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[1] We adapt the traction-at-split-node method for spontaneous rupture simulations to
the velocity-stress staggered-grid finite difference scheme. The staggered-grid
implementation introduces both velocity and stress discontinuities via split nodes. The
staggered traction components on the fault plane are interpolated to form the traction
vector at split nodes, facilitating alignment of the vectors of sliding friction and slip
velocity. To simplify the split-node partitioning of the equations of motion, spatial
differencing is reduced from fourth to second order along the fault plane, but in the
remainder of the grid the spatial differencing scheme remains identical to conventional
spatially fourth-order three-dimensional staggered-grid schemes. The resulting staggered-
grid split node (SGSN) method has convergence rates relative to rupture-time, final-slip,
and peak-slip-velocity metrics that are very similar to the corresponding rates for both a
partly staggered split-node code (DFM) and the boundary integral method. The SGSN
method gives very accurate solutions (in the sense that errors are comparable to the
uncertainties in the reference solution) when the median resolution of the cohesive zone is
4.4 grid points. Combined with previous results for other grid types and other fault-
discontinuity approximations, the SGSN results demonstrate that accuracy in finite
difference solutions to the spontaneous rupture problem is controlled principally by the
scheme used to represent the fault discontinuity, and is relatively insensitive to the
grid geometry used to represent the continuum. The method provides an efficient and
accurate means of adding spontaneous rupture capability to velocity-stress staggered-grid
finite difference codes, while retaining the computational advantages of those codes for
problems of wave propagation in complex media.
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1. Introduction

[2] Accurate numerical simulation of the dynamic rupture
process in realistic three-dimensional models is important
to our understanding of the physics of earthquakes, and is
likely to assume increasing importance in the modeling
of strong ground motion. Suitable numerical solution tech-
niques for the spontaneous rupture problem can be built
into elastodynamic methods based upon, for example, finite
difference (FD), finite element (FE), spectral element (SE),
or boundary integral (BI) methods. Each of these numerical
methods can be implemented on any of several different
grid types, and the elastodynamic equations solved to any
specified order of accuracy. However, recent work by
Day et al. [2005] (hereafter D05) and Dalguer and Day
[2006] has shown, at least in the case of the most widely
used FD-based methods, that solution accuracy is controlled
principally by the numerical formulation of the jump con-
ditions on the fault discontinuity. In that study, neither grid
type nor order of spatial differencing in the grid is found to

have a significant effect on spontaneous-rupture solution
accuracy, but the method of approximation of the jump
conditions has a very large effect. It is likely that a similar
conclusion will hold for other solution methods such as FE
and SE.
[3] Methods which represent the fault discontinuity by

explicitly incorporating discontinuity terms at velocity
nodes in the grid are called traction-at-split-node (TSN)
methods [Andrews, 1973, 1999; Day, 1977, 1982b]. Inter-
actions between the halves of the ‘‘split nodes’’ occur
exclusively through the tractions (frictional resistance and
normal traction) acting between them, and these in turn are
controlled by the jump conditions and a friction law. The
TSN is usually implemented in schemes that (1) employ
second-order spatial differencing, and (2) locate all three
velocity components at a common set of grid vertices, with
all six stress components collocated at the corresponding
cell centroids. This description applies to the so-called
‘‘partly staggered’’ FD schemes, in the terminology of
Moczo et al. [2006], as well as to some FE schemes. The
prevalence of the TSN fault representation in methods
meeting these criteria is probably due to the ease with
which these methods permit a partition of the equations of
motion into separate parts governing each side of the fault
surface [Day et al., 2005, Appendix A].
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[4] The TSN method has not previously been applied to
model spontaneous rupture in staggered-grid 3D FD meth-
ods such as the fourth-order velocity-stress staggered
(VSSG) scheme that is widely used for elastodynamics
problems [e.g., Madariaga, 1976; Levander, 1988; Graves,
1996]. The VSSG scheme defines each component of shear
stress and particle velocity at a different grid point, and the
normal stresses share another grid position. This geometri-
cal complexity, plus the fact that the VSSG scheme is often
implemented with fourth-order differencing, inhibits, or at
least obscures, the partitioning required by the TSN method
(but note that Madariaga’s [1976] VSSG method for fixed-
rupture-velocity modeling is effectively a split-node scheme
specialized to a problem with symmetry across the fault
plane). Instead, the VSSG schemes have been adapted to
solve spontaneous rupture problems through what Dalguer
and Day [2006] called ‘‘inelastic-zone’’ models [e.g.,
Madariaga et al., 1998; Andrews, 1976a, 1999]. That is,
the fault discontinuity is represented through inelastic incre-
ments to stress components at a set of stress grid points
taken to lie on the fault plane. With this type of scheme, the
fault surface is indistinguishable from an inelastic zone with
a thickness given by the spatial step Dx (or an integral
multiple of Dx). The well-known examples of inelastic-
zone schemes are the ‘‘thick fault’’ (TF) method proposed
by Madariaga et al. [1998], and the ‘‘stress glut’’ (SG)
method first presented by Andrews [1976a] for modeling
yielding off the fault, and subsequently described by
Andrews [1999]. The inelastic-zone methods are very easy
to implement in existing VSSG wave propagation codes, as
no modification to the difference equations is required, only
modifications to the way stress is calculated from strain rate.
However, we have found [Dalguer and Day, 2004, 2006]
that the inelastic-zone TF and SG methods show much
poorer performance than does the TSN formulation. In a 3D
test, the SG inelastic-zone method achieved solutions that
are qualitatively meaningful and quantitatively reliable to
within a few percent, but full convergence is uncertain, and
SG proved to be highly inefficient computationally, relative
to the TSN approach. The TF inelastic-zone method did not
achieve qualitatively meaningful solutions to the 3D test
problem, in the sense that, for example, TF solutions
exhibited rupture-velocity fluctuations not present in the
reference solution, had a much lower average rupture
velocity, and did not match the shape of the rupture-front
stress concentration. The method proved to be sufficiently
computationally inefficient that it was not feasible to
explore convergence quantitatively.
[5] In the present paper, we propose a version of the TSN

formulation for the VSSG FD scheme. Our starting point is
the standard VSSG elastodynamic FD scheme with fourth-
order spatial differencing. We follow an approach similar to
that described in D05 to partition the difference equations
into separate sets for the two sides of the fault. However,
because of the characteristics of the VSSG scheme, some
additional steps are necessary: (1) The spatial differencing
along the fault plane is reduced to second order. (2) In
addition to splitting the fault-plane velocity nodes into plus-
and minus-side parts, those stress points that lie on the fault
plane, and at which are located stress components that are
not continuous across the fault (i.e., those that are not fault-
plane traction components) are also split into plus-side and

minus-side parts. We used the 3D, fourth-order VSSG wave
propagation code of Pitarka [1999] as our starting point.
The resulting method will be referred to as the SGSN
(staggered-grid split-node) method.
[6] The accuracy of the SGSN method is verified follow-

ing the methodology of D05. These authors performed a
detailed comparison of solutions to the Harris et al. [2004]
benchmark problem as calculated, respectively, by two
independent numerical methods, a boundary integral (BI)
method and a TSN method called DFM [Day, 1982a,
1982b; Day and Ely, 2002]. They found that the BI and
DFM methods converge, with decreasing spatial discretiza-
tion interval Dx, to a common solution, to within well-
defined tolerances, for three specific error metrics: the RMS
differences of rupture time, slip rate and final slip.
[7] We perform the assessment of the SGSN method by

using it to compute solutions to the Harris et al. [2004]
benchmark problem. Then, using the D05 numerical solu-
tion as a reference, we compute the three error metrics
proposed in that study, and examine their dependence upon
Dx. We find that the SGSN method is convergent, with the
same convergence rate (for the rupture-time metric) as the
BI and DFM methods. It is highly efficient, requiring only
about two-grid-point resolution of the rupture-front cohe-
sive zone to reach RMS rupture-time error smaller than
0.7%.

2. Fault Jump Conditions

[8] The idealization of the earthquake source rupture as a
dynamically running shear crack on a frictional interface
embedded in a linearly elastic continuum is widely accepted
as a useful idealization in earthquake physic research [e.g.,
Kostrov, 1964, 1966; Andrews, 1976a, 1976b; Das and Aki,
1977; Day, 1982a, 1982b; Fukuyama and Madariaga,
1998; Harris and Day, 1999; Dalguer et al., 2001]. The
theoretical study of this problem class is usually possible
only with computationally intensive numerical methods
that solve the elastodynamic equations of motion in the
continuum, coupling them to additional equations govern-
ing frictional sliding on the boundary representing the fault
surface. This leads to a boundary value problem in which
the shear traction that acts at the frictional interface during
rupture is conditioned to follow a constitutive law.
[9] We orient the fault by a choice of fault-normal

direction, and define negative and positive sides of the fault
such that the normal vector is directed from the former
toward the latter. Denoting the shear traction vector on the
fault (traction exerted by the positive side upon the negative
side) by t, the tangential displacement discontinuity (slip)
vector (displacement of positive side relative to negative
side) by s, their respective magnitudes by t and s, and the
frictional shear strength by tc, the fault jump conditions can
be formulated in the form given by D05 as:

tc � t � 0 ð1Þ

tc _s� t _s ¼ 0: ð2Þ

Equation (1) stipulates that the shear traction be bounded by
the (current value of) frictional strength, and equation (2)
stipulates that any nonzero velocity discontinuity be
opposed by an antiparallel traction (i.e., the negative side
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exerts traction -t on the positive side) with magnitude equal
to the frictional strength tc.
[10] The frictional shear strength tc evolves according to

some specified friction law, and may depend upon normal
stress, slip, slip velocity, and other mechanical or thermal
variables. Here we use the simple slip-weakening friction
model in the form given by Andrews [1976a, 1976b]. This
friction law, first proposed by Ida [1972], is extensively
used for shear dynamic rupture simulations [e.g., Andrews,
1976a, 1976b; Day, 1982b; Olsen et al., 1997; Fukuyama
and Madariaga, 1998; Madariaga et al., 1998; Harris and
Day, 1999; Dalguer et al., 2003a, 2003b].
[11] The frictional strength tc is assumed to be propor-

tional to normal stress sn (taken negative in compression)

tc ¼ �mf ‘ð Þsn: ð3Þ

The coefficient of friction mf (‘) depends on the slip path
length, ‘ =

R t

0
_s (t0) dt0, through the linear slip-weakening

relationship

mf ‘ð Þ ¼ ms � ms � mdð Þ‘=d0 ‘ < d0
md ‘ � d0

�
; ð4Þ

where ms and md are coefficients of static and dynamic
friction, respectively, and d0 is the critical slip-weakening
distance. Despite its limitations as a model for natural
earthquakes (as noted in, e.g., D05), this friction law
provides a suitable starting point for testing numerical
methods.
[12] The jump conditions (1)–(2) combined with the

friction law (3)–(4), define our idealized model for fault
behavior.

3. Staggered-Grid Split-Node (SGSN) Method

[13] The FD scheme solves the velocity-stress form of the
equations of elastodynamics, in which Cartesian compo-
nents of the velocity vector _u and stress tensor s are the
dependent variables:

@t _u ¼ r�1rs ð5aÞ

@ts ¼ l r � _uð ÞIþ m r _uþ _urð Þ; ð5bÞ

where l and m are the Lame constants, r is density, and I is
the identity tensor. Figure 1 shows the staggered-grid FD
geometry. The fault is an x, y plane and the fault normal is in
the z direction. Indices for _ux grid points are integer triples
( j, k, l), and indices for other velocity and stress
components are offset from this by half-integer values in
one or more directions, as shown in Figure 1. Material
constants (densities and Lame constants l and m) are
assigned at points with indices ( j, k + 1/2, l + 1/2). In the
figure, the grid points above and below the fault (which is
the central horizontal plane in the figure) constitute a quarter
of a unit cell; that is, the region depicted has extent Dx in
the fault-normal direction and Dx/2 in the fault-parallel
directions. In our notation, grid indices are denoted by
Roman subscripts, with ( j, k, l) always representing integers
(other Roman subscripts may take on half-integer or integer
values), and Greek subscripts denote Cartesian components
(x, y, or z). Where there is no ambiguity, we will sometimes
suppress the grid indices.
[14] Note (Figure 1) that, of the nine independent velocity

and stress components, six have grid locations on fault
plane: the tangential velocities ( _ux and _uy) and the stress
components sxy, sxx, syy, and szz. Of these, five (all except
szz) become discontinuous across the fault plane when slip
is permitted. To accommodate the field discontinuities,
these five variables, when they occur on the fault plane,
are therefore split into plus-side and minus-side parts
(denoted by _ux

±, _uy
±, sxy

± , sxx
± , and syy

± ) in our scheme. We
let l0 denote the l index of the fault plane, and suppress this
index when referring to split variables.
[15] In forming FD approximations to (5a) and (5b), the

time derivatives are approximated by second-order central
differences,

@t _u tð Þ 
 1=Dt _u t þDt=2ð Þ � _u t �Dt=2ð Þ½ � ð6aÞ

@ts t �Dt=2ð Þ 
 1=Dt s tð Þ � s t �Dtð Þ½ �; ð6bÞ

as in most previous work [e.g., Graves, 1996]. The density
and reciprocals of the Lame constants are evaluated at the
required grid points by linear interpolation, as in the work
by Graves [1996]. Moczo et al. [2002] have shown that

Figure 1. Staggered-grid split-node geometry, illustrated
for grid cells adjacent to the fault in the VSSG scheme. The
fault plane grid points for _ux, _uy, sxx, syy, and sxy are split
into plus-side and minus-side parts. The finite difference
equations of motion are partitioned to form separate elastic
restoring forces (R) acting on the two halves. The two
halves of a split velocity node interact only through shear
tractions (T) at that node point.
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