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Abstract
We apply the recently introduced monoid invariant “diversity” to in-
side factorial monoids. In this context, the diversity of an element counts
the number of its different almost primary components. Inside factorial
monoids are characterized via diversity and strong homogeneity. A new
invariant complementary to diversity, height, is introduced. These two
invariants are connected with the well-known invariant of elasticity.

1 Introduction

The Fundamental Theorem of Arithmetic tells us that every natural number
different from 1 can be written in a unique manner (up to reindexing) as the
product of different primes each taken to some power. This is, of course, no
longer possible for arbitrary monoids, but under certain assumptions, one can
retain some features of this unique representation. Applying the concept of
diversity, developed in [8] to inside factorial monoids, as introduced in [7], we
mimic the “number of different prime factors” of an element by its diversity.
As for the “powers of primes”, we introduce the concept of height. Both diver-
sity and height are useful complementary concepts to analyze inside factorial



monoids which include many interesting non-factorial monoids: for example, all
principal orders of algebraic number fields and, more generally, Krull monoids
with torsion class group. The factorial monoids then turn out to be the limit
case where atomic diversity (Definition 1.3) as well as the height of the monoid
(Definition 4.5) are both equal to 1.

In this paper, all monoids under consideration are commutative and can-
cellative. Unless otherwise stated, our monoids will be written multiplicatively
with identity denoted by 1. If M is a monoid, then M* denotes the set of units
(or invertible elements) of M, and we use M*® to denote M\ M*. If m € M*®, we
say that 7 is an atom (or irreducible) element of M if, for all a,b € M with
m = ab, we have a € M or b € M*. The set of atoms of M will be denoted
by A(M), and we say that M is atomic if every nonunit element of M can be
written as a product of atoms. If S is a nonempty finite subset of M, then by
I15, we mean the product of the elements of S.

If A and B are non-empty subsets of a monoid M, then by AB, we mean
{ab:a € A,b € B}, and we denote {x}A by xA. A subset I of M is called an
ideal of M if IM = I, and if I is an ideal, we say I is a prime ideal of M if
whenever ab € I for a,b € M, thena el orbel.

If T is an ideal of M, we define the radical of I, denoted by v/I, to be

VI ={xeM:z" el for somen € N}.

As is the case with rings, we have VIJ = /I N+/J for any ideals I and .J of
M. 1t is apparent that ¢ € M is almost primary if and only if \/gM is a prime
ideal of M. For proofs of the preceding assertions regarding monoid ideals, the
reader is referred to [4].1

Recently, much attention has been paid to factorization theory in (com-
mutative, cancellative) monoids, and in particular to factorization in integral
domains. Although most monoids do not have the property of unique factoriza-
tion, examples abound of monoids where each element has some power with a
unique representation: these are the inside factorial monoids introduced by the
first author in [7].

Definition 1.1. Let M be a monoid. We say that @ C M* is a Cale basis for
M if for each € M?*, there exists u(z) € M, n(x) € N and {t(z, ¢) }qe0 € No
such that only finitely many of the ¢(z, q) are nonzero, satisfying:

(i) z"®) =w(z) [] ¢'@®9 for some u € M*.
9€Q

(i) If 2" = u(z) I] =9 = v(z) [] ¢¢®9 where v(z) € M*, each
qeQ q€Q
s(z,q) € Np, and all but finitely many s(z, ¢) are zero, then u(z) = v(x)
and t(x,q) = s(x,q) for each g € Q.

If there exists a Cale basis of M, we say that M is inside factorial.

!Note that our concept of an ideal is really that of an s-ideal as defined in [4].



If @ is a Cale basis of M, for each © € M*®, we denote by m(z) the smallest
value of n(x) satisfying (i) above, and we denote by x(¢) the uniquely determined
t(z,q) corresponding to m(x). Further, we define the support of x, denoted
Supp(x), to be Supp(z) = {q € Q : z(q) > 0}.

As an example, consider the Hilbert monoid H =1+4Ng={neN:n=1
mod (4)} (a multiplicative submonoid of N). We have the following non-unique
factorization of 441 into irreducibles:

441 =21-21=9-49.
However, squaring 441, we see that
212212 = 92492,

and we can rewrite both sides of the above equation as 32327272, This argument
can be generalized to show that H is an inside factorial monoid, and that {p* :
p € N is prime and p =3 mod (4)} is a Cale basis for H. More generally, any
Krull monoid with torsion class group is an inside factorial monoid (cf. [3]).

Closely related to the concept of inside factorial monoids is that of the ex-
traction degree, as introduced in [5].

Definition 1.2. Let M be a monoid. The function A : M x M — [0, co] defined
by
m
MMz, y) = sup{— :m € Ng,n € N, and xm\y"}
n

is called the extraction degree on M. If for all x,y € M*® there exist m € Ny
and n € N such that 2™ |y" and A(z,y) = 2, then we call M an extraction
monoid.

It has been proven that any inside factorial monoid is an extraction monoid
(cf. [2]).

If M is a monoid and ¢ € M is a nonunit, we say that ¢ is almost primary if
whenever glab for a,b € M, then there exists k € N such that q|a* or ¢|b*. It has
been shown that if M is inside factorial with Cale basis @), then every element of
Q is almost primary. In [8], the second and third authors introduced a monoid
invariant (diversity) that generalizes this property of almost primary, as well as
two conditions (homogeneity and strong homogeneity) that lie between almost
primary and primary.

Definition 1.3. Let M be a monoid.

1. We say that z|S (in M) if ¢ € M, S is a finite subset of M, and if there
exists t € N such that z| (J[ S)".

2. We say that z strictly divides S, denoted z||S, if z|S and = { T for all
TCS.

3. We define the diversity of z, denoted div(z), to be
div(z) = sup{|S| : S C M with z||S}.



4. We define the diversity of M and the atomic diversity of M, denoted
by div(M) and div, (M), respectively, by

div(M) = sup div(z), and div,(M) = sup div(x).
zeM z€A(M)

5. We say that £ € M* is homogeneous if div(z) = 1 and for all y € M*®
with y|{z}, we have z|{y}.

6. We say that € M* is strongly homogeneous if div(z) = 1 and for all
y € M* and S C M, with y||S and = € S, we have z|{y}.

Every strongly homogeneous element of M is clearly homogeneous, but not
conversely (cf. [8, Example 3.7]).

For the sake of completeness, we recall some results and a definition from
[8] that we will put to use.

Proposition 1.4. Let M be a monoid, and let x,y € M. Then:
1. div(zy) < div(z) + div(y).
2. div(x) =1 if and only if either x € M or x is almost primary.
3. For alln € N, div(x) = div(z™).

Proposition 1.5. Let M be a monoid, and let x € M*®. Then x is homogeneous
if and only if VxM is a prime ideal that is maximal amongst radicals of proper
principal ideals.

Theorem 1.6. Let M be a monoid and let x € M®. If there exists a set of
strongly homogeneous elements S such that x||.S, then div(z) = |S|.

Definition 1.7. Let M be a monoid, let x € M, let g1,q2, -+ ,q¢ € M be
almost primary, and suppose that

T =dq192 - qt-

We say that the above factorization is a reduced factorization of z (into almost
primary elements) if, for all i # j, v/¢;M and /q; M are incomparable.

In Section 2, we use the above results to study inside factorial monoids.
Along the way, we prove a useful lemma (dubbed the “Cale exchange lemma”)
that characterizes when we can trade an element gy in a Cale basis ) for an
element a € M* \ @ and still obtain a Cale basis (Lemma 2.2). We also prove
that for an inside factorial monoid M, every almost primary element of M
is strongly homogeneous (Theorem 2.3) and that for all x € M*®, div(z) =
|Supp(z)| (Theorem 2.4).

In Section 3, we use diversity , strong homogeneity, and the results of Section
2 to give three characterizations of inside factorial monoids (Theorem 3.2).

In Section 4, we focus on atomic inside factorial monoids. We introduce new
invariants, width and height, of atomic inside factorial monoids, and use these
to find bounds on the elasticity.

In Section 5, we close with three examples illustrating the differences between
width, height, and diversity.



2 Preliminary results

If z is a nonunit element of a monoid M, then any factorization of x into almost
primary elements can be made into a reduced factorization, as shown by the
following proposition.

Proposition 2.1. Let M be a monoid, let x € M*®, and let q1,q2, -+ ,q € M
be almost primary. Then:

1. If x = q1q2 - - - q;, then there exists a reduced factorization of x into almost
primary elements.

2. If div(z) = t and if there exists n € N such that " = qi1q2 - q:, then
q192 -+ - q; s a reduced factorization of x™.

Proof. 1. If q1q2---q: is a reduced factorization of z into almost primary el-
ements, then there is nothing to prove. Otherwise, assume (without loss of
generality) that /g1 M C /g2 M. Letting ¢ = ¢1¢2, we see that ¢ is almost
primary (as /M = v/qiqo2M = /u M N /qoM = \/q1 M is a prime ideal of
M). Therefore © = qqs - - - g, and the result follows by induction.
2. Again, suppose (without loss of generality) that /g1 M C /g2 M. Letting
4 = G142, it follows that ¢ is almost primary. This implies that ¢ = div(z) =
div(qgsqa - - - qt) < div(q)+div(gs)+div(qs)+- - -+div(g:) = t—1, a contradiction.
O

We now begin to apply our results and concepts thus far to inside factorial
monoids. If M is an inside factorial monoid with Cale basis @, and if S is a
finite subset of M, then by Supp(S), we mean | J,. g Supp(s). Further, we recall
that for a monoid M, x € M*® is almost irreducible if given y € M*® with y|z,
there exist m,n € N and u € M* such that y™ = uz".

Lemma 2.2 (Cale Exchange Lemma). Let M be an inside factorial monoid
with Cale basis Q. Picka € M*\Q and qo € Q. Then, (Q\{q})U{a} is again
a Cale basis of M if and only if a* = ugl for some k,l € N and u € M*.

Proof. We set Q' = (Q \ {qo}) U{a}.

(=) If x € M*, we will denote the support of & with respect to @ by
Suppg(z) and the support of z with respect to Q" by Suppq (x); likewise, we
denote by m/(z) the smallest power of x that has a Cale representation with
respect to Q’.

Assume that gy ¢ Suppg(a). Then,

a™@) — u(a) H qa(q)7 hence g™ (@m(a) _ u(a)m'(“) H qa(q)m’(a>
q€Q q€Q’'\{a}

and a power of a™ (@) has two different Cale representations with respect to @',
a contradiction. Thus, go € Suppg(a).



Now, since a is in a Cale basis, a is almost primary ([2, Lemma 2]). Look-
ing at the Cale representation of a with respect to ), we see that there ex-
ists ¢ € Suppg(a) with a|g® for some ¢ € N. If ¢ # qo, then qg(qo) divides
¢“™@)  violating uniqueness of Cale representation with respect to Q. There-
fore Suppg(a) = {qo}. It follows that a™(@ = u(a)qg(qo).

(<) Let x € M*®. If g9 ¢ Supp(x), then a power of x is an associate of a
product of elements from (Q \ {go}) U {a}. Otherwise, we have

_ u(x)q(t)(z’q") H qt(z,q)
q€Q\{qo0}

(where t(z, qp) > 0). Raising both sides to the [ power, we have
xln(z) _ u(x)luflakt(z,qo) H qlt(m,q)’
7€Q\{q0}
satisfying Definition 1.1(¢). Next, suppose
1) =y (z)ati @ [ e
7€Q\{qo0}
for ¢ = 1, 2. Raising both sides to the k power, we have
k(@) _ ui(x)kuti(m,a)qéti(wﬂ) H qkti(l’,Q)_
7€Q\{q0}

By the uniqueness of Cale representation in (), we obtain Definition 1.1(47).
Therefore Q' is a Cale basis of M. O

Theorem 2.3. Let M be an inside factorial monoid with Cale basis Q, let
x € M®, and let S be a finite subset of M. Then:

1. If z is almost primary, then z™®) = u(x)qg(qa) for some qp € Q.
2. If x is almost primary, then every power of x is almost irreducible.
3. Supp(S) = Supp ([15).

4. x|S if and only if Supp(z) C Supp(S).

5. Every almost primary element of M is strongly homogeneous.

Proof. 1. Let x € M be almost primary, and let 2™®) = u(x) quQ ¢*(@ be the
Cale representation of x. Since x is almost primary, there exists ¢ € Supp(zx)
and k € N such that z|¢f. Writing 2r = ¢f, and #™(") = w(r) quQ "D we
see that

(xr)m(m).m(r) — u(x)m(r)u(r)m(m) H qm(q)m(r)+r(q)m(m) _ qgvm(a:)»m(r)
q€Q



By uniqueness of Cale representation, we see that Supp(z) = Supp(r) = {qo}-
2. If z is almost primary, then, by 1, Supp(z) = {qo} for some ¢g € Q. Tt
follows that for all y € M*® and k € N, y|z* implies Supp(y) = {qo}. Therefore
y™ = uz*" for some m,n € N and v € M*.
3. Let r = m([]S) ([I,csm(s)). We note that ([TS)" is a power of

(11 S)m(l_[ S), but is also a product of powers of s"() for each s € S. By
uniqueness of Cale representation (using the same argument as in 1), the sup-
ports of [[ S and S must be the same.

4. Set z = [[S. Assume that x|S. Then 2r = 2* for some r € M and k € N,
and hence, by 3, Supp(x) C Supp({z,r}) = Supp(zr) = Supp(z*) = Supp(z) =
Supp(S). On the other hand, assume that Supp(z) C Supp(S) = Supp(z). Set
t =m(z) - max{z(q) |¢ € Supp(x)}. Then, there exists w € M such that

t

q€Supp(z)

Hence 2™(*)|2* and thus z|S.

5. Pick y € M* and S C M such that y||S and S = {z, 51,52, - ,sx}. By
1, there is some gg € @ with Supp(z) = {qo}, and using 4, Supp(y) C Supp(S),
and in particular, y|{qo, s1, S2," - , Sk} If go € Supp(y), then z|{y}. Otherwise,
by 4, Supp(y) C {s1, 82, , sk}, contradicting the fact that y||.S. O

Theorem 2.4. Let M be an inside factorial monoid with a Cale basis Q. For
x € M®, div(x) = |Supp(x)].

Proof. By uniqueness of Cale representation, we have that x| Supp(z), implying
that div(z) > |Supp(z)|. On the other hand, writing Supp(x) = {q1,92," - ,@m}
and z™®) = u(m)qf(ql)q;(%) g2 we find that div(z) = div(z™®) =
div(qf(ql) e qﬂ(qm)) < div(qf(ql)) + div(qg(‘m) +- 4 div(qffl(q””)) = |Supp(z)|.

O

We remark that Theorem 2.4 leads to an alternate proof of [2, Cor. 2],
characterizing all Cale bases in an inside factorial monoid.

Corollary 2.5. Let M be an inside factorial monoid with Cale basis Q). Then
every element of M has finite diversity and div(M) = |Q|. Furthermore, if
S C M is a finite set of atoms such that no element of S divides any power of

the product of the subsequent elements of S, then div ([]S) = >_, g div(s).

3 A characterization of inside factorial monoids

Following [7], a monoid M is said to be of finite type if M satisfies the ascending
chain condition on radicals of principal ideals; i.e. given z1,zo,--- € M with

\/leg VT Mgg \/ngg"'7



there exists N € N such that for all m > N, vanyM = /z,,M. Also, given
nonunits x,y € M, we say y is a component of z if y|a™ for some n € N (or,
equivalently, if vaM C /yM). With this terminology, we record the following
theorem, which we will put to use momentarily.

Theorem 3.1 (Theorem 1 of [7]). Let M be an extraction monoid of finite type,
and let A C M such that every nonunit in M has some component in A. Then,
given any x € M, some power of x is contained in a factorial monoid generated
by a finite subset of A.

Theorem 3.2. Let M be a monoid. Then the following are equivalent:
(i) M is an inside factorial monoid.

(i1) For every x € M® with div(z) > 2, there exist n € N and y,z € M*® such
that " = yz and div(z) = div(z™) = div(y) + div(z). What is more, given
an almost primary element ¢ € M, q is strongly homogeneous and every
power of q is almost irreducible.

(iii) For everyx € M*®, there existsn € N such that ™ = q1q2 - - - ¢, where each
q; 1s strongly homogeneous and every power of each q; is almost irreducible.

(iv) M is an extraction monoid, and given any x € M®, there exists a set of
strongly homogeneous elements S such that x||S.

(v) M s an extraction monoid of finite type, and every nonunit of M has an
almost primary component.

Proof. ((i) = (i7)) Pick @ € M with div(z) > 2. Let M have Cale basis Q.
Then, we have ™®) = u(z) quQ ¢*@ and by Theorem 2.4, z||Supp(z) and
|Supp(z)| = div(z). Therefore div(z) = 3 cgupp(x) div(g). The rest of this
implication follows by Theorem 2.3.

((#7) = (443)) Pick x € M*®. If div(z) = 1, there is nothing to prove, so
assume that div(z) > 2. By hypothesis, there exist nonunits y,z € M and
n € N such that ™ = yz, with div(z) = div(y) + div(z). By induction, there
exist m,k € N and almost primary elements y1,y2, - ,¥yr, 21,22, -+ , 25 such
that y™ = yiya -y, 2¥ = 2129 25, div(y) = r, and div(z) = s. Then,
gk = ymkymk — kel ykamam. . 2™ We note that each y¥ and zi" is
almost primary. Thus, we have written a power of x as a product of almost
primary elements. All other assertions carry over directly from (#ii).

((i#i) = (iv)) Let z,y € M*®. Suppose first that there are no m,n € N such
that ™|y™. Then A\(z,y) =0/1 = 0 and 2°|y'.

Otherwise, pick any m,n € N such that 2™|y™. Applying (iii) twice, we
have 2 = qigq2--- ¢ and y* = rirg - -1, for u,v € N and ¢;,7; strongly homo-
geneous. Without loss of generality, we may also assume that the factorizations
of 2% and y¥ above are reduced. Since z™|y™, we have x*™|y"*™ and hence
(192 - - q)"™|(r1rg - - - 75)"™. Since all the ¢; and r; are strongly homogeneous,
we have t < s and (without loss of generality) v/¢; M = /r; M for each 1 <i <.



By (ii1), there exist, for each 1 <4 < ¢, u; € M* and (a;,b;) € N x N such that
g = ur.

It follows that )\(qz,rz) = Z—; Without loss of generality, we may assume
that ‘g—ll < Z—j <... < b . Set N = H —1 aib;. We now show that UV |y vbi N
We have the followmg (for some w € M*):

) ()

i=1 i=t+1

t s
— wpta N (Hq(blNGi/bi)_mN) ( H 7,1?1N> )

i=1 i=t+1

Note that (b1 Na;/b;) —a1N € Ny, since 3 > 7+. Hence, A(x,y) > 7;‘;1111\\[’ = %;11.
In fact, we have equality; suppose that x Ty for some m,n € N. Again, we have
™y hence there exists ¢ € M such that (g1g2 - - qf)”m (rirg - 1g)m.
We have ¢ = uirfi for u; € M* and a;,b; € N. Letting A = H§=1 a;, and

A; = A;/a; (for 1 < i <t), we have

s t
AHqumA _ CAan iAjom Hrzj,nA’ hence CAH ;41)m b; Ajvm H,r_unA

i=1 =1

Note that we cannot have unA < by Ajvm, otherwise r| Hl 9 ;”“4 but for
each 2 < ¢ < s, r; divides no power of 7;, contradicting the fact that ry is
almost primary. We conclude that by Ajvm < unA, implying byvm < una;, and
= < 2t Therefore A(z,y) = 37+, and M is an extraction monoid.

Fmally, for x € M*®, apply (2ii) to get z|/{q1,q2, - ,q}, a set of strongly
homogeneous elements.

((iv) = (v)) We will first show that M is of finite type. Suppose that we
have x1, 2, -+ € M with o1 M C /2o M C /23M C ---. Concentrating for
a moment on x; and xg, pick » € M and a € N such that zor = z§. If z; or
x9 is a unit, there is nothing to prove. So, picking a set S = {s1, 9, ,5:} of
strongly homogeneous elements of M with x1||S, we see that x5|S. By Theorem
1.6, div(zs) < t. If div(ze) = ¢, then xs|[{s1,s2, - ,s:} and since each s; is
strongly homogeneous, s;|{x2} implying that syss - - s¢|[{x2}. However, the fact
that x1|{s1, $2, - , st} implies that x1|{z2}, and Va1 M = /zo M.

Thus, generalizing the above argument from 1 and 2 to ¢ and ¢ + 1, the
only way for strict containment to hold between v/x;M and \/x;;1 M is for
div(x;41) < div(z;). Thus, the chain must stabilize, and M is of finite type.

Further, given z € M *, we have z||.S for some set .S of strongly homogeneous
elements. Thus, for any s € S, s|{z}, and s is a component of x.

((v) = (4)) Let A be the set of almost primary elements of M, and choose
(using Zorn’s Lemma) a subset @ of A maximal with respect to the following
property: If ¢1,q2 € @ are distinct, then /¢ M and /g2 M are incomparable.
As M is an extraction monoid of finite type, and since every nonunit has a
component in @), Theorem 3.1 applies. Therefore, given any x € M*®, there exists




w€ M* qi1,q2,"+ ,qn € Q and t1,t9, -+ ,t, € N such that z™ :uqilq?n-qfi".
Suppose we also have ™ = vp]'ps* - - - pj'*, where v € M*, a; € N, and p; € Q.
As ¢i' is almost primary, we see that (without loss of generality) ¢!’ |p(1“b for
some b € N. But then /p1M C /g1 M, and by construction of Q, Vg1 M =
VpiM and g = pi. If t1 —a; > 0, then ugi “ ¢ - ¢l = vp§2p3® -+ pf,
and, for some 2 < ¢ < I, ¢1|p;* for some ¢ € N. However, we then have
VpiM C /g1 M = /pi M, a contradiction. Therefore t; < a1, and by a similar
argument, t; > a;. Thus, canceling qil and pi*, we apply induction and see
that n = [ and (without loss of generality) qf = pi* and u = v. We conclude
that @ is a Cale basis for M. O

4 Atomic inside factorial monoids

We now focus specifically on atomic inside factorial domains, and begin by
characterizing those inside factorial monoids that have a Cale basis consisting
of atoms.

Lemma 4.1. Let M be an inside factorial monoid. Then M possesses a Cale
basis consisting of atoms if and only if for each element in M*®, there exists an
atom dividing a power of this element. In particular, if M is atomic, then M
possesses a Cale basis consisting of atoms.

Proof. Obviously, if @ is a Cale basis of atoms, then for each element in M*
there exists a power of that element that is divided by an atom. Suppose,
conversely, that the latter property holds. Let @ be a Cale basis of M and
pick go € Q. There exists k € N such that ¢§ = ajay where a;,a3 € M and

a; € A(M). From a™) = u(a;) [1,e0 q%(9) for i = 1,2 it follows that

i
qi')”k — H qal(q)+a2(q)7
qeQ

and, hence, a1(q) = az2(q) = 0for ¢ € Q, ¢ # qgo. Therefore aT(al) = u(al)qgl(q")
and by Lemma 2.2, we may replace gy by a1 in (). Replacing all elements of @
in this way, we arrive at a Cale basis of atoms. O

Throughout this section, let M be an atomic inside factorial monoid with a
fixed Cale basis ) consisting of atoms.

Arithmetical constants like the cross number (introduced in [6]) are usually
defined for the divisor class group of a monoid and integral domain, respec-
tively. Inside factorial monoids need not possess a divisor theory, but their very
structure admits imitation of those arithmetical constants. Looking at diversity
in particular, we have div(z) = |Supp(z)|, so, in a sense, diversity measures
how “wide” x is (in the sense of how many distinct ¢ € @ show up in the Cale
representation of z). We will, later on, introduce the width invariant; the width
of = will measure the diversity of x relative to m(z) (cf. Definition 4.5).

10



Definition 4.2. Let M be an atomic inside factorial monoid, and fix a Cale
basis @ consisting of atoms. For z € M®, let z™(®) = quQ ¢*@ be the Cale
representation of z by Q.

1. We define s(z) to be s(z) = Z x(q) = Z x(q).

q€Supp(x) q€Q

2. We define the function ¢ : M — Q4 by

s(x) . .
ifreM
plz) = {m@ .

0 ifexe M*

3. We define the upper and lower cross numbers of M, denoted (respec-
tively) by k*(M) and k.(M), by

k*(M) = su z) and k(M) = inf z).
(M) = sup ple) and k(M) = _int ()

4. We define the elasticity of M, denoted by p(M), to be
p(M) = sup{g crys € Nyxixo - = Y1y - - - ys for @, y; € A(M)} )

Elasticity, first introduced in the context of rings of algebraic integers by
Valenza in [9], measures how “far” a given atomic monoid is from being half-
factorial.> Recall that if M is an atomic monoid, a function f : M — [0, 00) is
called a semi-length function if for all z,y € M:

(i) flzy) = f(z) + f(y), and
(ii) f(z) =0 if and only if z € M*.

Semi-length functions were originally introduced by Anderson and Anderson in
[1] in the context of integral domains.

Proposition 4.3 ([1]). Let M be an atomic monoid, and let f be a semi-length
function on M. Define

ay =sup{f(m) : 7 € M is a non-prime atom} and

By =1inf{f(m) : m € M is a non-prime atom}

(and set ay = By =1 if M is factorial). Then p(M) < %Jf

It is straightforward to verify that ¢ is a semi-length function. The following
inequalities between these magnitudes will be useful later.

2An atomic monoid M is half-factorial if every nonunit = of M has a unique length of
irreducible factorization.
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Lemma 4.4. For any atomic inside factorial monoid M,

max{k*(M),k*(ljw)} <p(M) < ()

In particular, p(M) = oo for k(M) = 0.

Proof. Let Q be a Cale basis consisting of atoms, and let z € A(M) with z™(®) =
u(z) [1,e ¢*(9. Because Q consists of atoms, we have that T:((;)), ;((Z)) < p(M),

which implies that (), p(x)~t < p(M), and hence max{k* (M), k. (M)~} <
p(M). Concerning the other inequality, let 129 -+ 2, = y1y2 -+ - ys withr, s € N

and z;,y; € A(M). It holds that rk.(M) < > o(x;) = Y o(y;) < sk*(M),
i=1 j=1

and hence p(M) < k*(M)k.(M)~*. O
We now analyze more closely the magnitudes £*(M) and k.(M).
Definition 4.5. Let € M* with Cale representation 2™(®) = [eo g~

1. We define the width and height of z, denoted w(z) and h(z) (respec-
tively) to be

_ diV(m)’ W) = max{z(q) : ¢ € Supp(z)} _ max{z(q): ¢ € Q}

m(z) -

wle) () m(z)

2. We define the lower and upper width of M, denoted by w.(M) and
w*(M) (respectively) to be

we(M) = inf{w(z) : z € AM)} and w* (M) = sup{w(z) : € A(M)}.

3. We define the lower and upper height of M, denoted by h.(M) and
h*(M) (respectively) to be

he(M) = inf{h(x) : x € A(M)} and h*(M) = sup{h(x) : x € A(M)}.

4. We define the height of M, denoted by h(M), to be

h(M)= sup  max x(q)
zeA(M) 4€Supp(x)

Lemma 4.6. For any atomic inside factorial monoid M,

1 divg(M) - h* (M)
(M), h* (M < p(M
max{“’ W), GooeaD) h*<M>)} =P = . (M), B (VD)
Proof. For p(z)= > :1((‘;)), we have, by Theorem 2.4, that
q€Supp(x)

max{z(q) : ¢ € Supp(x)} div(x)
m(z) " m(z)

max{z(q) : ¢ € Supp(x)}
m(z)

< p(z) < div(z) -

7
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and, hence h(z), w(z) < ¢(z) < div(x) - h(z) for all x € M*®. This implies that

max{h*(M),w* (M)} < k*(M) < div,(M) - h*(M), and
max{h.(M),w.(M)} < ko (M) < dive(M) - h(M).

Thus, by Lemma 4.4, p(M) < k*(M) - k, (M)~ < maff;fj(\;\[})’jw(*%\zf)}v and
p(M) > masc{k* (M), (M)~} > masx {h* (M), w* (M), iy |- O

Proposition 4.7. Let M be an inside factorial monoid with a fixred Cale basis
Q of atoms, and suppose that m(M) = sup{m(z) : = € A(M)} is finite. Then,
max{div, (M), h(M)}

m(M)

< p(M) < m(M) - dive (M) - h(M).

In particular, the elasticity of M is finite if and only if both div,(M) and h(M)
are finite.

Proof. For x € M*®, ii‘(’](;g < w(z) < div(z), and max{i(%zlgﬂe/l‘iupp(m)} < h(z) <
max{x(q) : ¢ € Supp(z)}. Therefore, %}(\%) < w*(M) < dive(M), and
7}:1((1\151) < h*(M) < h(M). Since for each x € M' we must have dlv( ) > 1 and
max{x(q) : ¢ € Supp(x)} > 1, it holds that ( 5 < wy (M) M < he(M).
From Lemma 4.4 we get mdx{dl‘;‘;((l\]\j)) LD} < max{w* (M), h* (M)} < p(M)
diva(M) - h(M) - m(M).

1IN

Of course, by suitably rearranging terms, the inequalities in Proposition 4.7
yield inequalities for div,(M) and h(M) as well. In general, the inequalities
of Proposition 4.7 will be strict. More precisely, the following characterization
holds.

Corollary 4.8. Let M be an inside factorial monoid. Then M is factorial if
and only if M is atomic, m(M) is finite, and both inequalities in Proposition
4.7 are equalities.

Proof. Suppose M is factorial. By definition, we have m(M), div, (M), p(M),
and h(M) all equal to 1. Thus, the inequalities in Proposition 4.7 become
equalities.

Conversely, suppose first that div,(M) < h(M). Then W = m(M) -
div, (M) and hence m(M) = 1 = div,(M). The representation of an atom 7 by
a Cale basis @ then reduces to = u(x)q for some g € Q. Since M is assumed
to be atomic, it follows that M is factorial.

We now assume that div,(M) > h(M). Then W = m(M) - h(M) and
hence m(M) = h(M) = 1. Again, any Cale basis @ must consist of atoms, and
M must be factorial. O

Proposition 4.7 implies, in particular, that div, (M) is finite if m(M) and
p(M) are finite. But, as Example 5.2 in the next section shows, div,(M) may

13



also be finite in the case where p(M) = oo and m(M) < co. As already men-
tioned in the introduction, div,(M) and h(M) are, in some sense, complemen-
tary. The examples in the following section show that div, (M) may be infinite
for finite h(M) (Example 5.1) and vice versa (Example 5.2).

5 Examples

We close with some examples of atomic inside factorial monoids that illustrate
and contrast the invariants studied in this paper. Let T denote the additive
factorial monoid NY of sequences from Ny (with respect to pointwise addition)
that have only finitely many nonzero entries. We discuss three examples of
atomic inside factorial submonoids M of T'. In particular, there will exist a fixed
n € N such that nT' C M. This implies, in particular, that @ = {ne; : i € N} is
a Cale basis of M, where e; denotes the i*" unit vector of T.

Example 5.1. (An example where div,(M) = p(M) = 0o and h(M) < o0)
Call f € T alternating if we have that for all 1 < ¢ < max{i : f(i) > 0},
f(@) > fli+1)ifiis odd and f(i) < f(i+ 1) if i is even. Fix n € N, n > 2, let
F' denote the additive semigroup of all such alternating functions in 7', and let
M = (FU{0}) +nT.

It is easily confirmed that for k € N, fx =e1 +e3+e5+ -+ + eapy1 is an

atom of M. Obviously, w(fi) = ci:'(]{i")) = &£l and therefore w(M) > for all

k € N. Therefore w(M) = co and p(M) = o by Proposition 4.7.

Now, we consider h(M). For x =), x(i)e; € M, the Cale representation
of zis m(x)x = y(i)(ne;), where y(i) € Ny is chosen so that y(i)n = z(i)m(x)
for each ¢ € N. Therefore h(z) = %i)y() = 1||z||, where ||z| = max{z(i) :
i € N} is the sup-norm on 7.

Consider an atom x = f+nt € M. If f =0, then t = e; and hence ||z|| = n.
If f € F, thent = 0. For i € Neven, f(i) < n since otherwise f could be written
as a sum of ne; and f' € F. For ¢ € N odd, suppose that f(i) > n+ f(i + 1)
and f(i) > n+ f(i —1). Then f may again be written as a sum of ne; and
some f’ € F. Therefore, for i odd, we must have f(i) <n+ f(i+1) <n+nor
f(@) <n+ f(i—1) <n+mn, and in any case, f(i) < 2n for ¢ odd. This shows
that ||z|| < 2n, and hence for € A(M), h(x) < 2, and hence h(M) < 2.

Example 5.2. (An example where div,(M) < oo and h(M) = p(M) = o)

For k € N, let fr = key. Let F denote the additive semigroup generated by the
fr- Fix n > 2, and consider the submonoid of T given by M = (F U {0}) +nT.
It is straightforward to show that A(M) = {fx : k € Non { k} U{nex : k €
N,kfn}uU {nen} A Cale representation for fj is nfi = k(neg). It follows that

m(fr) = et o Jedtem and fr(q) = W Therefore, h(f) = m(gfi)) = %, implying

that h(M) = co. By Proposition 4.7, it follows that p(M) = oc.
We now turn our attention to div,(M). From our work above, we have
w(fr) = (i:’((]f:“)) =77 gcé(k - < 1. Furthermore for all k tn, winer) = w(ne,) =

1. Therefore div, (M) =1 and, in fact, every atom of M is almost primary.
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Example 5.3. (An example where div,(M) = h(M) = p(M) = o)

For k e N, let fr, = (k,k—1,k—2,---,2,1,0,0,0,---), and let F' be the additive
semigroup generated by the fi. Fix n > 2, and let M = (F U {0}) + nT. We
see that A(M) = {fr : k € N} U {nex : k € N}. The atoms f; have Cale
representation nfy = k(ne1) + (k — 1)(ne2) + -+ + 2(nex—1) + (nex). It then
follows that m(fx) = n. Therefore w(fx) = div(f) — k and hence div, (M) =

] m(fr) n’
co. Similarly, h(fy) = W = & yielding h(M) = oo. Finally,
p(M) = oo by Proposition 4.7.
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