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Primes Break Numbers Break Super-Primes

The Primary Question

What is a prime number?
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The Primary Answers

• A number with no divisors

• A number whose only divisors are 1 and itself

• A number whose only integer divisors are 1 and itself

• A number whose only positive integer divisors are 1 and
itself



Primes Break Numbers Break Super-Primes

The Primary Answers

• A number with no divisors

• A number whose only divisors are 1 and itself

• A number whose only integer divisors are 1 and itself

• A number whose only positive integer divisors are 1 and
itself



Primes Break Numbers Break Super-Primes

The Primary Answers

• A number with no divisors

• A number whose only divisors are 1 and itself

• A number whose only integer divisors are 1 and itself

• A number whose only positive integer divisors are 1 and
itself



Primes Break Numbers Break Super-Primes

The Primary Answers

• A number with no divisors

• A number whose only divisors are 1 and itself

• A number whose only integer divisors are 1 and itself

• A number whose only positive integer divisors are 1 and
itself



Primes Break Numbers Break Super-Primes

Primarily Relevant Facts

• If a prime divides xy , then it must divide either x or y .

• Fundamental Theorem of Arithmetic:
Every natural number has a factorization into primes,
unique up to order.
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Attack of the Jargon

• First step: Specify our set of numbers (need ×)

• A unit is a number that has a reciprocal in our set.
A nonunit is everything else.

• Examples: N, Z, Q
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Attack of the Jargon II: Revenge of the Primes

• A prime is a nonunit that cannot be factored into nonunits.

• Examples: N, Z, Q
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After a brief break, we will explore these definitions with several
examples.
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Review

• A unit has a reciprocal.

• A prime is a nonunit that cannot be factored into nonunits.
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Number Pluralism

N≥2 = {2, 3, 4, 5, 6, . . .} “plural” numbers
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An Odd Example

Nodd = {1, 3, 5, 7, 9, . . .} “odd” numbers
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Even Primes Can Have Fun

Neven = {2, 4, 6, 8, 10, . . .} “even” numbers

Primes: 2, 6, 10, 14, 18, 22, . . . (singly even)

36 = 6 × 6 = 2 × 18
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Many Primes

N≥3 = {3, 4, 5, 6, 7, 8 . . .} “many” numbers (Pirahã)

Primes: 3, 5, 7, 11, . . ., 6, 10, 14, 22, . . ., 4, 8

36 = 6 × 6 = 4 × 3 × 3
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After a brief break, we will extend these ideas and introduce
super-primes.
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Super Primes

• A unit has a reciprocal.

• A prime is a nonunit that cannot be factored into nonunits.

• A super-prime is a nonunit p such that:
If p divides xy , then p must divide x or y (or both)
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Super-Fundamental Theorem

Fundamental Theorem of Arithmetic for Super-Primes:
If a number can be factored into super-primes, that
factorization is unique up to order and units.

Note: This doesn’t work with ‘prime’ instead of
‘super-prime’.
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The Land of Super Primes

Theorem: For the integers (or whole numbers), ‘prime’ and
‘super-prime’ are synonyms.

We earlier saw examples (Neven, N≥3) where they are
different.
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Superman is, Among Other Things, a Man

Theorem: Every super-prime is a prime.

Proof: Suppose p is a super-prime but not a prime.
Because p is not a prime, there must be two nonunits x , y
with p = xy .
Because p is a super-prime, p must divide x or y .
Therefore we have x = pz (p divides y is similar).
Combining, p = xy = pzy , so zy = 1 and y is a unit.
This is a contradiction; hence no such p can exist.
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Guide to Further Inquiry

• This topic is factorization theory.

• The “numbers” can be domains, rings, semirings, monoids
or (most generally) semigroups.

• What we called “prime” is usually called irreducible.

• What we called “super-prime” is usually called prime.

• What we called “units” are usually called units.
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