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SUMMARY

We incorporate rate- and state-dependent frictioexplicit finite difference (FD)
simulations of mode Il dynamic ruptures in elastiedia, using the Mimetic Operators
Split-Node (MOSN) method, with adjustable ordespétial accuracy (second-, fourth-,
or mixed-order accurate), including an option tedburth-order accurate at the fault
discontinuity as well as in the elastic volume féudlt points, the rate and state equations
combined with the spatially discretized momentumsssvation equations form a
coupled system of ordinary differential equatioB®ESs) for slip velocity and state
variable. As a consequence of the rapid dampinglofcity perturbations due to the
direct effect, this system exhibits numerical seffs that is inversely proportional to
velocity squared. Approximate solutions to thisoed#ly-state system are achieved by two
different implicit schemes: (i) a fourth-order Robeock integration of the full system
using multiple substeps, and (ii) low order inteignas (backward Euler and trapezoidal)
of the velocity equation, time-staggered with ahalyntegration of the state equation
under the approximation of constant slip velocigiothe time step. In assessing the
numerical schemes, we use three test problemsuragtvith frictional resistance
controlled by (i) a slip evolution law with stronglocity-weakening behavior at high slip
rates, representing thermal weakening due to fi@stting of microscopic asperity
contacts, (ii) the classic (low-velocity) slip eutibn law, and (iii) the classic aging
evolution law. A convergence analysis is carrietduming reference solutions from a
spectral boundary integral equation method (BIEMinethod restricted to homogeneous

media, with nominal spectral accuracy in spacesmadnd-order accuracy in time for



smooth solutions). Errors are measured by root-rseaare differences of fault-plane
time histories (slip, slip rate, traction, and ajaMOSN shows essentially the same
convergence rates as BIEM: second-order convergenséip and state-variable misfits,
with slower (but at least first-order) convergefmeslip rates and tractions. For a given
grid spacing, fourth-order MOSN is as accurate l&\Bfor all variables except slip-
rate. MOSN-Rosenbrock nominally has fourth-ordergeral accuracy for the fault-
plane velocity-state ODE integration (comparedtadr-order accuracy for the other two
MOSN schemes) and therefore provides an importeauretical benchmark. However, it
is sensitive to details of the elastic calculasocheme and occasionally its adaptive
substepping performs poorly, leading to large esioms from the reference solution. In
contrast, MOSN-trapezoidal is robust and reliablach easier to implement than
MOSN-Rosenbrock, and in all cases achieves precesaood as the latter without
recourse to substepping. MOSN-Euler has the savengahes as MOSN-trapezoidal,
except that its nominal first-order temporal accyraltimately leads to larger errors in
slip and state variable compared with the higheeoMOSN schemes at sufficiently

small grid spacings and time steps.

KEYWORDS: Flash heating, rupture propagation, mimetic fidiifgerences, high-

order methods.



INTRODUCTION

Experimental and theoretical studies of rock fantat high slip speed (comparable to
coseismic slip rates) have the potential to impreaweunderstanding of earthquake
rupture mechanics. Laboratory data obtained bysOsnit & Shimamoto (1997), Tullis &
Goldsby (2003), and Prakash (2004) reveal a stwwakening of friction at regimes
where sliding velocity exceeds a few cm/s. RiceO@2006) and Beeler & Tullis (2003)
(see also, Beeler et al. 2008) have theoreticalyagned this dynamic weakening of the
friction coefficient in terms of the flash heatiofgmicroscopic asperity contacts during
rapid sliding under large shear and normal loatie. Rice (1999) flash-heatirmgjuations
were tuned by Beeler & Tullis (2003) to fit fricialata obtained by Tullis & Goldsby
(2003) in high-velocity experiments (up to 0.36 y)nBoth analytical models for flash
heating [i.e., Rice, 1999; 2006; and Beeler & BJIR003] actually describe the
coefficient of friction at steady-state sliding. rdel the transient evolution of fault
friction during an earthquake, suitable constiteitieodels couple flash heating equations
to the classic rate- and state-dependent friciR#) (aws introduced by Dieteri¢h979)
and Ruina (1983) (see also, Linker & Dieterich, 299 hese enhanced rate- and state-
dependent friction laws, here called RS-FH lawsidet abrupt strength drop at slip rates
typical of earthquake rupture propagation (~ 1 nw&lle reducing to the Dieterich-
Ruina formulation during slow sliding, so as to rabfiliction during earthquake
nucleation, post- and inter-seismic creep, andrdtve slip-rate processes (e.g., Tse &
Rice, 1986; Okubo, 1989; Lapusta et al. 2000; Lepé&sRice, 2003; Rubin & Ampuero,

2005).



Here we consider the coupling of RS-FH modelsdriflile and efficient
numerical earthquake-simulation codes, which isrgyortant step in advancing our
understanding of earthquake ruptures and grounébmddoundary integral equation
methods (BIEM) (Cochard & Madariaga 1994, 19967iRegt al. 1995; Beeler & Tullis,
1996; Ben-Zion & Rice, 1997; Zheng & Rice, 1998;ddcet al. 2006, 2009) have been
much used to model frictional sliding under thessla Dieterich-Ruina RS friction laws.
In BIEM, discretization is just required to enfofeeundary conditions on the fault
surface, with the elastodynamic response accodategtirough analytical integral
expressions. This semi-analytical nature of BIEM/&l suited to modeling rupture
dynamics, but typically restricts the method tanpliafaults in homogeneous continua.
Volume discretization methods overcome many ofithgations of BIEM, and these
have also been coupled to RS laws. Examples indiodie difference (FD) (Nielsen et
al. 2000; Bizzarri et al. 2001; Bizzarri & Coccd@db), finite element (Coker et al. 2005;
Shi et al. 2008), and spectral element (Kanekd. 2088) methods. These schemes are
well suited to account for source and medium hegmeities, traction-free boundary
conditions, and bulk nonlinearity.

We present FD implementations of RS friction fooisfaneous rupture simulation
that perform accurately and efficiently in existiexplicit, split-node codes; include a
stable, efficient formulation of a RS-FH law; aralh, at least nominally, relatively
high-order accuracy of spatial discretization. &wihg, e.g., Noda et al. (2006, 2009),
we represent flash heating with the Beeler & TY803) equation for the steady-state
friction coefficient, coupling it to Dieterich-Ruanfriction with slip-law evolution for the

state variable. Our FD implementations are preseane tested here in 2D (in-plane),



but the methodology generalizes immediately to Bilese FD schemes are an extension
of the Mimetic Operators Split-Node (MOSN) FD meathwhich we previously
developed and tested for the case of slip-deperidetidn (Rojas et al., 2008). MOSN
time discretization is explicit and second ordearafrom the fault plane, consistent with
standard velocity-stress elastic solvers. At faalies, frictional sliding couples to
elastodynamics through a time-dependent ordindfgrdntial equation (ODE) system
with fault-plane velocity and one state variablelapendent variables. A first MOSN
implementation integrates this system over multgulbsteps within a single elastic time
step using a linearly implicit fourth-order Rungeitka scheme: Rosenbrock’s method.
Two additional MOSN implementations integrate safey velocity (by backward-Euler
and trapezoidal rules) and state (by analytic matiegn under the assumption of constant
slip velocity) after time-staggering these varigblEach of these MOSN implementations
applies fourth-order spatial difference operatora split node representation of fault
boundary conditions, with the operators construtbeshtisfy a discrete analogue of an
integration-by-part formula on gridlines orthogotathe fault plane. These mimetic
operators achieve consistent fourth-order accuaawth interior grid points and at the
fault-plane split nodes using centered stencilgferformer and one-sided stencils for
the latter. Here, we generalize the MOSN code talleaRS-FH friction, and also add
options for second- and “mixed”-order mimetic diface operators, where the term
“mixed” means fourth-order accurate interior disizegion that only reduces to second-
order accuracy at the fault plane (for fault-noratiffierentiation). The designation
“mixed”-order was previously used by Moczo et aD@7a) for a 3-D FD discretization

that employs second-order formulas on grid plamesally displaced from the fault



plane by a half grid-size and by one grid-size |lavhiuses fourth-order formulas
elsewhere.

We apply this RS-FH and variable-order capabilitff®@ SN schemes to
investigate the convergence and accuracy of sptier-D schemes when solving
spontaneous rupture problems (Day et al. 2005;Rstjal. 2008). For rupture with slip-
weakening (SW) friction (Ida 1972), Day et @005) found nearly identical convergence
rates for a second-order split-node FD method (DBl 1982) and a BIEM method
(detailed in Lapusta et al. 2000). They conjectubhed the lack of higher-order
convergence of the BIEM scheme was due to the pcesef slope discontinuities in the
linear SW friction law, which in turn may induceghtorder singularities in elastic fields
around the evolving rupture (Ida, 1972). LikewiBejas et al. (2008) found that MOSN
(nominally fourth-order in space) failed to imprave convergence rates found for SW
simulations with the second-order DFM code. In gfaper, we examine the effects on
convergence rate and numerical precision of (Litfewand mixed-order spatial
discretization, (2) smoothness of the friction 188), different time integrations of the
split-node velocity-state variable ODE system, @f)dime discretization errors. The
smooth behavior of fault traction (as a functiorslyb, slip rate, and/or state variables)
under RS friction (e.g., Bizzarri et al. 2001) p@shus to examine the underlying order
of accuracy of the numerical scheme for spontanaqutsire. We use alternative MOSN-
Rosenbrock, -Euler, and -trapezoidal implementatiorassessing (3). We address
temporal discretization through numerical experitaemth the time step size reduced
below stability limits, following similar 3-D studs of Dalguer & Day (2007) for the case

of SW friction.



To sample a representative range of physical mpdelsary the friction law and
background stress load. We perform simulations thitee different state evolution laws:
the RS-FH law, as well as the classic DieterichARuaging (or slowness) law (RS-A)
and (low-velocity) slip law (RS-S). We vary the kgmound stress load so that both of
the two well-known end-member modes of rupturepaexing cracks and short-duration
pulses, are included in the studBy varying these two features, state evolution and
rupture mode, we are able to generate a rangeigbteblems representative of recent
theoretical, experimental, and numerical studieg. (Zheng & Rice, 1998; Lu et al.

2007).

PROBLEM FORMULATION
In-plane ruptures under rate- and state-dependentRS) friction
We model 2-D mode Il dynamic ruptures on a frictibimterface lying on thg

axis The fault line is surrounded by a linearly elasinzl isotropic mediunx{z plane)

with densityr, Lamé constants and/; andP- andS-wave speedsy =,/(/ +2n)/r

andc, = W respectivelyFrictional sliding is governed by RS constitutiesvk
expressed in the three different forms detailedwel he displacement and stress fields
satisfy the plane-strain elastodynamic equations,
ruy = o xt 72 (1.2)
ru, =t o ¥ 5, (1.2)

where



o= (! +27)uy+ u,,
L= +2)u, 4 uy, (2)

tys :m(uxz+uz >)
with dots denoting time differentiation and commdasioting spatial differentiation, e.g.,
u, = Tu,/ T, u,,=Tu/Ix, £, =¥ /T and so on. The components (i) of the
displacement vector and the incremental stres®téng,/,,, andy;) are measured with
respect to initial distributions. The stress comgrast,, andZ,, are continuous a= 0,
and for simplicity we also take to be continuous (although discontinuagsi.e., fault

opening, is easy to accommodate in the formulatidohg fault-parallel displacemeut
is discontinuous across tRkexis and this jump is referred as djp.e., designating the

limiting values foruy at this interface aay (x, z=0,t)=u (% z=*e, § for e® 0", then
s=u; - U . Friction laws used here are defined in termsiefrhagnitude of the time
Uy - Uy

derivative of the slip, denoted by = , also referred to as sliding velocity. In the

following, we use the superscripts (+) and (-) émote limiting values at the plus% 0)
and minusZ < 0) sides of the fault, respectively, of those/@feelds and material
properties that are discontinuous.

We adopt fault boundary conditionszat O that allow spontaneous rupture
propagation. For simplicity, we assume reflectipmmetry of the elastic properties

about the fault, with the consequence that the ablwad, s , is time-invariant (the

method generalizes easily to the asymmetric cafevariable normal load). The total

shear tractiorf (X, t) acting on the minus side of the fault is compasfeal known shear



loadz, _,(x,t) and the incremental stresg, (i.e.,f =t 5o # «,)- The magnitude of the

total shear traction equals the frictional strer@ftthe fault ; (current value) and shares

sign with the particle velocity discontinuity (buoteV >0, t3 0), i.e.,

z‘:sign(Lﬁ- L;)z‘c. (3)
The above represents a simplified case of morergefoemulations of shear
rupturing (permitting, for example, stationary catt normal stress fluctuations, fault
opening) as in, e.g., Day et al. (2005). Here, ssume that the frictional strengths

proportional to the normal stresg, with a proportionality coefficient =#./s ,. The
friction coefficient f depends explicitly oV and a variablg that accounts for the state

of the contact surface. We follow the usual [Dieterl 978, 1979; Ruina 1983]

formulation for friction coefficient in terms of andg, which gives,
t.(Vag)= f*+aln(V/\f)+bIn(q/q*) sy . (4)

Equation (4) expresses the coefficient of frictamnthe sum of a reference valie the

direct effect (giving the explicit velocity depemae, proportional to constaa), and the
evolution effect (proportional to consta)t

The aging law for state evolution is
g=1-Vg/L , (5)
where the state variablg can be interpreted as the average lifetime oa#perity

population and. as the average slip required for renewal of theaxd population (see

also, Beeler et al. 1994). In our numerical implatagon, we favor the following



equivalent expressions of (4) and (5) in termdefdimensionless state variable
y =t +binfg/q")
te(Vy )= aIn(V/V*)ﬁ/ 5 . (6)

f(Vy)- £23(V)
b

3% :-VI b- bexp- (7)

where
£55v)= - (b aIn(V/V). ®)
The termf SS(v) is the friction coefficient for steady-state sfigiat fixedV ,

corresponding tg°°(V) = L/V, the steady-state value gfin (5).

The second RS evolution law we consider is thelalv, so called because state
evolution occurs only during slip, with no evolutiatVV = 0 [Ruina 1983; Linker &

Dieterich 1992]. Transforming, as before, to dimenkess state variablg , the slip

evolution equation is

y:.VI fF(Vy ) £55(v) )

with f 3% given by (8). Note that (9) can be viewed as ger@pmation to (7), valid near
the steady-state regimg ~ f 5°).

As a third evolution law, we use the slip law feate evolution (9), but with the
steady-state coefficient (8) modified to accountdtsong weakening of friction at high
sliding rates (>~ 0.1 m/sec). Modelsfofproposed by Rice (1999, 2006) and Beeler

and co-workers (2003, 2008) to simulate flash-Ingatf asperities include a critical



velocity V, , above which f *°decays rapidly, while retaining the weak (logarittin

velocity dependence observed in laboratory experisnat lower slip rates. Specifically,

we combine (9) with a steady-state friction coedint given by

. " - (b- a)ln(V/V*) ;O\, 0
)= fut £-(b- An(V/V} & /i ¥y o)

Estimates of,  (fully weakened coefficient of friction) are in thange 0.2-0.3 (e.g.,

Goldsby & Tullis 2003; Prakash 1998, 2004; andrexfees therein), and estimates/pf

(the weakening velocity) are in the range 0.1-0/8 {Rice 1999, 2006; Goldsby & Tullis
2003). We abbreviate the three cases as RS-Ahgoaging law, Equations 6-8), RS-S
(for the slip law, Equations 6, 8, 9), and RS-Fét the enhanced weakening law,
Equations 6, 9, 10).
Test cases: Parameterization, rupture nucleation,rad initial conditions

We aim to quantify accuracy of our numerical altoris under the three
constitutive laws, while illustrating features aptures that emerge under these friction
laws at high rupture velocities and high slip rads~ 1 m/s). We generate numerical
test cases for each evolution law, using a comraterence set of homogeneous medium
and frictional parameters (described in Table 1 & few exceptions that we will
clarify. In particular, the slip length scdlevaries according to the friction law:= 0.06
m in the case of RS-A, while= 0.4 m in both RS-S and RS-FH. Our use of diffete
values was motivated by the expectation that tfece¥e slip-weakening displacement
for rupture simulations with the aging evolutiowlavould be larger than for those with

the slip law when the santeis used with both evolution laws (e.g., BizzarriC&cco,



2003). We used a largerfor slip law simulations in order to achieve comgide

effective slip-weakening displacements for all stblems (although, as discussed later,
our simulations still produced somewhat largeraiie weakening displacements for
RS-A compared with RS-S and RS-FH).

The shear load, _,(x,t), acting on the fault at any time is the sum obastant
background stress;, and a perturbation term?(x,t), i.e.,z,, =t ,# °. The

perturbation term is used to nucleate 2-D modaptures, and takes the form,

P(xt)= Alexp - X/( 2w) (11)
in which
0, t£0

At) = Azb 1+ tanh -I+ T , Kt< T (12)

A, t3 0
This mode of nucleation is not physically motivatedt rather is intentionally designed
to nucleate a smooth solution, in order to fadsitstudy of convergence rates of the
numerical schemes employed. Note thtis Gaussian in space, with standard
deviatiorw, and increases smoothly over time intervall[pfrom zero to its final
amplitudeA, . All derivatives of (12) are continuous and ofitnsupport, making this
function useful for testing high-order numericahsmes (i.e., this loading function does
not introduce discontinuities, of any order, thagimh mask the nominal convergence rate
of a scheme). Noda et al. (2006, 2009) used a nsiehdhr to equation (11), but step-

like in time, to nucleate mode Ill ruptures. Tablésts the values f& .z, A, W, and

T that are used in our simulations, and shows thaites for ¢,, A) depend on the



evolution law. These,*0 values result in crack-like solutions in test cafee RS-A and

RS-S, and pulse-like ruptures for RS-FH, permittimg numerical solvers to be tested for

both rupture modes. Finally, we assigp such that peak slip rates are typical of
coseismic values.

We assume uniform initial conditions in displacemséh, velocitiedd, and the

state variablg’ , withu =0 andu, =0 everywhere fot £ 0. Along the fault, the

initial sliding veIocityV0 > ( is uniform, and

VO/2, z>0

. (13)
-VO/2, z>0

u.(x zt=0)=

Condition (13) makes the fault line a symmetrygotisymmetry) axis for elastic
wavefields. Initial statg/ ,must satisfy the boundary condition (3) subjedranitial

sliding ratevo, and we accomplish this by using the integral fofrthe elastodynamic

equation along@ = 0 (Cochard & Madariaga, 1994; Cochard & Rice, 1997),

L) =T g ()= 7 VX OH (D) (14)

S

In (14).f, ., (X,1)is the shear load (i.e., stress on the fault iretigence of slip),

load
(ZCS)-1 my/ is the radiation-damping response (which relategmaneous changes in
stress to those in slip rate), af{Xx, t)is the stress transfer functional (Cochard &
Madariaga, 1994; Fukuyama & Madariaga, 1998), widiepends upon fault slip,
vanishing when slip is uniform. Sintg,, =f , # ", and both ?(x,0)= 0, and

7(x,0) are zero at= 0 equations (3) and (6), leads to



m

f(Vo’yo)s n = 0~ 2CSVO. (15)

Equation (15) enforces an initial st3tg, consistent Witﬁ\/oandl‘ 0 We takeVO= 10%?

m/s (~ 0.03 mm/year) as fixed in our three tesesad constitutive equations.
Solution Assessment

Our objective is to test an explicit FD method,dzhen the MOSN algorithm of
Rojas et al. (2008), for modeling rupture undeiheaicthe three RS laws. MOSN uses a
split-node technique to incorporate the fault digswiities, and Rojas et al. (2008)
previously applied it to the case of purely sligpdedent friction. We assess the new
method by comparing solutions with reference sohdicalculated with a spectral
boundary integral equation method (BIEM) of Nodale{2006, 2009). In these
comparisons, we adopt the same convention intratiuncBay et al. (2005) to distinguish
individual simulations according to both the mettaodl the grid sizl (measured in
meters) used. Thus, calculations licr 40 m, for example, are denoted by BIEM040 and
MOSNO040, respectively, for the BIEM and MOSN methotlo be consistent with the 1-
D discretization of the fault line performed by BiIEwe only compute MOSN
simulations on uniform square grids, that is, a wmn grid sizeh is used in both spatial
directions x andz. Given that no analytical solutions are knowntfa test problems, we
use as our reference solution in each case avalatine-meshed(= 10 m) BIEM
solution, BIEM010. Reference solutions BIEMO010 vioé used in: (i) evaluating
alternative implementations of MOSN boundary tresitrat fault points, (i) estimating
the transient size of the cohesive zone observesstmproblems under consideration, and

(iif) assessing the convergence of MOSN and BIEMtsms under grid refinement.



MIMETIC OPERATORS AND SPLIT NODES (MOSN) METHOD

The MOSN FD method is described in detail by Rejaal (2008). Medium
properties and elastic fields are discretized uaingctangular 2-D staggered grid
augmented with split nodes placed at the fault@l@ee figure 1). Apart from this
boundary, this grid reduces to that of Madariag¥ @) and Virieux & Madariaga (1982),
and is sometimes referred to as a Standard Stapgeie (SSG) (e.g., Bohlen &
Saenger, 2006). Following the method of Dalguer & [2007), the split nodes represent
both stress and displacement (and velocity) discoities on the fault, in the process
introducing certain auxiliary stress and displacenascretization points. The main
innovation of MOSN was the introduction of a cotesnd fourth-order accurate FD
discretization of these fault-plane discontinuiti@shieved by using mimetic FD
operators. Optionally, artificial viscosity of Ketw\Voigt form can be used to attenuate
any spurious high-frequency oscillations (excitgdéng., the discrete advance of the
rupture through the numerical lattice).

For the current study, we add two main featurdd@SN: (i) rate-and-state
friction with the three evolution laws (Eqns. 7-1@)cluding implicit ordinary
differential equation (ODE) solvers for slip veltycand state variable (with a posteriori
computation of traction and fault-slip) (as oneecabwhich was discussed by Rojas et al.
2007); and (ii) options for reducing the order ofaracy of the spatial differentiation
operators (to facilitate a more complete analybkisumerical convergence and accuracy).
The resulting numerical tests will thus also bevaht to the potential performance of RS
implementations in other (2D or 3D) explicit spiidde FD, finite element, and support

operator codes, most of which are either seconerdedg., Bizzarri & Cocco 2005; Day



et al. 2005; Aagaard et al. 2001; Oglesby et #881%a & Archuleta 2006; Ely et al.
2009), or mixed order (e.g., Dalguer & Day 2007, drlm et al. 2007a).
Second-, fourth-, and mixed-order implementations

Here, we use FD approximations of second-, fouethd mixed-order accuracy to
approximate spatial derivatives of the system 2})-{he second- and fourth-order FD
formulas each maintain consistent order of accueaeyywhere in the domain (including
the fault plane discontinuity), while the mixed-erctase is fourth-order accurate except

in the approximation af-derivatives at fault gridpoints (where it redut@second

order). The fault-plane discontinuity of certainwefields (u,, u,,t ) is accounted for in
approximatingz derivatives by using the mimetic differentiatiomtmcesD andG given
in Appendix A, which reduce to one-sided stendiltha fault plane (where necessary,
subscripts are used to distinguish the three avflaccuracy cases, eD,, incorporates
second-order fault-plane stencils and fourth-ondirior stencils).

Figure 1 shows the positive sid2$ 0) of the 2D SSG, as in Rojas et al. (2008),

but with the addition of slip raté and state variablg on fault nodes (doubled line in

figure 1 coincident with the axis). Locations of grid-points are given Qy z) = ( i, j) h
where each of these indices takes values in tI{g,ge:;fz,i 1+ 3 2% 2, } . We assign

integer pairsi(j) to grid sites of displacement componeamgsand indexing of other

discrete quantities (wavefields and material pro@gy is given by location relative to

(i,j) in the unit cell. At fault nodes (indexed py 0), both the material properties

(r./ m') and the discontinuous field variables, ?,,), are assigned separately to each

parts of the split nodes, and denotedas ,,, njﬂ/z,(uj)_ : anc(z‘jx) (omitting thej
i 2

i+



index in the presence of plus or minus supersgrifisilar notation is used for the

discrete fault variable¥, andy, , and for auxiliary fault-node evaluations of veali
displacemen(u;)m/zand stress componefn;)i (see Rojas et al., 2008, for definitions

of the latter quantities). The MOSN methodology aanommodate any scheme for the
assignment of material properties to the indexedtppsuch as the volume averaging
method of Moczo et al. (2002). Figure 1 illusteatas an example, the approach of
Graves (1996), in which material properties arégagsl at one point per unit cell, and

then interpolated as needed at other points (wittrpolated densityr , obtained by
arithmetic averaging, and interpolated shear madmyuobtained by harmonic

averaging). The scheme is modified, as in Dalgu&a% (2007), to give one-sided
properties averages at the split nodes (see efffisafd (19) in Rojas et al., 2008).

The numerical approximation afderivatives present in Eqns. (1) and (2) is

performed using standard centered difference dtefaci/ 24,27 24, 27 24/1 24/ in

the case of fourth- and mixed-order calculationg.(é.evander 1988), ar(d 1 1) Yh for

second-order calculations (e.g., Madariaga, 1958p, x derivatives of split quantities
required in the on-fault calculation (detailed lwél@are approximated by forming
separate plus- and minus-side differences, usie@lis- and minus-indexed quantities,
respectively, still with these centered stencils.

The numerical procedure fadifferentiation is more laborious and follows Roja

et al. (2008). It requires a special arrangementisifrete fieldsu, , u,,z,,, and

z'" zz? XZ

(including the fault variable(suj)i ,(u;) and (z‘;Z)i) into two separate

i+:|/2’([zz)i+1/2,0’

vectorsv andf, in one of two forms, depending upon the x indexhe case of gridlines



indexed by constant (integer) valuiesf thex index (containing the split; sites),

vectorsv andf are defined as

v (fw) (), {u), (), (u), (w) )
f= (""(IXZ)i,-3/2 '(f XZ)i-, 1/2 ’é‘ *XZ)i *x;i l( X)i ,1/2"( x)i ,3/2 "')T

Approximations tou,.,andz, ,at required sites along this gridline are compigd

d
(16)
{

products Dv andGf, respectively (see Appendix A, and note that timeent definitions

of D andG differ by a factor I from those of Rojas el al. 2008). At gridlinesexdd by
constant (half-integer) valués-1/ 2 of thex index (containing the split;, sites), vectors

v andf are defined as

\Y

(""(tzz)m/z,-z ’(t zz)i+12—, 1 ’é ZZ)i+ /12,0( Z)i+ /12,04( Zl+ /1 2€( )z+ /12,2 ")T
(""(uz)i+1/2,-3/2 ’(uZ)i+:]/2-, 12 '(U*z)w2 (ljz)iﬂ/z ‘(uz)i+1/2;l/2 ( uz)i+q/23/2 )T

17)
f

and?,, ,andu,, are approximated bypv andGf, respectively.
The displacement field at interior grid points}( 0) is time stepped by an

explicit scheme based on centered, second-ordenetiation of the time derivatives in

equation (1), and the scheme is stable for time satisfyingDt <~ 0.6h/c, . At the split

nodes, the equations of motion (1) are coupletiedriction equations (6-10), and
discretization and time integration of those codmguations are discussed in the
subsequent subsections.
Traction at Split-Node (TSN) Equations: Velocity-¢ate ODE system

We use the approach of Rojas et al. (2008) to eofnjgtional boundary
conditions (3) to the equation of motion (1.1),lwmodifications to accommodate RS

laws (Eqns. 6-10). An extensive discussion andfijcation of the following numerical



method is given in Appendix B in the simplified ¢ext of 1-D elasticity. The semi-
discrete (i.e., spatially discretized) version gfiation (1.1), in terms of velocitig$ at
split node (,0), is
rE v {0 2ot W0 #od L]t zod L] .o (18)
where g, are components of matri@" (a sub-block of differentiation matrix G) given

in Appendix A (Eqns. A6-A8). The stencif(; ,...,d,5) corresponds to a forward stencil
appropriate to approximate,., on the plus-side dfi,0), while the minus-side
approximation taf ., , is obtained by using the backward steneig(,...; 9,,). Specific
entries 0 depend on the order of accuracy of the simulatimher consideration.
Following Rojas et al. (2008), we rewrite (18) in the formadbrce balance.
First, we identify split nodal massés* = r*h*/2, and the restoring force®* (acting on
plus and minus sides, respectively) that correspomaterior stress terms in (18) (i.e.,
excluding the fault shear-stress terp). Next, the ternt , is written ag,, =t -t by

using the definition of total shear tractiongiven earlier. Then, using the boundary

condition (3) to expregsin terms of fault strengtty, equation (18) takes the form,

Vi =2 20 sigr(y()- YONE(W )+ (M) ROL (19

where

RO = 60 20l D]t tod LY L) (20)



Equation (19) reflects the dependence of splitiglaraccelerations; on slip rateV(t)
and the state variabje(t) through the constitutive law (6) for fault strengthThis
dependency of .on y couples (19) to evolution equations, (7)-(8) f@-R, (8)-(9) for
RS-S, or (9)-(10) for RS-FH. Hereafter, we callssheoupled ordinary differential
equations the velocity-state system and explaiovbélvo alternative integration
approaches. The first is a relatively high-orddresoe and thus provides a theoretical
benchmark that is valuable in helping isolate d¢ffex the spatial discretization. The
second (which itself has two variants) is nominallyower order of accuracy, but is
much simpler to implement, entails no loss of aacuyiin practice, and proves much
more reliably stable than the first method.
High-order unstaggered integration of the velocitystate system

Figures 2(a) and 2(b) compare two alternative tiis&ributions of the fault

variables. Both time-stagger velocities (by Dt/2) with respect to coincident

displacements, stresses, tractioand restoring forceR* . The fact that stresses are

simultaneous to displacements and one-half time stggered from velocities is
consistent with standard velocity-stress formulai¢e.g., Virieux, 1986). Figures 2(a)

and 2(b) differ in the time location of the statgiable with respect to velocities. In

Figure 2(a), variableg andv; coincide and are time-stepped simultaneously gl

order stiff ODE solver (detailed below). In Figib), in contrast, variablegs and v;

are time-staggered and in this case we integrgtesslocity equation (19) by means of a
low-order implicit scheme, while the state variaisl@ipdated semi-analytically, as

explained in the next subsection.



The high-order time integration scheme splits thtee steps. Step 1 calculates

. . fo+Dy2
both displacementsu® ° !

» o

,and u, H;D;/Z. After assuming that split velocities

4

to . . C s ..
v, , are known from previous calculations (or from wlittonditions), a centered
integration yields

GBS e et (21)

fo

« tot+Dt/2 - . . .
Next, we calculate u, i+1/2/ from the condition of continuity of normal tractidn,at the

fault plane. That is, we substitute the foregoipgraximation to u;., tify[;/z and the

estimate ofu,,] %} (by one-sided mimetic differentiation via opera@®f) into this

f

continuity condition to obtainu, H;th/z (Dalguer & Day 2007 give details, and indicate

how to generalize to the case in which fault opgmsnalso permitted). In step 2, stresses

to+Dt/2

, and[z,]

to+Dt/2
i+1/2

t tytDy2 to+Dt/2

t: are obtained by plugginguy, ‘57 and[u,,]%3? into

XX i+:|/

* to+Dr/2
XX'X 0

Hooke’s law (Eqn. 2), differenced to get the sglifess gradient ¢ , and used in

equation (20) to yield R* B2

oy 4 0+D . ot . .
Step 3 computes velocities® ° and the state varlab[g/]it * by integrating

i
simultaneously the state-velocity system (see&).by numerical means. This
integration requires a routine designed for stifidsystems in order to successfully
handle frictional parameters and initial conditi@messidered in our simulations (see,
Appendix B). We use a Rosenbrock algorithm of of@@4, as given by Hairer and

Wanner (1996) (code RODAS, availableratw.unige.ch/~hairer/software.htniT his




method is a fourth order scheme that includes dveelofed third order scheme; the
difference in the values obtained by the two scleprevides an estimate of the
numerical error. The error estimate is then useatigpt the step sizes to bound error
below a specified tolerance. Integration[gyt, + Dt] yields half-way values of

+Dt/2 to+Dt/2

) and statg/.

velocities v, :°+Dt/2 (from which we form slip rat¥,® , then total

to+Dt/2
i

tractiont is obtained from constitutive law (6) followed bgundary condition (3),

and finallyt., =t -t

Rosenbrock integration substeps each split nadeigh the time

intervallt,, t, + Dt] , requiring the evaluation of right-hand terms ) at instants,

t, £t £1,+Dt. The restoring forceR*, however, depend upon off-fault displacements.
One of our principal goals is a scheme that wiltkwrith existing explicit elastodynamic
codes, so we avoid coupling the fault-plane timegration to the time integration of off-
fault field variables. With this constrain®* values are only available at every half-
integer time step, +ilt/2 (i =...,- 3; 1,1), so we require some interpolation procedure.
Rojas (2009) tested some alternative interpolattoategies in previously detailed RS-FH

test (see Table 1) from which the following lin@g@proximation gives adequate results,

RZ+Dt/2 - F}’g-m/z
Dt

R'()=R,p,t (t- t-D ¥2), t< € t+Dt. (22)

In Appendix B, we quantify the stiffneSsof the above state-velocity system by
examining the eigenvalues of the linearized systerding an inverse dependenceSf
on V?. By stiffness, we mean that the set of ODEs castaariables that evolve over

vastly different time scales, and we defthas the ratio of the two time scales in the



velocity-state system. Explicit integration methoalgst resolve evolution of the fastest
variables for stability, which often vary over sssathat are much smaller than those of
interest. Thus, explicit integrators become indogdinefficient since they must take a
possibly huge number time steps to span the muaelaime scale of interest. An
implication of this result is that under initialskatesVy, typical of inter-seismic regimes
(e.g.,Vo ~ 10% m/s), this system becomes highly st8f 10%%) and even various
standard stiff integrators fail in early stagesoth simulations. In particular, we
compare the Rosenbrock method with two alternatiested: MEBDFDAE (based on
backward differentiation formulae; Cash 2000), & KDAUS (a fifth-order Radau
Runge-Kutta method; Hairer & Wanner 1996). MEBDFDa® RADAU5 succeeded
only after initial conditions are restricted todtig velocityVo >10%? m/s. Bizzarri et al.
(2001) and Bizzarri & Cocco (2005) also pointed thiat utility of Rosenbrock’s
technique in FD rate-and-state calculations (witfemhanced velocity weakening).
Nonetheless, the Rosenbrock integration of thecigtstate system is not very
robust, in the sense that it is quite sensitiveetails of the elastic calculation scheme and
the time and spatial step sizes. In some casadaistive substepping performs poorly,
leading to large excursions of the Rosenbrock swidtom the reference solution (but
without clear indicators of instability). We haweuhd solution anomalies of this type to
occur due to small changes in the restoring-fonterpolation scheme, changes in the
elastic grid from staggered to partly staggeredd@med by, e.g., Moczo, et al., 2007b),
and small increases in grid spacing or time stée. dlternative scheme introduced in the

next subsection does not present these difficuitieany test considered here.



Staggered integration of the velocity-state system
This approach retains the same steps 1 and Z@® pleut the velocity-state

integration, step 3, differs. With velocity andtstime-staggered as in Figure 2(b), we

integrate the state evolution equations (6)-(1@rdke interva(t, - Dt/2,t,+ Dt/ 2],

with slip velocityV approximated by its value at the center of thegriral, . With this
approximation, the state equations become linedE€tDat we can integrate
analytically, and in the particular case of slipkesion (eqns. 7-10) the result (at fault

node with index) is given by
y otz oy b Dt/zexp( t°Dt/L)+ aln( \(tO/\f) fss( ) exp{ \D XQ 1. (23)

An analogous integration can be applied in the cA$¥5-A evolution modeled by
equations (6) and (7).
In the final step, we integrate the slip velodn§rom equation (19) (as detailed

to+Dt/2

below) over the intervdlt,,t, + D] , now approximating’ by y . We have found

that either of two low-order implicit schemes, baekd Euler or trapezoidal, works very
reliably, yielding a nonlinear algebraic equatibattis easily solved numerically. For the

backward Euler case, for example, we discretizatgpu (19) in the form

YOI -%Fsmw-w TPy ) (24)

with known termsv* given by

to+Dt/2

vy o o) +(M)" R (25)

X 2M 3= i

Notice that equations (24) and (25) involve evabret of the state variable and

restoring forcesR* available at, + Dt/2 which are time-staggered with respect to the



discretization point; hence, no time interpolati®mecessary. Next, we use equation (25)

. . o gt
to write the slip rate componedyv°*™® = v -v °

" in terms of an auxiliary quantity
Dv. =(\/|+ - \(*)as follows:

Dv"™ =Dy +Dcsigr( D)z, (V"0 %) (26)
for

ngnh3 1,1

27
2 M M @7
A crucial point of this formulation is that slipte componenbv™ shares sign
with Dv, under the physical constraint of positive coeffitief friction (see eqn. 6) and
the fact that < 0 (g is also negative, see appendix A). Then, equdéBiéhcan be
written as an algebraic equation[m]it"mafter multiplying b)sign(D\(“D‘) . This new
equation is non-linear due to the constitutivegbn of fault strength (6)
to+ DX
\/ito+|1 _ \/i_ D tCSg a.ln |\/* +yito+|:l/2 — O, (28)

whereV, =|Dv |. Newton’s method solves equation (28) quickly eesally after (28) is
rewritten in terms of dimensionless variafle= In (Vi‘O*D‘/V*) , in which case

w® = Iog(\/i‘O/V*) serves well as the initial guess. Upon converganednvert this
change of variable and the solutic[m]it"m is plugged into equation (24) to yield
individual split velocities® .

A trapezoidal rule version is nearly as simplentplement, is nominally of higher

(second-order) accuracy compared with backwardrEahel gives superior global



precision of the MOSN solutions, as shown in nextisns. The trapezoidal integration
introduces minor changes of above formulation aullices to a substitution of the

factorDt by Dt/2 in equations (24), (26), and (28), and a re-dediniof the auxiliary

variable v" by the following equation (instead of 25):

RV .to Dt gllhj Foad (fo) *7 1oaa(ty + IX) + [1( Mi)_l R 0*DY/2
' 2M 2 i
: (29)

thg i o to+Dt/2
BVE sign( DV )z (Ve y )

The three alternative MOSN integration schemeshervelocity-state
system given in this section, high-order Rosenhrtoie-staggered Euler, and time-
staggered trapezoidal, can each be modified toustdor 2-D sliding problems with
variable normal stresg, (not considered in current tests). In such casgsgration (step

tg+Dy/2
i,0

3) must be preceded by the interpolatior]f] by the formula

0.5 (tzz):‘j;'zt/j +(t Zz)itj;nz/i , in cases of second-order simulations. An altéradourth-

to+Dt/2

order averaging formula fC[IZ‘ZZ]i’O would be appropriate for higher-order calculations

In the rest of this paper, we refer to these tiferent MOSN schemes as the
abbreviation “MOSN” preceding the ODE method of ruital integration at fault
points. That is, “MOSN-Rosenbrock” names the urgagd high-order scheme
described above, and similar naming is used inscasEuler and trapezoidal staggered

integrations.



COHESIVE ZONE ESTIMATION

In this section, we estimate the sikzeof the cohesive zone in each of our test
problems. The cohesive zone is the fault regionrevkear traction drops and slip
accelerates in response to the dynamic weakenowegs taking place behind the crack
tip, and the extenk of this high-gradient zone provides an estimatéefminimum
length scale to be resolved by the numerical sitimrla. To measurke , we study the
behavior of fault variables (traction, sliding veily, and state) in a neighborhood of the
crack tip and identify aspects of the breakdowrcess that lead to a practical definition
of the cohesive zone applicable to the test problender consideration.

To illustrate the evolution of fault variables wittthe cohesive zone in a single
plot, we express these variables in dimensionksss. We divide the integral form of

the elastodynamics equati¢i¥) by the normal stress on the faglt(a constant
parameter in this work), i.e.,

t(x,t)-¢, :z‘p(x,t)+f (xt) m
S S 2cS

n n n

V(X 1) (30)

The dimensionless fields of shear traction andrslip are given, respectively, by the left-

hand term and the second right-hand term (omittiegminus sign) of (30). We denote

([ -t 0)/5 .oy f . Similarly, we subtract the initial value of thiate variabley/ , from its
transient counterpart, and consit@er-y 0) in our analysis. This choice facilitates
graphical comparison among our test cageg:- 0.738155 (0: 60 MPa) in test cases

RS-A and RS-S)/ ;~ 0.418155 (0: 28 MPa) in case RS-FH. Figures 3(a)-(c) show

snapshots at time = 5 sec and illustrate the dyrsofifault variables within the



cohesive zone. These figures are spatial analofiguré 2(a) from Bizzarri & Cocco

(2003) for the case of RS-A. Following their wowke identify the maximum and

minimum dimensionless tractioifU ancff (open circles in figures 3(a)-(c)),
respectively, and corresponding abscis¥gandX; . Bizzarri & Cocco define the

cohesive zone to be the interva{[, X, ], wherein the majority of the transient of slip

rate is captured and the state variable approabtsady statey*(vV) = L/V (their

figure 2c). Our results in test case RS-A (fig. Badallel those of Bizzarri and Cocco.

The decay of shear traction and state variableati®ee breakdown process spans almost

the entire interval X, , X,]. The state variable approaches a steady state for
pointsx ® X; , while slip rate is dropping slightly at the erfdiwe cohesive zone

(X= X; ). However, the intervalX; , X,] overestimates the cohesive zone extent in

cases RS-S and RS-FH (figs. 3b and 3c) becauskchanges of traction, slip rate, and

state take place in just a small fraction [, X, ], outside which fault variables decay

more gradually. Figures 3(b)-(c) also make cleat this estimate of. will be very

sensitive to uncertainties in the determinatioh)oatioan )

We therefore introduce an alternative cohesiveezsiimate. At a given time

t =t,, we construct the tangent line with maximum slpthe curvef (X, t,) on

X; < X< X,. We then defineXp as its intersection with the constant Ieﬁgl (see

figures 3a-c) and use the interva(F[, X,] as a practical estimate of the cohesive zone.



Figures 3 (a)-(c) confirm that, in all three caséthe evolution law, most of the

degradation of shear traction, and most of the stablution, occur in the interval

[Xp, X, ], as does the maximum slip rate. In addition, tiisrval captures most (~75%

on average) of the slip rate increase at the ragtont (i.e., the slip rate & is only

about 25% of its peak value, based on averageBmBEMO10 records equally spread

on the time interval 8 t £ 8 sec). We adop(txu ; Xp) as ourL estimate.

Figure 4(a) shows the locus of poirs , Xp, and X, for time 0 <t < 12 sec for

the three evolution laws (from reference solutidBM8010), with cohesive zone side

corresponding t((xu - xp), and Table 2 lists the minimunt_(_. ) and median ()

min
size in the fault interval [4, 15] km (avoiding thacleation zone). We use these values
to express numerical errors in terms of a dimensgsmeasure of numerical resolution,

h/[ (or, h/L ), in the next section. Note the large effect & skate evolution model

on L , with case RS-A yielding magnitudesl.otnin and L nearly 3.5 times bigger than

those of RS-S, and more than 4.3 times bigger éistimates from RS-FH.
Figure 4(b) shows the implied slip-weakening curaethe fault locatiox = 6

km. Note that curves for RS-S and RS-FH are vamnylai, and have slightly higher peak

tractionfu; larger, more non-linear weakening rates; and lemimhplied weakening
distanceﬂo, compared with the almost linear weakening cuoreRS-A. We apply the

same tangent-intercept method as before to estiﬁh@tﬁfom SW curves, oud0 being

the slip value at which the tangent line with maxamweakening rate equals the



minimum traction. Table 2 lists the median vaﬁgz (on fault interval [4, 12] km for

BIEMO010) for each test case. Values are nearlytidainfor RS-S and RS-FH, but the

result for RS-A is about a factor of three larger.

ERROR ASSESSMENT OF NUMERICAL SOLUTIONS
Using BIEMO010 as reference, we examine the convexgeates of MOSN for

our three test cases, compare with those of BIEM,cquantify the effects of: (i) artificial

damping (with parametdr), (ii) order-of-accuracy of spatial differentiaticand (iii)

time discretization. We express grid resolutioteirms of the number of grid points

discretizing the length scale for a givenh, i.e.,Nc=L / h. For each numerical

simulation, Table 3 lists the corresponding valoils, Nc, and the time stept (setting

Dt =0.5h c('jl, giving Courant-Friedrich-Lewy numbefl = 0.5).

Global metrics

As our estimate of the numerical error in time-degent quantitys(t) from a test

simulation, we define a quantity MAX-RMS. MAX-RMSwgs the misfit of time series

5 relative to the corresponding serig® " from BIEMO010,

, U2
CS()- D
MAX-RMS = Max -} 5 !
| SREF (1))
j

(31)

where the sum in (31) is over all discrete time gr@maximum is taken over all fault
points in the segment [0, 15] km. Metric (31) ®nas a global measure of accuracy,

accounting for misfits in both space and time. Tdference gridh = 10 m) contains all



other grids used in the simulations, which avoiag @quirement for spatial interpolation
in applying metric (31).
Artificial Viscosity

With an imperfectly resolved cohesive zone, therdi® advance of the rupture
front through the grid may excite artificial higreuency waves which contaminate the
solution. Kelvin-Voigt viscosity has been succeBgfused in volume-discretized rupture
simulations to mitigate this numerical artifactyie Day 1982, 2005; Oglesby et #4998,
Dalguer & Day, 2007; Ben Jemaa et al. 2007). Rejad. (2008) used artificial viscosity
to reduce numerical artifacts in simulations witl®BN using slip-weakening friction,

and we here explore this approach to RS simulatiflastic stresses (Eqn. 2) are

modified by stress-rate-proportional damping tetongive modified stresse[fxx] 412,

[fZZ] i+1/2,j and[fxz] ij+U2 of the form

[rxx]i+1/2,j :[[ XX]i+1/2j i [I[’ X>€]i +1/3," (32)

(componentd,, andr,,have similar definitions), anti replace$ in the equations of

motion (and therefore also in the split restoriagcé termsR*). In (32), the coefficient
(A > 0) is a dimensionless damping parameter. GiwatLCt is proportional to the grid
sizeh (Dt =0.5h c[jl), the absorption-frequency spectrum for constastales with,
and only wavelengths near the grid Nyquist limé significantly damped (Day et al.,
2005). We have confirmed through numerical tesas MOSN, with each of the
proposed velocity-state integration schemes, padaxell for all relevant values of.

We examine solution sensitivity foin problem RS-FH (which is representative

of results from the other two test problems) onlyhe case of the MOSN-Rosenbrock



method. Figure 5 shows curves of MAX-RMS for skperand state as functions/pand
h, with fourth- and second-order slip-rate solutionparts (a) and (b), respectively, and
fourth- and second-order state solutions in pajtarid (d), respectively. For fourth-order
MOSN, non-zerd? provides only negligible improvement in slip ré§ba), at the cost of
significant degradation in the state variable dalton (5c), so we conclude that= 0 is
the preferred value for the fourth-order algoritirar second-order MOSM;, = 0.025
usually provides some very minor improvement ip siite, and sometimes in both
variables (5b,d), but this comes at the cost oalguninor degradation of the solution
for traction and integrated slip (not shown). Sotfe second-order casiyalues up to
0.025 are admissible, but there is no clear adgertiathe use of non-zerp(we

examine this issue further in the next section).al¢e note that, in every case, the
dependence of MAX-RMS oA diminishes with decreasirig becoming, as expected,
negligible as the cohesive zone becomes bettelvegs(as also noted by Day et al.,
2005).

The conclusion that artificial damping has littierm advantage for RS problems
with MOSN differs from our finding for MOSN simuians of rupture under slip-
weakening friction (Rojas et al., 2008). There werfd significant improvements with
the use of artificial viscosity, and other authbbase found similar improvements when
using artificial viscosity with slip weakening mdslée.g., Day et al. 2005 and Dalguer &
Day 2007, for FD methods; Ben Jemaa et al. 20074 fmite volume method). We
attribute the better performance of undamped RSespdompared with undamped slip-
weakening models, to the explicit dependence df &ength on slip velocity (i.e., the

direct effect) that is built into the RS models &dgreement with experimental data). The



explicit velocity dependence acts as a velocitgrggthening term that opposes slip
acceleration (since the constarit Eqn. 6 is always positive), and velocity weakegn
enters only implicitly, through the state evolution
Convergence under grid refinement

Time-differencing accuracy in MOSN is nominallycead order (except in the
case of MOSN-Euler, which formally reduces to fwstier due the first-order accuracy

of the on-fault velocity-state integration). Thudjen the time stept is tied to the spatial

steph through the CFL constrairidt =cfl hcgjl (as is conventionally the case), there is

the potential (in spatially fourth- and mixed-ord@®SN) for high-order convergence in
h to be masked by lower-order errors due to timerdigzation. The latter effect, if it
were present, might call for auxiliary schemesdoadize space- and time-discretization
errors, e.g., Lax-Wendroff corrections (for whigissnic modeling examples are given
by Blanch & Robertson 1997 and Chen 2007) or irtiégn with a high-order explicit
Runge—Kutta method. Following Dalguer & Day (200¥¢ perform some additional
tests to assess whether apparent convergencefdtesth-order MOSN (with respect to
h) are contaminated by time-differencing errors Hifieially reducing the CFL number
below its stability limit. That is, we perform tleearsest-gridded MOSN simulation with
steps Ko, Dtp) satisfying CFL numbetfl, = 0.5, and perform finer-gridded simulations

with CFL numberc*(h) proportional tdh, i.e.,
. a : s h
Dt(h) =c (h h¢g , with c(h = clf E (33)

As a result (and for these additional tests ornhg,time step is proportional 16

(Dt p h?), and time-differencing errors scale with



We first use problem RS-FH and the MOSN-Rosenbroethod to assess
convergence rates, under the MAX-RMS metric (reéato BIEM010), for all on-fault
variables (sliding velocity, tractiont, slips, and state-variablg). The analysis is done
for each of the three spatial differencing scheraed,the contribution of artificial
viscosity (egn. 32) is explored in second-ordecwaltions. In addition, we evaluate the
effect of low-order time differentiation by mearfstioe above device (egn. 33). Figure 6
shows MOSN-Rosenbrock errors as a function of gjed for sliding velocity (fig. 6a),
tractiont (fig. 6b), slips (fig. 6¢), and state-variabie (fig. 6d). The abscissa is the
median cohesive-zone resolutit\t, and labeling along the top shows the correspandin
grid sizeh (see also Table 3). For comparison, BIEM resukisadgso shown. MOSN
solutions follow approximate power laws, with egran state variable (figs. 6d) as the
best expression of this tendency. BIEM results &ddow power laws if we discount
outlier BIEM060. We estimate the order of accurbgyinear least-square fitting on the
logarithmic scale, and results are given in Tab{ed include BIEMOG60 in this
estimation). For reference, the solid line in epahel of Figure 6 shows quadratic
(second-order) convergence.

Figure 6 shows very similar accuracy for fourthe amixed-order MOSN. The
fourth-order simulations are slightly more accutatenodeling shear-traction (e.qg.,
~34% more accurate At= 50 m), but misfits from the two methods are hear

indistinguishable for slip-rate, fault-slip, anat&-variable misfits, especially for grids

with h £ 50 m (NC3 5). These schemes display approximately lineavexence in
terms of slip rate and traction, and approximatgigdratic convergence for fault slip and

state variable (Table 4).



Second-order calculations are in all cases lesgratecthan higher-order MOSN
solutions in low-resolved grideig 50 m, Nc£ 5). In that range df, misfits in slip rate,
fault slip, and state variable from second-ordéeidations are at least 100% higher than
the corresponding higher-order results (up to 3@@96tate-variable errors). Similar
error excess is just 50% (al$v® 50 m) on traction misfits. For the state variakhes
accuracy gain (for fourth- and mixed-order overosetorder) persists also for the better-
resolved grids, since all three methods share ghtgwiquadratic convergence rate. For
the other fault variables, however, second-ordeiS&hows somewhat higher
convergence rates than the nominally higher-ordeermes, and overcomes much of the
advantage of the latter for the most well-refinegshres.

Figure 6 also demonstrates that second-order tisoeedization is not a
significant factor for MOSN-Rosenbrock accuracyonvergence rate. Fourth-order
simulations yield nearly same accuracy (apart froimor gains in fault-slip and state
misfits for well-resolved gridd) £ 30m), regardless of whethé&x follows a constant
CFL number ¢fl = 0.5), or follows (33), with a CFL proportional iqcfl = c*(h) < 0.5,
for h < 100 m). We conclude that MOSN’s simple secordeptreatment of time
integration, withDt set by the stability limit, does not require refinent.

Figure 6 further shows that a small amount of iaréif viscosity fi = 0.025)
marginally improves slip rate precision (convergerete ~1.4, versus ~1.3 in the
undamped case), but at the cost of significantatiggion in the other variables,
especially shear-traction and fault-slip (for whaors in the best resolved grids
increase by ~85% and ~300%, respectively). We colecthat any gain from the

suppression of spurious oscillations (most impdritathe slip-rate metric) is more than



offset by reduced fidelity of peak tractions andwaaulated slip, and in general we
would not recommend use of artificial damping WIDSN, even in the second-order
case.

Fourth- and mixed-order MOSN have accuracies vienya to that of BIEM for
traction (apart from a single pointlat 20 m, which may be biased because the
reference solution was from the BIEM family), staed slip. However, in the better-
resolved grids, BIEM performs systematically bettem MOSN for slip rate (for
example, fourth-order MOSN error is ~57% highentB4EM error wherh = 40 m).
BIEM convergence rates are higher than both higleioMOSN implementations for slip
rate and traction, but are still sub-quadratic. ¥&gence rates for slip and state are
guadratic for both BIEM and MOSN.

We next study MOSN-Rosenbrock convergence ratd33A and RS-S
problems. Figure 7 summarizes results from thestbpatial differencing schemes and
excludes additional numerical devices (egns. 323®)dSincel differs between these
test problems, we make the comparison only in texfsmensionless resolution
lengthNc, and omith. In this case, errors for both slip rate (Fig @adl traction (Fig 7b)
show very little dependence on state-evolution (BS-A and RS-S errors differ by a few
tens of percent), whereas both slip (Fig 7c) aatestariable (Fig 7d) errors split into
separate populations for the respective evoluaars|(RS-A and RS-S errors differ by
roughly a factor 10). Convergence rates are givdrable 5, and show behavior similar
to that shown in Table 4 for problem RS-FH, nanrelyghly quadratic convergence of
all methods for slip and state variable, and masily-quadratic but super-linear

convergence for slip rate and traction.



We end this section by comparing accuracy and agewee rates of staggered
MOSN-Euler and MOSN-trapezoidal methods with theesponding MOSN-
Rosenbrock results described above, limiting thregarison to the case of spatially
fourth-order calculations and to problem RS-RHuFgg8 illustrates MAX-RMS misfits
(of all fault variables), together with BIEM errdiw reference, and Table 6 lists fitted
convergence rates. We again use the numericala@eVian artificially reduced Courant
cfl number (eqn. 33) with the MOSN-Euler scheme. Ed(n)-(b) shows that all MOSN
schemes display similar accuracy in modeling glip eand shear traction, respectively,
and Tables 4 and 6 indicate that they all displagdr convergence with grid refinement.
Figure 8(c)-(d) also show at most minor accuraéfedinces in MOSN solutions for
fault slip and state variable, respectively, whén40 m (Nc£ 6). However, on finer
grids time discretization errors become signifidcantMOSN-Euler, as shown by the fact
that MOSN-Euler errors decrease when time Btefpllows a Courant numbeifl < 0.5
(cfl = c*(h), given by eqn. 33). This device leads to a sup@deatic convergence of the
MOSN-Euler method that surpasses the quadraticydddd OSN-trapezoidal and
MOSN-Rosenbrock misfits and the super-linear cogeece of MOSN-Euler with fixed
cfl = 0.5 (see Tables 4 and 6). Thus, MOSN-Eulerassthgle case we have found in
which time discretization errors can predominatel gnen only under very limited
conditions (slip and state variable only, and dolygrids with very good spatial
resolution).

Based on Figures 8(a)-(d), we conclude that the M@8pezoidal scheme, with
second-order convergence (for all fault variabbeg) accuracy comparable to MOSN-

Rosenbrock, is our best candidate for practicalementations of R&S friction. MOSN-



trapezoidal shows essentially the same error stre@s MOSN-Rosenbrock, has
substantial advantages over the latter in its soiplof implementation, does not require
substepping or interpolations, and also avoidotimasional artifacts of MOSN-

Rosenbrock noted previously.

WAVEFORM ASSESSMENT

We complete the study of MOSN precision by exangrfault-plane waveforms.
Zheng & Rice (1998) show that, for a backgroundasiséress, below a critical value,
tPUse mode IIl ruptures propagate as self-healing putather than as expanding cracks,
with tP“*¢given by the minimum value o such that a solutiox exists for

t,-mv/2c= s, f (V). (34)

Above,fs{V) is the steady state friction coefficient. We apite that mode Il ruptures
will show a transition to pulse-like behavior imm@anner similar to the mode 11l case.
Test cases RS-A and RS-S haye t""*®according to Eqgns. (8, 34) and Table d< 60
MPa andtP"¢~ 55.9 MPa), so we anticipate crack-like propawein those cases. To
enable our test suite to sample pulse-like behaR6rFH was designed such th&tse~
28.312 MPa, exceeding the initial background strgss28 MPa (Eqns. 10, 34, and
Table 1).

Figure 9 shows fault-plane time histories of sy rate, shear traction and state
variable for the three tests,xat 6 km. The propagation is crack-like for both R&nd
RS-S: slip persists throughout the period of rupgxpansion, and slip rate
asymptotically approaches a steady-state ye(~0.54 m/s for RS-A and ~0.67 m/s for

RS-S). Rupture propagation in RS-FH is pulse{#{g ceases at a point while rupture is



still expanding), showing that the mode Il theprpvides a good guide to the mode I
transition to pulse-like behavior as well. The desil stress levels for RS-A and RS-S
correspond to the steady-state level of fricfiggat Vy given by (8),s.fs{Vy)~ 55 MPa,
(the difference in/y between the two cases has no significant effe¢sodue to the
logarithmic dependence &fsonV). In case RS-FH, shear traction converges to the
background level, = 28 MPaonce it recovers from the abrupt drop associatéid the
breakdown process (Fig 9c). At fault locatior 6 km, the highest slip velocity peak
occurs for model RS-FH, and the lowest for RS-Ay(®). Of the three models, RS-FH
induces the most abrupt decay of the state var{&e9d), and, consequently, of
traction (Fig 9c) at the rupture arrival, followbg RS-S, while RS-A shows the
smoothest state and traction drops. In additiogufe 9 shows the effect of the state
evolution model on the rupture speed, with RS-Fptutes traveling the fastest and RS-
A ruptures the slowest, with all tests having béene with similar input parameters
(exceptions are indicated in Table 1). This stagethdency of the rupture speed was
previously depicted by Figures 3 and 4(a).

Figure 9 also shows the effects of grid resoluimeasured biXc) on fourth-
order MOSN time histories for each test case, amipares these with BIEM solutions
of equivalent resolution (using MOSN-Rosenbrock @favms as representative of
fourth-order MOSN solutions for this qualitativeadysis). For RS-A, we show the cdse
=100 m (Nc~ 11), for RS-S we show= 40 m (Nc~ 8), and for RS-FH we sholw= 80
m (Nc~ 3). The reference solution BIEMO10I€ 3 25, see table 3), is also shown in
each test case. Notice that slip, traction, an staveforms, from both methods, BIEM

and MOSN, are indistinguishable from the refereriowe, even in the case with lowest



Nc, which is RS-FH. In particular, shear stress pedibe S wavefront and rupture
front (fig 9c), as well as the stress relaxatiotwleen these peaks, match the reference
solution in all cases. At low resolution, as in R8-FH example, both fourth-order
MOSN and BIEM calculations of slip rate show spus®scillations caused by grid
dispersion as shown in Fig 9b. Here, the insestitates that these oscillations are more
pronounced for MOSN than for BIEM at the saide level. This behavior is also
characteristic of simulations with slip-weakeningem Nc is of comparable magnitude

(e.g., Day et al., 2005).

CONCLUSIONS

We have implemented rate- and state-dependetiofrjéncluding enhanced
velocity-dependent weakening to emulate flash hgatn a split-node finite difference
code (MOSN) with adjustable order of accuracy (floymixed- and second-order
accuracy options). At a given split node, this fakation yields a coupled ODE system
for slip velocity and state variable that becomdsenely stiff at low slip velocities
(with stiffness inversely proportional to velocgguared, as shown in Appendix B).
Numerical integration of the velocity-state systeguires an implicit ODE solver, and
the Rosenbrock method, having relatively high-oat=uracy, provides useful
benchmark solutions. That method is, however, sgadb details of the elastic
calculation scheme, and its adaptive substeppingsianally performs poorly in the
presence of strong velocity weakening. In contrastpbtain a robust, reliable, and
algorithmically simple solution scheme, free of sti@pping, and without loss of accuracy

relative to the Rosenbrock scheme, by time-staggediip velocity and the state variable,



applying a low-order (trapezoidal rule) implicit @3olver to the former, and
performing semi-analytical (exponential) integratiaf the latter.

For a given error metric, finite difference sotuts to all three rupture problems
considered here (i.e., with aging, slip, and flashting state evolution laws) have similar
convergence rates with respect to grid intehvdlowever, convergence rates differ
among metrics associated with the fault-plane égslip, slip rate, shear traction, and
state variable, respectively. Convergence rateslipand state variable are roughly
guadratic, while rates for slip velocity and traatiare sub-quadratic. Convergence rates
are similar for spatially fourth-, mixed-, and sedeorder calculations, although the latter
show some small differences from the other twohwainotable shift toward lower
precision, especially when grid resolution is low.( when the high stress-gradient zone
at the rupture front, the cohesive zone, is resbbyefewer than about 5 grid nodes).
Fourth- and mixed-order solutions have convergeatas for the state variable and the
slip metrics that are very similar to the corregting rates for BIEM solutions, and
convergence rates somewhat lower than BIEM (by#faf about 2/3) for the slip rate
and traction metrics. The failure of (spatiallygytrer-order MOSN methods to
significantly improve convergence rates relative@égond-order methods is consistent
with earlier results for slip-weakening friction ohes (Day, et al., 2005; Dalguer & Day,
2007; Rojas et al., 2008), so the limitation toosetorder convergence rates found in the
earlier studies is apparently not attributable $yntp the presence of discontinuous
derivatives in the shear-traction curves (sinces¢hturves have continuous derivatives in
the friction model used in the current study). ldo convergence rates limited by time-

discretization errors, as long as the implicit e#tlp state integration is at least second-



order accurate (as the trapezoidal scheme ishbutackward Euler scheme is not),
consistent with the second-order accuracy of tipi@kintegration used at interior
nodes.

Self-healing pulse-like ruptures emerge in our embbéimulations under the same

conditions as predicted by the mode Ill theoretreallts of Zheng & Rice (1998), i.e.,

when initial shear stress is lower than a critiadle ( ") given by the zero-velocity
intercept of the radiation damping line tangenti® steady-state velocity-weakening
curve. Fault-plane time histories (slip, slip velpcshear traction, and state variable)
from MOSN simulations of both pulse-like and crdiéle ruptures are nearly
indistinguishable from the corresponding high-ratoh BIEM reference solutions, apart
from small, spurious oscillations in slip velocitr the lowest-resolution cases (with just
3-node cohesive-zone resolution). These slip-vBlascillations are less pronounced for
rate-and-state problems than they are for slip-weig problems (given similar grid
resolution), because of the natural damping praligethe direct velocity-dependent
term in the former. As a result, artificial viscysmay not be advantageous in
simulations with rate and state friction, eventfa lowest (second) order schemes,
contrary to our conclusions (e.g., Day et al., 2@@&guer & Day, 2007) for low-order

simulations with slip weakening friction.
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FIGURE LEGENDS
Figure 1.2-D standard staggered grid augmented with sptiesatz = 0 to place

possible discontinuous tangential displacemepind restoring forc®. Split nodes also
accommodate extra evaluations of shear strgsand normal displacemeni to permit

the approximation of , ,andu, ,using the mimetic operat@. These approximations,
in addition to values of slip rak¢and state variablg at u, -sites, are used by our TSN

implementation of faulting under rate- and statpestwlent friction (Eqns. 7-10 and 19-
20). Grid locations of material properties (77 /) correspond to original definitions
given by Madariaga (1976), while interpolationglefsity7 and shear modulus;

follow interior averaging strategy of Graves (19896y fault-plane approximations of

Dalguer & Day (2007).

Figure 2: Staggered time distribution of fault-plane valesbfor one elastic time sté&p.

In panel (a), split velocities; and state variablg are coincident and defined haif

from stressest(, , ¢,,, t.,), and restoring forceé®*, the distribution used in the

zz?

Rosenbrock integration of the coupled velocityettstem (Egns. 7-10 and 19-20). In

panel (b), split velocities; are halfbt staggered relative to state variapleand stresses

(t: ¢

XX ! zz?

t,), showing the integration of the velocity equat{@8) througrDt by

backward Euler or trapezoidal rules. In both caslesar tractior is obtained from

velocity through boundary condition Eqgn. 6, smiitgential displacementg and

normal displacements, are defined simultaneously with all fault-planeestr



components, and fault-plane differential stressis obtained from total tractian

(t =t load H# xz)-

Figure 3: Snapshots at time=5 sec of dimensionless fault-plane variablesash@action
(black-continuous line), slip rate (grey line), astdte variable (black-dotted line); in
BIEMO10 simulations of RS-A (panel a), RS-S (paneland RS-FH (panel c), test
problems. Frictional parameters and initial corhs are specified in Table 1. Locations
at which dimensionless traction reaches its peakeys,, and its minimum valueg, are
indicated, as well as the locatignat which the maximum-slope tangent line to

dimensionless traction intercepts the constant leye The cohesive zone corresponds to

the fault interval %, X,].

Figure 4: Panel (a) shows the evolution of the cohesive zotlee fault interval [0, 15]
km for test problems RS-A (black-dotted lines), 8%grey lines), and RS-FH (black-
continuous lines), as given by BIEMO010 solutionsr €ach test, panel (a) depicts (from
left to right) theprogression of fault locationg(t), xy(t), andx,(t) as rupture develops. S
and P wave propagation-time slopes are shown fererece. Panel (b) illustrates
BIEMO010 slip-weakening curves (dimensionless-t@ttis. slip) recorded at the fault

locationx = 6 km.

Figure 5. MOSN misfits (MAX-RMS metric, Eqn. 24) as functiofnthe artificial
viscosity /1 for different grid sizes. The test problem corresponds to RS-FH, with

solution BIEMO010 as reference. Misfits in slip rated state variable, respectively, are



shown in panels (a) and (c) for the case of foortter simulations, and in panels (b) and

(d) for the second-order case.

Figure 6. Misfits of BIEM solutions (grey bullets) and MOSMNIstions (other symbols),
both relative to the reference solution BIEMO10¢ase of test problem RS-FH. For
reference, the solid line shows second-order cgerere. Panels (a)-(d) show MAX-
RMS misfits (fault interval [0, 15] km and simulari time of 15 sec) in slip rate, shear
traction, fault slip, and state variable, respeastivThe x axis is double labeled, wiNic
(number of gridpoints resolving the median cohegiore width) at the bottom and the
spatial stefh at the top. Triangles correspond to second-ord@6MN, point down in the
undamped case and point up in the damped caseséSroepresent misfits from mixed-
order MOSN. Open circles and x-marks represenfitsifsom fourth-order MOSN. In
the latter case, calculations oversample the tixnelay reducing the Courant-Friedrich-
Lewy numbercfl below its stability limit (~ 0.6) aB decreases (following Equation 33).

All other cases use a constant CFL nundbier= 0.5.

Figure 7. Comparison of BIEM and MOSN misfits in both RS-AdaRS-S test
problems. Panels (a)-(d) show MAX-RMS misfits (faaterval [0, 15] km and
simulation time of 15 sec) in slip rate, shearticaxg fault slip, and state variable,
respectively. In the RS-A test, BIEM misfits ar@mesented by grey bullets and black-
colored circles, crosses, and triangles correspmhMOSN misfits from fourth-order,

mixed-order, and second-order simulations, respagti Similar symbolism is followed



to depict misfits in the RS-S case, but BIEM mssfte given by black symbols, while

MOSN misfits are grey-colored symbols.

Figure 8. Misfits (relative to BIEM010) of MOSN-Euler (crossand x-marks) and
MOSN-trapezoidal (squares) solutions, (using spatieurth-order accurate MOSN in
both cases), of test problem RS-FH. For referetfeM (grey bullets) and fourth-order
MOSN-Rosenbrock (circles) solutions are also shobMme step in all calculations
follow a constant Courant-Friedrich-Lewy numlgéir= 0.5, with the exception of
MOSN-Euler (x-marks) calculations that oversampketime axis by reducing the
numbercfl below 0.5 a$ decreases (following Equation 33). Panels (ajfdw MAX-
RMS misfits in slip rate, shear traction, faulpslkand state variable, respectively. The x

axis is double labeled as in Figure 6.

Figure 9. Comparison of waveforms of slip (a), slip rate ¢pAction (c), and state
variable (d), computed at= 6 km, for different state-evolution equationsl gnid
resolutions. MOSN (dots) and BIEM (black lines) ¢iseries correspond to calculations
with h =100 m (Nc~ 11),h =40 m (Nc~ 8), anch = 80 m (Nc~ 3), in test cases RS-A,
RS-S, and RS-FH, respectively. For each test thseeference solution BIEM010
(grey-thick line) is also shown. Problem RS-FH k&l pulse-like rupture, while the
other two cases are crack-like. The slip-rate cush®w evidence of grid-dispersion

artifacts, as discussed in the text.



Figure Al. 1-D staggered grid for differentiation of fune¢tsf andv using the difference
operatorsG andD, respectively. The node, =0 is split to accommodate a possible
discontinuity of functiorv. Locations of vector evaluations

f=(f(zy) by B f @) andv:(v(z_M),...,v' Ve V(7 )are also shown, as

well as sites of approximation&f); and Dv);.1/2 (j integer).

Figure B1: Eigenvalues/; of the matrix Mij é/y) given in equation (B18) and

governing the spatially discretized one-dimensi@tasticity equations with rate-and-
state friction at one boundary, shown for value¥ odnd f characteristic of (a) initial

conditions and (b) coseismic sliding. All eigenvedufor the constant friction case lie on
the imaginary axis, but are shifted for rate-aratestriction. Most eigenvalues are shifted
slightly into the left half-plane, but two eigenuak (indicated with arrows and values)

are shifted far from the origin.

Figure B2: Evolution of the eigenvalues of the velocity-stsystem, as given by

equation (B27), as a function of slip rateatx = 12 km for the BIEM010 solutions to
test problems RS-A and RS-S. (a) One eigenvalyejs associated with evolution over
a time scale longer than the time step requiredtimnle and accurate integration of wave
propagation h/cs. (b) The other eigenvalué, , is associated, in the small limit,

with the rapid damping of velocity perturbationsdigect effect. Stable integration with
time steps h/cS necessitates the use of methods designed fosgsféms. Note log-log

scale.



Figure B3: Evolution of velocity and friction coefficient at= 12 km for the BIEMO010
solution to test problem RS-FH, with eigenvalueggiat several times (labeled A-G).
As V increases from the initially low background vaarel frictional resistance
increases by the direct effect (A—D), the two eigdnes approach each other in
magnitude. As the rupture front passes and statieitton occurs, the friction coefficient
drops (E—F). During this time, the two eigenvalaes complex conjugates with negative

real part. After the slip pulse passes (G), thereiglues return to real values.



TABLES

Table 1: Elastic, Frictional, and Nucleation ParametersSwonulation of Spontaneous

Rupture Propagation under Three Different Statehiiam Equations: RS-A, RS-S, and

RS-FH.
Parameters Aging law Slip law  Slip law with
Flash Heatinc
Shear modulugy GPa 30 30 30
Shear-wave speed, &km/s 3 3 3
Compressional-wave speeg km/s 3/3 3/3 3/3
Direct effect coefficiena (dimensionless) 0.01 0.01 0.01
Evolution effect coefficienb (dimensionless) 0.014 0.014 0.014
Slip distance for asperity contact renewgm) 0.06 0.4 0.4
Slip rate reference valoé, m/s 10 10° 10°
Steady-state friction coefficient sliding at rafe 0.6 0.6 0.6
f* (dimensionless)
Weakened friction coefficient, (dimensionless) - - 0.2
Critical weakening velocity/ (m/s) - - 0.1
Constant normal load,, MPa 100 100 100
Uniform background load,, MPa 60 60 28
Stress perturbation amplitudg, MPa 28 28 37
Standard deviation of stress perturbatigrkm 15 15 15
Development time of stress perturbatigrs 1 1 1

Table 2: Median and minimum size of the cohesive zone ofeskin the reference

solution BIEMO0.010 (fault interval [4, 15] km) tedt problems RS-A, RS-S, and RS-FH.

Last row lists the median slip-weakening distarsaar(e fault interval).

Aging law
Cohesive-zone median siz[ (km) 1.079
Cohesive-zone min sizd_ min (km) 1.059
1.47

Median SW distance do (m)

Slip law

0.315
0.302

0.493

0.491

Slip law with
flash heating
0.249

0.238




Table 3: Grid size and time step used by MOSN-RosenbrockBdBM simulations in

each test problem.

h (m) Nc Nc Nc Dt Dt
(Aging law) (Slip law) (Slip law - FH)  (MOSN (BIEM
calculations) calculations)
10 107.9 315 24.9 - 0.001
20 54.0 15.8 12.5 0.002 0.002
30 36.0 10.5 8.3 0.003 -
40 27.0 7.9 6.2 0.004 0.004
50 21.6 6.3 5.0 0.005 -
60 18.0 5.3 4.2 0.006 0.006
80 135 3.9 3.1 0.008 0.008
100 10.8 3.2 2.5 0.01 0.01
150 7.2 - - 0.014 -
300 3.6 - - 0.029 -

Table 4: Convergence rates under grid refinement of BIEM MI@SN-Rosenbrock

solutions (fault interval [0, 15] km) to the RS-Fést problem.

Method — (cflh)  Slip rate Shear traction  Fault slip State
MAX-RMS MAX-RMS MAX-RMS MAX-RMS
misfits misfits misfits misfits

BIEM (cfl = 0.5) 1.6 1.5 2.1 2.3
MOSN 4th-order 1.2 1.1 2.1 2.1
(cfl=0.5,h =0)

MOSN mixed-order 1.02 1.04 1.7 1.8
(cfl=0.5,h =0)

MOSN 2nd-order 1.3 1.8 2.3 1.8
(cfl=0.5,h =0)

MOSN 2nd-order 1.4 1.5 1.7 1.7
(cfl=0.5h =0.025)

MOSN 4th-order 1.1 1.13 2.4 2.3

(cfl = c*(h), h = 0)




Table 5: Convergence rates under grid refinement of BIEM MI@SN-Rosenbrock

solutions (fault interval [0, 15] km) to both tggbblems RS-A and RS-S.

Method Slip rate Traction Fault slip State
(cfl=0.5,h=0) MAX-RMS MAX-RMS MAX-RMS MAX-RMS
misfits misfits misfits misfits

BIEM 1.6 1.6 2.5 2.7

AGING MOSN 4th-order 1.3 1.4 2.2 2.1
EVOLUTION MOSN mixed-order 1.5 15 2.9 1.96
MOSN 2nd-order 1.3 1.6 2.7 2.2

BIEM 1.6 1.4 2.3 2.4

SLIP MOSN 4th-order 1.2 0.9 2.3 2.4

EVOLUTION MOSN mixed-order 1.1 1.1 2.2 2.2
MOSN 2nd-order 1.3 1.7 2.5 2.3

Table 6: Convergence rates under grid refinement of zeropaagrfourth-order

solutions of MOSN-Euler and MOSN-trapezoidal metht@wlRS-FH test problem (fault

interval [0, 15] km).

Method (cfl) Slip rate
MAX-RMS
misfits

MOSN-Euler 1.12
(cfl =0.5)

MOSN-Euler 1.17
(cfl = c*(h))

MOSN-trapezoidal 1.14

(cfl = 0.5)

Shear traction
MAX-RMS

misfits
1.08

1.18

0.995

Fault slip State

MAX-RMS MAX-RMS

misfits misfits
1.42 1.54
2.44 2.32
1.90 1.93
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BIEMO10 solution to RS-A test (time =5 s)

0.2+ /

-01 B -1 B
/o y T (1)
0.2 —@Bo) "V -
4 . AV
03] ° -
Xf Xp. XU;
045 4.5 55 6.5
X (km)
Figure 3b.

0.3 BIEMO10 solution to RS-S test (time = 5 sec)
0.2
0.1

0
-0.1¢ 1
-0.2+ ]
-0.3¢ 1

Xf ; Xp§ Xu
_04 : I L 1 H I H 1
8 8.5 9 9.5 10 10.5 11



Figure 3c.

0.4 BIEMO10 solution to RS-FH test (time = 5 sec)
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APPENDIX A: MIMETIC DIFFERENCE OPERATORS

We here propose second- and mixed-order FD analdgejas et al. (2008)’s 1-
D fourth-order mimetic operators, so called becdhbeyg satisfy a discrete integration-by-
parts formula. On the intervad,[b], a<0<b, we consider two smooth functiof{g)
andv(2) (althoughy may be discontinuous at 0), and their evaluation on the staggered
grid shown by Fig. Al. This grid comprises nodes jh, j=-M,..- 2, 1,0,1,2,N

(z y =aandz, =b), cell centersz,,,, =(4 + ;ﬂ)/z, j=-M,...,N- 1, and a split

node that corresponds za= 0. We accommodate the evaluation$ afidv in vectorsf

andyv, respectively, defined by
f= 1§ v angy= Vo wewe (A1)

where

f (Z.M ), f(ZM+:l/2)"" f( -23/2) , f(-zll2) ' t))T

Wzu)e(2) (2), ) - 82

We propose approximationsdb/ dzand dv/ dz, at grid locations also illustrated

in fig. Al, given byGf andDv, respectively, wher& andD are the differentiation

matrices

0 D 0
G= ) and D = . (A3)



Above,G andD are defined in terms of auxiliary differentiation

matrices G 1

(K+1) x (K+2) and D(K)’I‘

Kx 1) for K=M andK=N, belonging to the

mimetic family developed by Castillo and co-worké601, 2003, 2006) with alternative

order of accuracy. We use the following opera®t and D®:

(i) Second-order case:

25

0 O

T 24

8 1
-~ 3-Z 0000
3 3
o - L 0 -1 1 0000
"h 0 0 -1 1000
0 0 0-1100
(ii) Fourth-order case:
47888 1790 14545 8997 2335
14245 407 9768 16280 22792 9768
16 31 2 3 1
1 105 24 24 40 168
N T T AT
24 24 24 24
0 o L 2z
24 24 24
(iif) Mixed-order case:
.8 3 1 0 0 0
3 3
4 31 41,
1 39 26 39 26
=l o L .21 27 1
24 24 24 24
o o Lt .2x 2z 1
24 24 24 24

bt = 1

Bl

-1 1
0 -1
0O 0 -
0 O
4751 909

1

24

Lz
24
1

24

1 0
26 26
23 23
1 27
2 24
1

0O 00O0O
1 0 0 0O
1 1000 (A4)
0-1100
6091 1165 129 25
5192 1298 155761925 2596 15576 (A5)
zZ .1, 0 o0
24 24
L2221 0
24 24 24
L2222z 1
24 24 24 24
(A6)
0 0 0 O .
- —1 0 0 0 .
23
2r_ 1 0.
24 24
27 27 1
24 24 24

24

In the case (ii), we have corrected typograplhecedrs in the components of

fourth-order operator6® andD™ that appeared in Rojas et al. (2008). Note thétén

case (iii), the order of accuracy of approximati@fsandDv reduces in the vicinity of

nodesz ,,, z,, and z,.



APPENDIX B: STIFFNESS AND THE VELOCITY-STATE SYSTEM

In this appendix we discuss and justify the timegnation procedures, via a
linear stability analysis of the spatially disceetil governing equations, that we use to
couple rate-and-state friction laws with an elastedium. The essential ideas are
captured in a one-dimensional setting in whichdfiegh the medium vary only in the
fault-normal direction, slip is unidirectional, asgmmetry conditions are assumed about

the fault so we can restrict attention to one sialg.
Normal stressss , is constant, and we consider one nonzero compafien

velocity, v, (z t), and one nonzero component of shear strggs, t), which satisfy the
elastodynamic equations oW £ z £W with initial and boundary conditions

v (20)=\/2, t,(20=t,, (B1)

1 (0t)=s f(Vy ), andt (W )2 . (B2)
We have also introduced slip velocit\y,(t), which by symmetry is given by
V(t)= vx(0+,t) - vX(O' ,t)= 2VX( 0 ,t), and state variablg/ (t), which satisfies

%:G(V,y), andy (03 , (B3)

We consider general expressions for the frictiosffocient, f (\/,y ) and evolution

function, G(V,y ). The exterior boundary condition is one of constaress t ,, though

this is purely for later convenience and the gdnesults of this analysis hold for more

general boundary conditions at=W . The initial conditions are consistent with the

boundary conditions, i.ety =s ,f (Voy o) -



To simplify later expressions, l&y (z )=+ 2, t,,(zt)=t o+ (21,
andy (t)=y o +Y(t). Note thatv(z t), 5 (zt), and Y (t) satisfy

rﬂ:‘”—s, E:m.{—w,and (B4)

mw Tz It 9z

EL=6(V+2w0" 0y o+ ¥ (1) G(\y o), (85)

with homogeneous initial conditions
v(z0)=0, s(z,0=0, andY( )&= , (B6)
and boundary conditions
s(0t)=sy F(Vo+ (0 Ly o+Y €)- F(Vo o) . (B7)
s(W,t)=0. (B8)
We spatially discretize by dividing the domdirE z £W into N cells of width
h=W/ N. Velocity is defined at thé\ +1 cell edgesy, (t) = v(ih,t) for i =0,..,N.
Stress in the interior is defined at the cell centerss; (t) =s ((i -1/2h ,t) for
I =1,...,N. Additionally, we define two extra values of ssegz=0 and z=W, which
are denoteds ,(t) and s ,,(t), respectively, which are used to enforce the bannd
conditions by setting
so(t)=sn f(Vo+2vey o+Y)- (Vi o . (B9)
Sna(t)=0. (B10)
Spatial derivatives of stress at the velocity gridhts are approximated by the

(N +1)" (N +2) differentiation matrix[Gij]:



N+1
ds "G s i=0,.N. (B11)

i° ]
dz ;oo

Likewise, spatial derivatives of velocity at theéenor stress grid points are approximated

by the N~ (N +1) differentiation matriy Dij ]:

N
%Z’ = Dys;, =L (B12)

The spatially discretized governing equations dtaiaed by first replacing ,(t) and

S n+1(t) in (B11) using (B9) and (B10), and then substitgt{B11) and (B12) into (B4).

The resulting set of equations, together with tiserétized version of (B5), are

dv N .
d_\:: (Gi/r)s s +(Golr ¥ n T(M+2w o+Y)- f(W% o . F O..N, (B13)
j=1
dsi _ N .
o (mDj)v;, i=1..N, (B14)
j=1
dy
E:G(Vo*'ZVOJ/o"'Y)' G\ o). (B15)

These equations constitute a nonlinear system @< Do proceed further in the

analysis, we must linearize the two nonlinear fiomg f (\/y) andG(V,y) by
assumingvg| |Vo| and|Y| |vo|. Expanding to first order gives
f(Vo+2vw o+ Y)- f(Voy o> 201 A V) v+ (T )Y, (B16)
G(Mp+2v% o+ Y)- G(Vy o 21 GT V) w (T & )Y, (B17)
where the partial derivative terms are evaluated atv, andy =y . Substituting these

expressions into (B13)—(B15) yields a linear systédr®DESs:



Vo 2(Goo/r)sa(TE/V) 0 (Goo/r)sa(TF/¥ ) v
[G;1/r

q W 2(Gno/r)s n(TF/V) 0 (Guo/7)s n(1H/% ) W
— 51 = S1
« oy ) 0 0 (B18)

N N

Y 2(Ge/r)s a(1G/1V) O 0 16/ Y
or O|—q—ZNﬂl\/l--(v )G, i=0,...,N+1

dt o VIR 17 R

The stability of the system of ODEs (B18) is assddsy examining th&N + 2

eigenvalues/,, of the matrix[ Mij] .
An instructive starting point for discussing thgevalues of Mij] is the case of

a fault that slides at a constant coefficient ftifon with no state evolution, i.e.,
it /v = §f /Ty = 1G/1V = 1G/y =0. For this special case, and for the mimetic

differentiation matrice$Gij] and[Dij], all eigenvalues lie on the imaginary-axis. The

magnitudes of the largest eigenvalues determinended@mum permissible time step
when using an explicit time-stepping method. Ferlgapfrog method as applied in this

work, the maximum CFL ratio, expressed in termghefshear-wave transit time across a

cell h/c , 1S ch/(hmaxi |/i|) . In this one-dimensional geometry, the maximum CFL

ratios for the second-order, mixed-order, and fowrder differentiation matrices are
0.9306, 0.8526, and 0.8165, respectively.

When we have nontrivial friction laws and evolutiequations, the eigenvalues
are shifted relative to their values for the hommgmus boundary conditions. To aid the

following analysis, the partial derivatives appegrin (B18) are



Tw/v =alv, /Ty =1,

B19

1G/1V =- bV .y)/L, 1G/1y =-a(V.y)V/L, (B19)
in which

b, RS-A
bV ,y)= b+ f(V,y)- F55(V), RS-S and RS-FHv <V, ) (B20)
b+ f(V.y)- f,+(b-a)i-V,/V), RS-FH{V >V, )
and
exp - f(V,J/)t-) 1\ . RSA
dV.y)= 1, RS-S (B21)
1, RS-FH.

We illustrate the main features of (B18) by focgsom the specific case of RS-S. The

eigenvalues o[Mij] are shown in Figure B1 for several values/ofand f(V,y ). For

rate-and-state friction laws, most the eigenvahresshifted slightly off of the imaginary
/ -axis into the left half-plane. While this correspg to a slight damping of the
eigenvectors, it does imply a very mild numericetability when time stepping is
performed with the leapfrog method. The leapfragfmplicit midpoint) method is only
stable when used to solve ODE systems having iraagigigenvalues since its absolute
stability region consists only of a finite segmehthe imaginary axis centered on the
origin [e.g., LeVeque, 2007]. Practically speakitigg growth rate of the associated

numerical instability is sufficiently small that veee no degradation of the solution



because of it. An alternative treatment would bade a time-stepping method having a
stability region encompassing a portion of the imagy axis and extending some
distance into the left half-plane, thus enclosihgigenvalues that are only slightly
shifted off of the imaginary axis. Third- and higfeeder explicit Runge—Kutta methods
have these properties [e.g., LeVeque, 2007].

Two eigenvalues are far from the origin; their o@as are highly sensitive 1@

and f . Under conditions of small (this will be made more precise shortly), these

eigenvalues lie on the redl-axis, as shown in Figure Bla. One of these ielary
negative, making the ODE system (B18) stiff. We ickamtify which combination of
equations is responsible for this behavior by examgithe eigenvectors corresponding to

these eigenvalues. The two eigenvectors of intareseéssentially nonzero in only the

first and last elements/f and Y ). This indicates that only two equations, thetfansd

last of (B18), are primarily associated with theggenvalues.

Since two eigenvalues lie far off of the imaginarys, it is impossible to use the
leapfrog method to integration the complete s€éDDEs in (B18). We have chosen to
numerically integrate the two equations that wdemtified through the eigenvector
analysis separately from the remaining equatiom®se eigenvalues are shifted only
slightly off the imaginary axis. These latter egoias, which update velocity and stress at
points off of the fault, are integrated using thenslard leapfrog method since that

method has proven to be highly efficient and thielmumerical instability causes no

apparent difficulties. We rewrite the remaining taguations, which update, andY

in terms of slip velocity and state, and term thiése“velocity-state” system.



We now turn from the one-dimensional specializatmthe fully general case,
making no symmetry assumptions between the twe ©iflthe fault. The first component

of the velocity-state system is obtained by congrthe two equations in (19) to write a

single ODE that governs the evolution of slip vélp&/ = ‘v: - v;‘ :

3 +

dt 2 M

- Ml [Sign(V( D). (VY ) £ oos (D]

the second component is the state evolution equé8), the general form of equations
(7-10) for the friction laws employed in this wovks before, we linearize the equations

and study the Jacobiad(V,y ), of the resulting system, the equivalent of tregnx

[Mij] in (B18). The Jacobian is

- aks . /V - ks |
JVy)= : (B23)
-bVy)/L -d(Vy )V/L
where
3
= G 1,1 (B24)
2 M* M

and b(V,y ) anda(V,y) are given in (B20) and (B21), respectively. | tbove

expressions, we have omitted the split-node depeedef massed *, slip rateV , and

statey . The termk in (B24) (corresponding toc-with ¢ defined in (27)) is positive,
given thatg,, <0 for all differentiation operatorGS(K) (see appendix A). A rough

approximation useful for estimates/<'r9>:l/ (r h).

The elements of the Jacobian have a physical irgtgon that helps explain why

the velocity-state system becomes stiff, as it doeker some circumstances. The first



equation of the velocity-state system states tiettceleration of the fault nodes is
directly proportional to the sum of the forces agton them, these being forces from
nearby nodes and frictional resistance to slip. kMinietion increases, the fault
decelerates. For rate-and-state laws, an instamtianacrease in slip velocity is
associated with an increase in friction that instaaously decelerates the fault. For a

small increase in slip velocity, this decelerati®given by the first element af(V,y ),
- aksn/V , times the small change in slip velocity. Withal@mnge in state, the small
increase in slip velocity is quickly damped out iothe time scalé,_ :V/aksn . The
other obvious time scale is that characterizingest&olution in response to small
changes in state in the absence of any changép wetocity; this isty = L/ vaVv.y) ,

which is simply the inverse of the other diagonahgin the Jacobian. We define the

ratio of these two time scales as

t
x=2L :&LZ : (825)
t,. dV,y)V
the other relevant dimensionless parameter in ¢hecity-state system is
h=b(V.y)/a. (826)

Of course, changes in slip velocity and state &mmately coupled, and the proper way

to characterize the velocity-state system is bgifig the eigenvalued,, , and

140

eigenvectorsg, , of J(V,y ). They are

1 2
/=S b Jh- 0% anp (B27)

y

and



]
9=V % *r J(x 08 axna (B28)

An ODE system is said to become stiff when difféi@mponents evolve over different

time scales, and an appropriate way to quantifyithto define stiffness &8=|/_|/f ,

Stiffness occurs in our problem when t, or, equivalentlyl/x 1, which

occurs when slip velocity is sufficiently smalk.i,V  /kas, L/d »1 m/s. We can

expand (B27) and (B28) in powers of the small patami/x to obtain, to leading order,

the following approximations:

I.o>bd -0t , [ »- 1t (B29)
g»NV -4, g» vV H(xd , and (B30)
S»(h/d-1)x. (B31)

The eigenvalue associated with rapid damping ajorgl perturbations by the direct
effect, / , is identical, in this limit, to the very largegegive eigenvalue in the spatially
discretized one-dimensional problem discussedeabéginning of this appendix and

shown in Figure Bla. The other eigenvaldie, can be either negative or positive; the
sign is determined by that @f/d - 1. For perturbations about steady sliding (at speed

belowV, for RS-FH),/7/d - 1= b/a 1; the sign of/, is then determined by whether

the steady state friction coefficient is velocitgakening or velocity-strengthening.
We conclude from our analysis that except durimgditions of rapid coseismic

sliding, the two eigenvalues differ by many ordefrsnagnitude and the system is very

stiff. Stiffness is highly sensitive to slip veloc{ Sp V' ?), and exhibits considerable



variation during the course of a single simulafjemging fromS 10% at
V 10” m/stoS 1latV 1m/s).
The difficulty with stiff systems is that expligiumerical integration is only

stable if transient evolution over all involved &macales is resolved (i.e., for the velocity-

state system, time steps must be smaller thantgolhdty ). The equations are stiff

whent, t , but we are only interested in the system ovetdhger time scaley ,

which is comparable to or less than the time stepired for stable and accurate
integration of wave propagation in the interiorLislwe must use an implicit numerical
method to solve the velocity-state system to attwgdtime step restrictions imposed by
explicit methods. We have successfully implemetedriety of these methods, ranging
from high-order Rosenbrock methods to simpler mdsHike implicit Euler and the
implicit trapezoidal rule; these are discussedmtext.

In Figure B2, we show how the two eigenvalues ex@ls the rupture passes a
point on the fault. This is shown using the timstdiies of fields in the BIEM010
solutions to the RS-A and RS-S test problems dt facationx = 12 km; results are
similar at other points on the fault. The velogtgte system is calculated tor= 10 m
and the fourth-order mimetic differentiation madisc As Figure B2a clearly illustrates,

the time step associated with wave propagatioly,c, , is always smaller than that

associated with evolution of the first eigenvectidv,, . Hence, there are no associated
numerical difficulties, even if an explicit timeegiping method is used. The other

eigenvector evolves over a time sca}/e/,_ , that can be orders of magnitude smaller than

h/c, , except during coseismic sliding conditions; sigife B2b. For both RS-A and



RS-S, both eigenvalues are real. A more compleawehoccurs for RS-FL, which
features strong rate-weakening at coseismic slgsrand rupture propagation in the slip-
pulse mode. Figure B3 shows the evolutio’voaind f atx = 12 km, with the
eigenvalues given at several times. During coseisfiding, the two eigenvalues become

complex conjugates with negative real part.
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