Assignment 4

Answers and brief solutions  
The following are answers or short solutions to the questions (they are not detailed solutions):                                                                                                                                                     

1. The nums and lows of the vertices are:

A(1/1), B(2/1), C(3/1), D(4/3), E(6/3), F(5/3), G(10/10), H(7/7), I(9/9), J(8/8)

Since D is a child of C and  num(C) = 3 <= low(D) =3  then C is an articulation point (AP).
Since G is a child of D and num(D) = 4 < low(G) = 10 then D is an AP

Since H is a child of F and   num(F) = 5 <= low(H) =7   then F is an AP

Also J is a child of H and  num(H)=7  < low (J) =8  then H is an AP.

2.  The depth first traversal gives post-order number of the vertices as: A(6), B(4), C(7), D(5), E(3), F(2), G(1).   Reversing the edge directions and doing the second depth first traversal from the highest numbered vertex gives two strongly connected components as  {A,B,C,D, E,F}  and {G}.
3. We claim that the minimum spanning tree (MST) of the graph G, with edge weights equal to the negative of bandwidth (BW),  is the required answer.  We prove this claim by contradiction.
Suppose T  is the  MST and P(u,v) is a path between u and v in T.   Suppose by contradiction that P’(u,v) is another path between u and v  in graph G such that  

BW(P’) < BW(P)




(1)

Let  e(x,y) be an edge with minimum BW (maximum weight) on P.  By assumption (1) BW(e) is also minimum on P’.  Therefore BW(e) is minimum  (maximum weight) on the combination of P and P’ (i.e. union PUP’).  Now PUP’ forms a cycle in G, and by cycle property maximum edge weight on the cycle cannot be on the MST.  This is a contradiction, so P’ is not better than P. Therefore the MST provides the BAB for any a path between any two vertices of the graph.
4.  Part (a) is False, and we show this by a counter example.   Let G be a complete graph with 4 vertices A, B, C, D with the following edge weights AB=3, AC =4 , AD=5, BC=5, BD = 6, DC=7.  Note that every tree that is formed has a bottleneck edge of at least 5.   A minimum bottleneck tree has the following edges AD=5, AC=4 and BC=5, so the total cost is 14.  But  the  MST is formed from AB=3, AC=4 and AD =5 with the total cost of 12.  So that a bottleneck has a cost more than that of the MST.
Part (b) is true and we prove it by contradiction (note that proof can not be done by examples).  Let T be an MST and T’ be a spanning tree with a smaller bottle neck edge than T.  Suppose T contains an edge e that is heavier (more weight) than every edge in T’.  So add e to T’, and it forms a cycle on which e is the heaviest edge.  By the cycle property e does not belong to MST.  This is a contradiction. 
