+ X2 4+ X35 42X 1 2X55 1 2X05 1 3X7s 4 X8 X9 4 X105 —
AB =CDE,for A= X+ X4+ X% B=X¢4+ X+ X¥ 4+ X¥ C=X+X% D=
X4 X% F=X°4+2X*4+X". C,D, E are all atoms by Theorem 3.6. If A were not an
atom, we write A = A; As, and applying Proposition 2.17 we get Supp(A4;) U Supp(A4s) C
Supp(A). However in fact Supp(A;) USupp(Az) C {e, 3s} (else Supp(A) € {e, 3s,6s}), so
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A= (aX°+bX?)(a/ Xe+b X3). We get aa’ = 1,ab' +ba’ = 1,b¥' = 1. Hence a,b,d’, V' are
units, and thus ab’, ba’ are units, but now the second hypothesis contradicts ab’ + ba’ = 1.
Similarly, if B were not an atom, then B = (aX®+ bX® + cX%)(a/X® + b X* + X*). So
ad' =1,ab +ba’ = 1,acd +bb' +ca’ =1,bc +cb/ =0,c = 1. So a,d’, ¢, are units. But
bd =0 and ¢ =0, so b =0 = 0 and hence ab’ + ba’ = 0, a contradiction. O

Proposition 3.9. Let R[X;S] be a semigroup semiring. Suppose there is some r € R*
with v +r = rr = r. Suppose there is some s € S with s,2s,3s,... all distinct. Then
R[X; S] has infinite elasticity. Further, if there is some prime P € R[X; S|, then R[X; S]
18 fully elastic.

Proof. Letn € N. Set A = 1X°+7X® B = 1X4rX°4+rX» 4. . 4rX»4rXCntls ¢ =
1XC4rX0HDs L p X (n42)s ooy X @04 - By Theorem 3.6, A, B, C' are each atoms. We
have BC = 1X+rX*+rX*+. . 4rXUnt2s = A2 hence p(R[X; S]) > 442 = 2n+1,
so p(R[X; S]) = oo. Now, let § > 1. If p = g we have p(P) = §, otherwise we take n = p—q

and consider BC'P1972 = A1+2pi9=2 We have p(BCP1172) = %# =2 O

Note that an r such as in Proposition 3.9 may be appended to any semiring R, defining
x4+ r = xr = r for all nonzero x € R. Further, in [2] it is shown that Ny[X;No] has
infinite elasticity. Hence even for these very well-behaved R, S (cancellative, reduced,
UF, greatest common divisors, totally ordered), the resulting semigroup semiring has
infinite elasticity.

At the other extreme, if |S| =1 then we call R[X; S| trivial. Then the natural embed-
ding ¢ : R[X;S] — R is bijective, so by Proposition 1.14, R[X; S] inherits the properties
of R, such as elasticity and UF.

The evidence collected above and in Propositions 3.8 and 3.9 leads us to the following
conjecture. It stands in contrast to the (semi)group ring case, where UF is achievable
(e.g. D[X] for any unique factorization domain D).

Conjecture 3.10. All nontrivial atomic semigroup semirings have infinite elasticity. In
particular, no semigroup semiring is UF.

Proposition 3.11. Let R[X; S| be a semigroup semiring. 1X° is an atom in R[X;S] if
and only if s is an atom in S. 1X* is prime in R[X; S| if and only if s is prime in S.

Proof. Suppose s = r + t, for nonzero r,t € S. Then 1X* = (1X")(1X"), a product of
nonunits by Theorem 2.15. Suppose now that 1.X* = AB, for nonunits A, B. If Supp(A4) =
{e}, then a, is a nonunit in R by Theorem 2.15. However, a. € Rc(AB) by Proposition
3.3, hence a.|1, a contradiction. Hence there is some ¢ € Supp(A) with ¢ # e. Similarly,
there is some r € Supp(B) with r # e. By Proposition 2.10, r + ¢ € Supp(AB) = {s},
and hence r +t = s. Therefore s is not an atom in S.

Suppose now that 1X*® is prime in R[X;S], and there are a,b,c € S with as = bc.
Then (1X%)(1X®) = (1X?%)(1X°¢), and since 1X* is prime, then without loss there is some
A € R[X;S] with A(1X®) = 1X® Then for all t € Supp(A), ¢t + s = b, so in particular
s|b. Hence s is prime in S. Suppose next that s is prime in S, and that there are
A,B,C € R[X;S] with A(1X®) = BC. Suppose there are u € Supp(B),v € Supp(C)
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with s { v and s 1 v. But then u + v € Supp(BC) = Supp(A) + s, so s|u + v yet st u,
s 1 v, which contradicts the primality of S. Hence either s € S¢(B) or s € Sc(C') and
hence 1X°|B or 1X°*|C, and so 1.X* is prime. O

Proposition 3.12. Let R[X;S] be a semigroup semiring. Let A = aX® be an arbitrary
monomial. A is an atom if exactly one of the following holds:

1. a is an atom in R, and s = e; or
2. a is a unit in R, and s is an atom in S.

Proof. One direction is given by Propositions 2.7 and 3.11. If neither a nor s is a unit,
then we write A = (aX®)(1X?®), a product of nonunits. Hence if A is an atom either a or
s is a unit; then by Propositions 2.7 and 3.11 again, one of the above must hold. 0

Proposition 3.13. Let R[X; S| be a semigroup semiring. Let r,r' € R,s,s" € S. Mono-
mials rX*, 7" X*" are associates in R[X;S] if and only if

1. r,r" are associates in R, and

2. 5,8 are associates in S.

Proof. Suppose first (1) + (2). Choose 7" € R, s" € S with r = 11", s = s's”. We have
rX® = (rX*)(r"X*"); hence rX*|r' X*". Repeating in the other direction proves (3).

Suppose now rX* 7' X* are associates. Choose A € R[X;S] with rX*A = v/ X*". Then
(rXe)(1X*)A = 1'X*, so by Lemma 3.2, (1) 7 € Re(r'X*) so r|r’, and (2) s € Sc(r'X*)
so s|s’. Repeating in the other direction proves (1) and (2). O

Proposition 3.14. Let R[X; S| be a semigroup semiring, with R, S atomic. If all mono-
mials of R[X; S| have UF/FF/BF, then R, S are also UF/FF/BF. If S is also cancellative,
then the opposite implication also holds.

Proof. Consider monomial »X?®. By Proposition 3.12, we may reorder any factorization
of 7X* into monomials canonically, as (71 X¢)(reX€) -« (rxX¢) (1X*)(1X*2) .- (1X%),
where 7175 - - - 7, is a factorization of r and s;s5 - - - 55 is a factorization of s. By Proposition
3.13, two such factorizations are equivalent in R[X; S| if and only if the corresponding
factorizations are each equivalent in R,S. Hence the set of factorizations of rX* into
monomials is UF/FF/BF, if and only if the same conditions hold on both factorizations
of r,s. This gives one direction, since if all factorizations of rX* are UF/FF/BF then
surely all factorizations into monomials are. If S is cancellative, then by Proposition 2.9,
all factorizations of rX* are into monomials, which gives the other direction. ([

Proposition 3.15. Let R[X; S| be a semigroup semiring, and let A € R[X;S]. If A is
an atom then either A is a monomial or primitive.

Proof. Suppose otherwise. If A is not R-primitive, there is some nonunit r» € Rc(A), and
by Lemma 3.2, we write A = (rX°)B. If instead A is not S-primitive, there is some
nonunit ¢ € Sc(A) and by Lemma 3.2, we write A = (1X*)B. In both cases, B is a
nonunit by Theorem 2.15 since |Supp(B)| = |Supp(A)|, which is greater than 1. Hence
we have factored A into two nonunits, which contradicts the hypothesis. U
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Hence, every atomic factorization of A € R[X;S] is the product of monomial atoms
(whose product may or may not be a monomial) and the product of primitive atoms
(whose product may or may not be primitive). The former can be resolved by Corollary
2.14, and the latter by Theorem 3.32.

However another approach to factoring A into atoms is to first factor A into a monomial
(each factor of which must be monomial) times a primitive element (each factor of which
must be primitive). Then, we factor each part into atoms. We take this approach, with
a sequence of results leading up to Theorem 3.21, which gives sufficient conditions for
R[X; S] to be atomic.

Definition 3.16. Given monoid (M, -), suppose that for each finite set S C M, there is
some d that satisfies the following.

1. For all s € S, dJs.
2. If there is some d' with d|d’" and d'|s (for all s € S), then d,d" are associates.

In this case we say that (M, -) has maximal common divisors.

In the ring theoretic context, maximal common divisors have been considered in [1, 10].
Every FF monoid has maximal common divisors. A monoid may have maximal common
divisors but no greatest common divisors, as shown by the following.

Example 3.17. Consider the numerical monoid (M, +) for M = {0,3,4,5,6,---}. For
S = {9,10}, the set of common divisors is {3,4,5,6}, and the set of maximal common
divisors is {4, 5,6}. There is no greatest common divisor of S.

Theorem 3.18. Let R[X; S| be a semigroup semiring, where R and S each have mazimal
common divisors and are weakly cancellative. Let A € R[X;S]. Then we may write
A = BC, where B is monomial and C' is primitive.

Proof. Let b be a maximal common divisor of {as : s € Supp(A)}, and let ¢ be a maximal
common divisor of Supp(A4). Set B = bX*, and C = ZSQSHPP(A)(aS/b)X(S/t). Evidently
A = BC and B is a monomial; it remains to prove that C' is primitive. Suppose d is a
common divisor of {¢; : s € Supp(C)}. But then bd is a common divisor of {as : s €
Supp(A)}. Since b is maximal, in fact b = bde for some unit e; hence d is a unit by weak
cancellativity of R. Hence C is R-primitive. Suppose now that r is a common divisor of
Supp(C'). But then rt is a common divisor of Supp(A). Since ¢ is maximal, in fact ¢t = tre
for some unit e; hence r is a unit by weak cancellativity of S. Hence C' is S-primitive,
and thus primitive. 0

Theorem 3.19. Let R[X; S| be a semigroup semiring, where R and S are each atomic.
Let A € R[X; S| be a monomial. Then we may write A as a product of monomial atoms.
Further, if both R,S are UF/FF/BF, then so is A.

Proof. Let A = aX?®. We factor into atoms a = ajas---a,, and also s = s183- - 5,.
By Proposition 3.12, we have a factorization of A into k& = m + n atoms given by
(a1 X)(aeX®) -+ (0, X€)(1X®)(1X*2) - -- (1X*). On the other hand, if A = A1 Ay - - Ay,
then by Proposition 3.12; for some m + n = k this corresponds to a factorization of a
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into m atoms, and a factorization of s into n atoms. Hence |F(A)| < |F(a)||F(s)| and
sup L(A) < sup L(a) + sup L(s). O

Note that if S is also cancellative, Corollary 2.14 provides a partial converse to Theorem
3.19: all factorizations of a monomial are into other monomials.

The following surprising theorem gives a factorization of any primitive element into a
bounded number of atoms, even if R, S are not BF or atomic themselves.

Theorem 3.20. Let R[X;S]| be a semigroup semiring, with S cancellative. Let A €
R[X; S] be a primitive nonunit. Then we may write A as a product of k primitive atoms,
for some k < 2/Swp(A)l,

Proof. The proof is by induction on [Supp(A)|. If |[Supp(A)| = 1, then A is a primitive
monomial, hence a unit by Proposition 2.7, which is contrary to hypothesis. Now suppose
that [Supp(A)| > 1. If A is an atom, there is nothing to prove. If not, write A = BC
for nonunits B,C. By Corollary 3.4, both B and C are primitive. If either were a
monomial, then again by Proposition 2.7 it would be a unit, contrary to supposition. By
Proposition 2.13, |Supp(A)| > [Supp(B)| and |Supp(A4)| > [Supp(C)|. We now prove that
these inequalities are strict. Suppose that instead |Supp(B) + Supp(C)| = [Supp(A4)| =
|Supp(B)|. Let ¢ € Supp(C) \ {e}; we must have Supp(B) + {c¢} = Supp(B) + Supp(C).
For all a € Supp(A), we write a = u + v for some u € Supp(B),v € Supp(C). Since
u+v € Supp(A) = Supp(B) + {c}, there is some v’ € Supp(B) with a = v’ + ¢. Therefore
¢ € Sc(A), contradicting the primitivity of A. Hence |Supp(A)| > |Supp(B)| and similarly
|Supp(A)| > |Supp(C)|. The inductive hypothesis now gives us two factorizations into
primitive atoms B = BBy - -+ B,,,C = C,C5 - -- (. Combining and setting k = m + n,
we have A = B1By--- B,,C;Cy---C,. By the inductive hypothesis m < 2PSwr(B)l <
218wp(A)I=1 and also n < 2I8WPAI=1 50 k = m + n < 28wp(A)], U

Theorem 3.21 provides sufficient conditions for semigroup semiring R[X; S| to be atomic,
and also BF. UF was addressed in Conjecture 3.10, while FF requires some machinery
and will be addressed in Theorem 3.24.

Theorem 3.21. Suppose that R, S are atomic and have mazimal common divisors. Sup-

pose that R is weakly cancellative, and S is cancellative. Then semigroup semiring R[X; S|
is atomic. Further, if R, S are each BF, then so is R[X;S].

Proof. We first factor A € R[X; S] into monomial and primitive parts with Theorem 3.18,
then factor each part into atoms with Theorem 3.19 and Theorem 3.20, respectively. [J

Definition 3.22. Let (M, -) be a commutative monoid. Suppose that M admits a total
order > with least element e that respects -. Suppose further that M does not contain
any infinite descending chain s; > sy > ---. We then call M well-ordered. For semiring
R, if (R, +) is well-ordered, and also > respects x, then we call R well-ordered.

Well-ordered semigroups are characterized in [11]. A well-ordering on R yields a natural
partial ordering on R[X;S| via A > B if a; > b, for all s € S.
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Lemma 3.23. Let R be a well-ordered semiring, and let r € R. Then there are finitely
many v € R with r'|,r.

Proof. By Proposition 1.10.9, if 7’| 7 then r' < 7. OJ

Theorem 3.24. Let R[X; S| be a BF semigroup semiring. Suppose that R is well-ordered,
and S is cancellative, yoked, and FF. Then R[X;S] is FF.

Proof. Let A € R[X;S]|. Suppose we have factorization set F'(A) with |F(A)| = oo.
By Proposition 3.15, either infinitely many nonassociate monomial atoms divide A, or
infinitely many nonassociate primitive atoms divide A. In the first case, by Proposition
3.12, either R or S lacks FF. We therefore suppose the second case. By Proposition 3.5,
A is elementary, and by Proposition 2.16 if B|A then there is some constant ¢ € R with
¢B|, A. Since R is well-ordered, by Lemma 3.23 there are only finitely many r € R with
r|yas for each s € Supp(A). Since there are infinitely many nonassociate B dividing

A, we may construct cj,cs,... € R and nonassociate Bj, By, ... such that B;|A and
aBy = By = ---. If some ¢; = ¢;, then B; = Bj, contrary to hypothesis. Because
> is a well-ordering, ¢; > ¢ > --- is impossible, hence we assume without loss that
g < cg < ---. Let s € Supp(By), and set b; = (B;)s. We have ¢1by = coby = ---. If
b1 < by then ¢1b; < coby < c9by, a contradiction. Hence by > by > - -+, which contradicts
the well-ordering of R. U

The gap between Theorems 3.21, 3.24, and the following partial converse remains open.
Note also Conjecture 3.10.

Theorem 3.25. Suppose that R[X; S| is an atomic semigroup semiring. Then R, S are
atomic. Further, if R|X;S] is UF/FF/BF, then so are R, S.

Proof. Propositions 2.7 and 3.14. U

We turn now toward a semiring analog of Gauss’s lemma on primitive polynomials. In
Theorem 3.32 we present the desired result, but first we need some machinery.

Proposition 3.26. Let (M, -) be a commutative monoid with UF. Then (M, -) has greatest
common divisors. Further, if X;Y C M are nonempty and finite, then ged(X -Y) =
ged(X) - ged(Y), up to associates.

Proof. Let S C M be finite. Choose a factorization of [].S, and let @ be the finite set
of primes from this factorization. Choose P C () so that each ¢ € () has some associate
p € P, but the elements of P are pairwise nonassociate. By UF, any prime from any
factorization of an element of S is associate to some element of (), hence some element
of P. Hence for each s € S we have a unique associated prime factorization Hpe P p @),
where v(p) € Np.

We claim that d|s if and only if d is associated to some [] .p p"®) where 0 < v(p) <

v(p). If d is associated to an element of this form, then s is associated to d Hpe P p’ @) =)

so d|s. Suppose that d|s. If some prime divides d that is not associate to any prime in
P, that prime divides [] S, which contradicts the UF property. Hence d’ is associated
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to HpePpV(p), where v(p) € Ny. Suppose that v(p) > v(p) for some p. Then p?)|s, so

we write s = p"®a, for some a € M. But this contradicts UF, since any factorization
of p?®a must have at least v(p) primes associate to p, and so p is associate to some
other element of P. Now, set pu(p) = minses{v(p)},d = [[,cp p"®) . By the above, d is a
common divisor for S, and if d’ is any other divisor of s, then d'|d.

Next, for S = XUY', we set ux(p) = mingex{v(p)}, py(p) = mins € Y{v(p)}, uxv(p) =
mingex.y{v(p)}. Choose z € X with x = p*®z’ and v(2') = 0, and y € Y with
y = p"v Py and v(y') = 0. We have pHx @+1v @) |1y so px.y (p) > pux(p)+py (p). Suppose
that p°|zy with s > pux(p) + py (p). We write p®[p*x®)T#v®lg/y/ . But now, by UF, pla'y/
and so p|z’ or p|y’, which contradicts v(z') = v(y') = 0. Hence pux.y(p) = ux(p) + py (p)
and hence Hpepp“X'Y(p) = Hpepp“X(p) : Hpepp“Y(p). Each element of ged(X -Y) is
associated to this product, as is each element of ged(X) - ged(Y). U

The following is an Sc-analog of Gauss’s lemma on primitive polynomials.

Theorem 3.27. Let R[X; S| be a semigroup semiring. Suppose that S has UF. Then
Sc(AB) = Sc(A) + Se(B). In particular, if A, B are both S-primitive, then AB is S-
primative.

Proof. ged(Supp(AB)) = ged(Supp(A) + Supp(B)) by Proposition 2.10. By Proposition
3.26, this is associate to ged(Supp(A)) + ged(Supp(B)). If ¢ € Se(A + B), then ¢ divides
cach element of Supp(AB), hence ¢|ged(Supp(AB)) = ged(Supp(A)) + ged(Supp(B)).
Hence there is some a € ged(Supp(A)),b € ged(Supp(B)) with c¢|la + b and hence ¢ €
Sc(A) + Se(B). On the other hand, if a € Sc(A),b € Sc(B), then a + b divides each
element of Supp(AB), hence a +b € Sc(AB). O

Definition 3.28. Let R be a semiring. Following [9], we call R a PLIS-semiring if the
following property holds: For all a,b € R, if d is a common divisor of a,a + b, then d is a
divisor of b.

Note that every ring is a PLIS-semiring. The following lemma extends Proposition 3.3,
for PLIS-semirings.

Lemma 3.29. Let R[X; S| be a semigroup semiring, where R is a PLIS-semiring. Let
A, B € R[X;S]. Then Rc(A) N Re(A+ B) C Re(B).

Proof. Let d € Rc(A) N Re(A + B). Hence, for each s € S, we have d|as, d|(as + bs).
Because R is a PLIS-semiring, d|bs; hence d € Rc¢(B). O

Definition 3.30. Let R[X; S| be a semigroup semiring. Suppose that S is well-ordered.
We define the degree function, deg : R[X;S] — S via deg(A) = max{s : s € Supp(A)}.

We now present an Rc-analog of Gauss’s lemma on primitive polynomials.

Theorem 3.31. Let R[X;S] be a semigroup semiring. Suppose that R is a UF PLIS-
semiring, and S is well-ordered. Then Rc(AB) = Rc(A)Rce(B). In particular, if A, B are
both R-primitive, then AB is R-primitive.
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Proof. 1f A, B are not R-primitive, we choose a to be a greatest common divisor of Re(A), b
to be a greatest common divisor of Re(B). By Lemma 3.2 we consider A/(aX*¢), B/(bX¢).
We claim that these are each R-primitive; suppose d € Rc(A/(aX¢)). But then da €
Rc(A), and hence dala. By unique factorization, d is a unit. Applying the theorem to
R-primitive A/(aX€), B/(bX¢), we conclude that AB/(abX*) is R-primitive, and hence
Rc(AB) = Rc(A)Rc(B).

We assume henceforth that A, B are R-primitive. Set C' = AB. The proof proceeds
by recursion on deg(C'). If deg(C') = e, then C is a constant. By Proposition 2.12, A, B
are also constants and hence Rc(C) = Re(A)Re(B). 1If either A or B is a monomial, then
again Rc(C) = Re(A)Re(B).

Suppose deg(C') > e, and some nonunit r € Re(C). Since R has UF, we choose prime
p dividing r. Let u € Supp(A),v € Supp(B). We have deg(A) + deg(B) > deg(A) +v >
u + v, with equality only if deg(A) = w,deg(B) = v. Hence Ciegc = Gdeg(a)bdeg(B)-
Since p|caeg(cy and p is prime, without loss we may assume that plagega). Set A" =
ZseSupp(A)\{deg(A)} a; X%, A" = adeg(A)Xdeg(A). These are each nontrivial since A is not
a monomial. We have p € Rec(A”) = Re(A”){1} C Re(A”B). But also p € Re(C) =
Rc(A'B + A”B), so by Lemma 3.29, p € Rc(A'B).

But now we have A’, B, A’ B with deg(C') > deg(A’B). We continue recursively; however
since S is well-ordered there cannot be an infinite descending chain. Hence we may assume
by recursion that Re(A’'B) = Re(A")Re(B) = Re(A’). We have p € Re(A’) N Re(A”) C
Rc(A"+ A”) = Re(A), which contradicts the R-primitivity of A. O

Theorem 3.32. Let R[X;S] be a semigroup semiring. Suppose that R is a UF PLIS-
semiring, and S is UF and well-ordered. Then Rc(AB) = Rc(A)Rc(B) and Sc(AB) =
Sc(A)Se(B). In particular, if A, B are both primitive, then AB is primitive.

Proof. Combine Theorems 3.27 and 3.31. O
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