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In this work, the spectral properties of a singly-charged vortex in a Bose-Einstein condensate
confined in a highly anisotropic (disk-shaped) harmonic trap are investigated. Special emphasis is
given on the analysis of the so-called anomalous (negative energy) mode of the Bogoliubov spectrum.
We use analytical and numerical techniques to illustrate the connection of the anomalous mode to the
precession dynamics of the vortex in the trap. Effects due to inhomogeneous interatomic interactions
and finite temperature are explored. We find that both of these effects may give rise to oscillatory
instabilities of the vortex, which are suitably diagnosed through the perturbation-induced evolution
of the anomalous mode, and being monitored by direct numerical simulations.

I. INTRODUCTION

Matter-wave vortices represent fundamental nonlin-
ear macroscopic excitations of Bose-Einstein condensates
(BECs); see e.g. the relevant reviews [1-6]. These struc-
tures are characterized by their (nonzero) topological
charge S, the phase dislocation and jump by 275 in-
duced by the vorticity and the concomitant vanishing of
the BEC density at the vortex core. Experimental ob-
servation of matter-wave vortices was first reported in
Ref. [7], using a phase-imprinting method between two
hyperfine spin states of a 8 Rb BEC [8]. Other techniques
for the generation of vortices have also been studied theo-
retically and implemented in experiments. In particular,
stirring the BEC [9] above a certain critical angular speed
[10-12] is an extremely efficient method for producing a
few vortices [12] or vortex lattices [13]. Other techniques
include the supercritical dragging of an obstacle through
the BEC [14-16], as well as the nonlinear interference of
condensate fragments [17-20]. In the above studies, vor-
tices were singly-charged (i.e., with a topological charge
S = 1); higher-charged vortices (with S > 1) may also
be created experimentally [21] and could, in principle,
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be stable under appropriate conditions [22, 23]. Nev-
ertheless, such higher-charged vortices are typically far
less robust than the fundamental S = 1 vortex that is of
interest here.

In this work we systematically study singly-charged
vortices in a two-dimensional (2D) —so-called disk-
shaped— BEC from a spectral (i.e., Bogoliubov-de
Gennes) point of view. In particular, first we focus on the
so-called anomalous mode of the Bogoliubov theory, char-
acterized by negative energy [24] or negative Krein-sign
[25], and elucidate its connection with the precessional
motion of the vortex, if displaced from its equilibrium
position (i.e., the trap center). Next, we will study how
this mode is affected by the presence of different kinds
of perturbations. The perturbations we consider here
arise from inhomogeneous interatomic interactions, so-
called collisional inhomogeneities, and finite-temperature
induced dissipation.

Interatomic interactions, characterized by the s-wave
scattering length, become spatially (or temporally) vary-
ing by employing either magnetic [26, 27] or optical Fes-
hbach resonances [28-30] in a very broad range. This
remarkable flexibility on the manipulation of the effec-
tive mean-field nonlinearity of BECs, has inspired a sig-
nificant number of experimental and theoretical stud-
ies. Herein, we will focus on the more recently pro-
posed “collisionally inhomogeneous” BECs, character-



ized by a spatially-dependent scattering length. In such
settings, many interesting phenomena have been pre-
dicted, including adiabatic compression of matter-waves
[31, 32], Bloch oscillations of solitons [31], soliton emis-
sion and atom lasers [33], enhancement of transmittiv-
ity of matter-waves through barriers [34, 35], dynami-
cal trapping of solitons [34], stable condensates exhibit-
ing both attractive and repulsive interatomic interactions
[36] and the delocalization transition of matter waves
[37]. Here we will examine how harmonic spatial vari-
ations of the scattering length (inducing a sort of a non-
linear optical lattice in the system) affect the stability
and ensuing dynamics of the vortex. Interestingly, we
find that the anomalous mode of the vortex is differently
affected by cosinusoidally and sinusoidally varying non-
linearities (this turns out to be the most critical element
of influence within this setting). In the former case the
vortex is stable, while in the latter the vortex is subject to
an oscillatory instability, emerging by the collision of the
anomalous mode with another eigenmode of the system.

We also consider in our study the dissipation due to the
interaction with the thermal cloud. Here we will adopt a
simple phenomenological model relying on the inclusion
of a phenomenological damping in the mean-field model,
first introduced by Pitaevskii [38] and subsequently used
in various works to describe, e.g., decoherence [39] and
growth [40] of BECs, damping of collective excitations
of BECs [41], vortex lattice growth [42, 43], vortex dy-
namics [44] (see also [18, 19]), and decay of dark solitons
[45]. Importantly, inclusion of such a phenomenological
damping in the Gross-Pitaevskii equation (GPE) can be
justified from a microscopic perspective (see, e.g., the re-
cent review [46]). Herein, we will show how such a finite-
temperature induced dissipation affects the statics and
dynamics of the vortex, by leading its anomalous mode
to become immediately unstable. We will also present
some interesting twists that may arise when the combined
effect of thermal dissipation and spatially-dependent in-
teratomic interactions is considered.

The paper is structured as follows. In section II, we
present our analytical considerations in connection to
the spectrum of a S = 1 vortex and its precession fre-
quency in the trap. In section III, we examine numeri-
cally the validity of the analytical predictions, but also
how these are modified in the presence of additional per-
turbations such as the spatially dependent nonlinearity,
or the finite-temperature induced dissipative perturba-
tion. This is done both through a systematic analysis of
the Bogoliubov-de Gennes equations, as well as through
the direct numerical simulations of the pertinent GPE
models. Finally, in section IV, we summarize our results
and discuss directions for future studies.

II. ANALYTICAL RESULTS

We first consider the simplest case in our study, namely
a matter-wave vortex in a 2D BEC confined in a har-

monic trap. It is well-known that in this setting the
S-charged vortex will have precisely .S anomalous modes
[24]; these modes, characterized by a negative energy, are
also known as modes of negative Krein signature in the
mathematical literature [25]. In Ref. [24] (see also the
review [4]), it was argued that the single negative energy
mode with S = 1 (which is of interest here) is responsi-
ble for the precessional motion of the vortex in the trap
(in addition to being relevant for other processes such as
vortex nucleation).

One of the key purposes in our study is to consider
the precession in the setting described above. The three-
dimensional (3D) analogue of this setting has been con-
sidered and studied analytically by means of the matched
asymptotics technique in Ref. [47], while the 2D case
has been studied by means of a variational approach in
Ref. [48] (see more details below). Here, employing the
matched asymptotics method, we derive an expression
for the precession frequency in the 2D case, and provide
a detailed comparison of this result with numerics per-
taining to the study of the anomalous mode.

The model under consideration is the (2 + 1)-
dimensional GPE, which can be expressed in the follow-
ing dimensionless form [6],

1
10 = —iAu + V(r)u + glu|®u — pu. (1)

Here, u(x,y,t) is the macroscopic wave function of the
disk-shaped BEC, A is the 2D Laplacian, r = /22 + 12
is the radial variable, V(r) = Q%2 is the harmonic
trapping potential, Q = w,/w, is the ratio of in-plane
and transverse trapping frequencies, g is the normalized
strength of the interatomic interactions (which we set
to g = 1 for the analytical considerations of this sec-
tion), and p is the chemical potential. In order to study
the effect of the potential on the vortex, we will follow
the lines of Ref. [49] (see also Ref. [50] for similar work
in the context of optics) and use a matched asymptotics
approach between an inner and an outer perturbative so-
lution leading to the following equations of motion (for a
more detailed derivation see the appendix) for the vortex
center (2, Yy ):

Ty = gjlog (A%) Yo, (2)
g = -gflog (A) 2., 3)

where A is an appropriate numerical factor (detailed

comparison with numerics yields very good agreement in

the Thomas-Fermi regime e.g. for A ~ 8.88 ~ 21/2, see

below). These results suggest a precession of the vortex
in the harmonic trap with a frequency

0?2 1

Wan = — log(A =), 4

=g 8(4g) (4)

which, as suggested by the subscript (“an” stands for

anomalous), should coincide with the eigenfrequency of



the anomalous mode of the Bogoliubov spectrum. The
anomalous mode eigenfrequency can readily be derived
by a standard Bogoliubov-de Gennes (BdG) analysis:
this includes the derivation of the BAG equation, stem-
ming from a linearization of the GPE (1) around the
vortex solution by using the ansatz

U= uo(r)eie + |a(z, y)e™! + b*(z, y)eii‘”*t , (5)

and the solution of the ensuing BdG eigenproblem for
the eigenfunctions {a(z,y),b(x,y)} and eigenfrequencies
w.

Note that due to the Hamiltonian nature of the system,
if w is an eigenfrequency of the Bogoliubov spectrum,
so are —w, w* and —w*. Notice that a linearly stable
configuration is tantamount to Im(w) = 0, i.e., all eigen-
frequencies being real. One of the eigenvalues of each
double pair possesses a topological property of, so-called,
negative energy (in the physical literature) [51] or nega-
tive Krein signature (in the mathematical literature) [52];
practically, this means that it becomes structurally un-
stable, i.e., it becomes complex, upon collision with other
eigenvalues. The eigenvalues with negative Krein signa-
ture are actually associated with the anomalous modes
[1] appearing in the BAG spectrum.

In order to compare our results to the ones obtained in
earlier works, we should mention that a similar setup was
investigated in Ref. [48] (by means of a variational ap-
proximation) and the frequency of the anomalous mode
was derived with a similar functional form. However,
in Ref. [48], the case of a BEC unbounded in the axial
direction (w, = 0) was considered and, as a result, the
constant was found to take a different value, A = 2. It
is also worth noting that the connection between quan-
tum fluctuations and anomalous modes of matter-wave
vortices under Magnus forces was considered in Ref. [53]

It is important, at this stage, to make a few comments
regarding the nature of the Bogoliubov spectrum result-
ing from the linearization around the vortex. The system
at hand, namely the disk-shaped condensate carrying the
vortex, is not in the ground state (a similar situation oc-
curs in the 1D analogue of the system, namely a quasi-
1D BEC carrying a dark soliton). The existence of the
anomalous mode, characterized by negative energy, in-
dicates that the vortex (and the dark soliton in the 1D
case) is thermodynamically unstable and, in the presence
of dissipation, the system is driven towards a lower en-
ergy configuration, namely the ground state. Also, the
eigenfrequency of the anomalous mode of the vortex (sim-
ilarly to the case of the dark soliton [54]) bifurcates from
its value w = Q (the linear oscillation with the trap fre-
quency) in the linear limit —where the vortex is repre-
sented by the linear superposition |1,0) + |0, 1), where
|m, n) denotes the m-th linear eigenstate of the quantum
harmonic oscillator along the z-direction and n-th one
along the y-direction (see discussion in section IITA and
Fig. 1). Generally, the anomalous mode (in both 1D and
2D cases) is the lowest excitation frequency of the system

and the only one below the trap frequency (associated
with the Kohn mode corresponding to the dipole mode
of the condensate [55]). However, in the case of the vortex
(and contrary to what is the case for the dark soliton),
there is one more frequency (which grows monotonically
away from the origin near the linear limit), which may be
smaller than w,, (at least for small chemical potentials).
This frequency was described through a small parame-
ter expansion in section V.B of Ref. [56]. The relevant
eigenfrequency is given (in our units) by the following
expression,

w R — 29, (6)

which becomes increasingly more accurate as u — 2.
This is in contrast to the case for the expression of the
precession frequency, which should be increasingly more
accurate in the Thomas-Fermi (TF) limit, corresponding
to large p.

We now turn to numerical investigations in order to
examine the validity of our results in the case of the
parabolic trap for constant nonlinearity strength, as well
as to generalize them to settings which are less straight-
forward to consider by analytical means. The results will
be partitioned in two subsections: firstly, we will pro-
vide bifurcation results from the BdG analysis, and sub-
sequently, we will also test the BAG predictions against
full numerical integration of Eq. (1).

III. NUMERICAL RESULTS
A. Bogoliubov-de Gennes Analysis

We start with the case of a harmonically confined BEC
with homogeneous interatomic interactions (i.e., g = 1).
In Fig. 1 we show the eigenfrequency w of the Bogoliubov
spectrum as a function of the chemical potential pu. We
observe that in accordance to the analytical predictions,
the lowest modes are (i) the one monotonically increasing
away from zero and (ii) the anomalous mode —connected
to the vortex precession (see previous section). For the
monotonically increasing mode, we notice that the non-
radial nature of the solutions at hand (due to their phase
profile) leads to the absence of additional symmetries of
the eigenvalue problem away from the linear limit. The
only symmetry generally present is that of the phase or
gauge invariance, associated with the conservation of the
number of particles. This sustains a pair of linearization
eigenfrequencies at w = 0, but as discussed in Ref. [56],
at the linear limit the dimension of the corresponding
kernel is 4, hence an eigenfrequency pair should depart
from the origin (at least for small ;1) according to Eq. (6).
As observed in Fig. 1, this prediction is in good agree-
ment with the numerical results, (naturally, deviations
are observed for larger chemical potentials). On the other
hand, as concerns the precession frequency, we notice its
monotonically decreasing dependence on p for given
(the latter, was set to © = 0.2 in Fig. 1), its bifurcation
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FIG. 1: (Color online) The eigenfrequency w of the Bogoli-
ubov spectrum as a function of the chemical potential p (for
a trap strength Q = 0.2). Theoretical predictions are given
by w = (u — 29Q) [(red) dashed line] for the mode mono-
tonically increasing from zero and w = (Q2/(2u)) log(Ap/Q)
[(green) dash-dotted line]; the constant A was chosen to be
2V/27 = 8.886.

from the Kohn mode eigenfrequency limit and its excel-
lent agreement with the theoretical prediction in the TF
limit (for all 4 > 1). We note in passing that in this two-
dimensional case, a pair of Kohn modes can be seen to
be preserved at w = 2 = 0.2, being associated with the
dipole oscillations of the condensate along the two spa-
tial directions, while the fourth mode at 0.2 in the linear
limit results in a monotonically growing eigenfrequency,
as p is increased.

We have also tested the validity of the analytical pre-
dictions concerning the two lowest eigenfrequencies for
different values of Q and as a function of u (see Fig. 2).
Once again, a very good agreement of the two asymp-
totic theoretical descriptions in their respective limits is
found.

We now consider an interesting modification to this
picture, arising from a consideration of inhomoge-
neous interatomic interactions, described by a spatially-
dependent scattering length a(z,y) (see, e.g., the re-
cent special volume [57]). Here, we will consider the ef-
fect of a periodic variation of the nonlinearity strength,
g = g(x,y) (i.e., a sort of a nonlinear optical lattice)
on the spectrum of a vortex. We will also draw paral-
lels with similar spectral implications in the setting of a
linear periodic potential analyzed in Ref. [58].

In Fig. 3, we study the case of a cosinusoidal vari-
ation of the nonlinearity strength, namely, g(z,y) =
1+ s (cos?(mz/4) + cos?(my/4)), monitoring the vortex
spectrum as a function of the chemical potential, where
s is the strength of the oscillation. In the same figure, the
typical form of the density and phase of the wave function
(the former showcasing spatial variation dictated by the
corresponding variation of the scattering length, and the
latter demonstrating the vortex structure of the config-
uration), as well as the Bogoliubov excitation spectrum,
are also illustrated. We notice that while most of the
relevant eigenfrequencies are only very weakly affected
by the spatially-dependent nonlinearity, the one which
is most dramatically affected is that of the anomalous
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FIG. 2: (Color online) Top: dependence of the anomalous
mode eigenfrequency on the chemical potential for different
trap frequencies 2. The data points are interpolated by the
functions fo(u) = (22/(2u))log(2v/27 /). Bottom: simi-
lar to top panel, but for the mode bifurcating from zero, as
compared to the theoretical prediction go(p) = p — 2.

mode. The comparison of the s = 0 case of Fig. 1 (blue
solid lines) with the red dashed line of s = 0.1 and the
green dash-dotted of s = 0.3 illustrates that the latter
two not only approach zero, but rather cross it at a finite
value of . For s = 0.1, the anomalous mode hits the
origin of the spectral plane at yu = 2.61, while for s = 0.3
at © = 1.56. However, it is perhaps even more remark-
able that this collision does not produce an instability
through an imaginary eigenfrequency (real eigenvalue)
pair, but rather maintains the stability of the configu-
ration (the eigenfrequencies appear to go through each
other). Generally, it can be seen that the trend of in-
creasing the oscillation strength in the cosinusoidal case
leads to a more rapid decrease of the anomalous mode
eigenfrequency with p and an “earlier” collision (i.e., oc-
curring for smaller p) with the spectral plane origin.

It is now interesting to turn to the case of the sinu-
sotdal modulation of the nonlinearity strength, namely
g(z,y) = 1+s (sin®(rz/4) + sin®(ry/4)). In this case, as
observed in Fig. 4, the fundamental difference is that the
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FIG. 3: (Color online) The case of a cosinusoidal varia-
tion of the nonlinearity strength. The top panel is simi-
lar to Fig. 1, the middle panels show contour plots of the
density (left) and phase (right) of the wave function, while
the bottom panel shows the respective Bogoliubov excita-
tion spectrum (real vs. imaginary part of the eigenfrequency
w, where instability would correspond to the existence of
eigenfrequencies with Im(w) # 0). The chemical potential
is 4 = 4 (approaching the Thomas-Fermi limit). Compari-
son of g(z,y) = 1+s (cos®(rz/4) + cos®(my/4)), with s = 0.1
[(red) dashed line] and s = 0.3 [(green) dash-dotted line], with
the case of s =0 [(blue) solid line).

anomalous mode is larger than that of the homogeneous
interactions case (g = 1). More importantly perhaps, its
dependence can also be non-monotonic, resulting in the
increase of the corresponding eigenfrequency for a chem-
ical potential p = 1. Consequently, this raises the pos-
sibility of collision of the relevant eigenmode with other
modes bifurcating from w =  for sufficiently large p
(1~ 2.11 in the case of s = 0.3 considered in the figure).
This, in turn, produces an instability due to the oppo-
site Krein sign of the colliding modes, yielding a quartet
of complex eigenfrequencies. The (positive) imaginary
part of the latter, is shown in the bottom panel of Fig. 4;
see also the second and third row of panels for a typical
profile and spectral plane of the relevant configuration.

The above features of the anomalous mode seem struc-
turally similar to the linear periodic potential case, where
again the cosinusoidal case was found to be dynamically
stable, while the sinusoidal one was unstable beyond a
critical lattice strength [58]. These results also motivate
an investigation of how this phenomenology may be mod-
ified in the presence of a dissipative term.

In this case, the pertinent model is the so-called dis-
sipative GPE, which can be expressed in the following
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FIG. 4: (Color online) Similar to Fig. 3, but for the case of
a sinusoidal variation of the nonlinearity strength. The first
three rows of panels are analogous to the panels of Fig. 3. The
case of g(z,y) = 1+ s (sin®(rz/4) + sin®(wy/4)), for s = 0.3
[(red) dashed line] is compared to that of s = 0 [(blue) solid
line]. The bottom panel shows the imaginary part of the
complex eigenfrequency; the oscillatory instability arises for
w>2.11.

dimensionless form:
1
(1 —y)ug = —iAu—&-V(r)u—&— Jul?u — pu, (7)

where the dimensionless parameter v can be associated
with the system’s temperature according to [40, 43] (see
also [46])

Ama’kpT
v=G X o (8)
with kp being Boltzmann’s constant and the heuristically
introduced dimensionless prefactor G ~ 3. The chemi-
cal potential and trap strength in Eq. (7) are set to the
values ¢ = 1 and Q = 0.2 (per the above discussion,
it is understood how different p and Q will modify the
relevant phenomenology).

In Fig. 5, we show the BdG spectrum of a vortex for
a case of 7 = 0 (zero temperature, i.e., no dissipation)
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FIG. 5: (Color online) The top panel shows the immediate
acquisition of a non-vanishing imaginary part of the eigen-
frequency associated with the anomalous mode, as soon as
the temperature-dependent dissipative prefactor v becomes
nonzero. The bottom panel highlights the special behavior of
the anomalous mode by illustrating the BdG spectrum for the
cases of v = 0 (red crosses) and that of v = 0.2 (blue circles).
Notice how in the latter case the eigenfrequencies form nearly
two symmetric arcs in the negative imaginary half-plane.

and for the case of v = 0.2 (finite temperature, i.e., dis-
sipation). It is clear that the lowest frequency mode of
the condensate (which for © =1 is the anomalous mode)
is the one that, for nonzero values of v, immediately ac-
quires a positive imaginary eigenfrequency, contrary to
what is the case for all other eigenmodes of the system. In
fact, precisely this property was rigorously proved in [25]
for negative Krein sign eigenmodes, namely that their
bifurcation upon such dissipative perturbations happens
oppositely to that of all other modes (of positive energy)
of the system. This remarkable feature is directly conso-
nant with the property of this excited state of the sys-
tem resulting, via the effect of dissipation (and through
the complex nature of the relevant eigenmode) eventually
into the ground state of the system. Moreover, notice
that this complex eigenmode also implies the combina-
tion of growing amplitude with the previously analyzed
precessional motion, leading to the spiraling of the vortex
core toward the edges of the TF cloud and its eventual
disappearance, in favor of the ground state of the system
(see below).

Lastly, let us investigate the effect of a periodic mod-
ulation of the nonlinearity on the stability of the system
for the finite-temperature case. For a periodic cosinu-
soidal modulation of the nonlinearity the imaginary part
of all eigenfrequencies vanishes and the system is sta-
ble for v = 0 as discussed above. The top panel of

Fig. 6 shows the maximal imaginary part of the eigen-
frequency as a function of « for different chemical po-
tentials p for g(z,y) = 1+ s (cos?(rz/4) + cos?(ry/4)),
with s = 0.3. For v = 0 the imaginary part of the eigen-
frequency vanishes for all cases. However, for small i the
imaginary part of the eigenfrequency becomes non-zero
immediately, similar to the case of a constant nonlinear-
ity strength. On the other hand, for large chemical poten-
tial the maximal imaginary part of the eigenfrequencies
remains zero independent of vy. Thus, the system remains
stable even in the presence of dissipation. This behavior
can be understood by investigation of Fig. 4. The occur-
rence of a positive imaginary part of the eigenfrequencies
is due to the fact that the anomalous mode is of negative
Krein sign. However, for the case of a cosinusoidal mod-
ulation of the nonlinearity one observes that the value
of the frequency of the anomalous mode decreases with
increasing p and, finally, even crosses the origin. At that
critical point, the frequency curve shows a crossover with
its opposite-value companion (of the same pair). However
the latter mode has a positive Krein sign and therefore
(since all negative signatures arise for negative frequen-
cies, and positive signatures for positive frequencies), the
imaginary parts of the eigenfrequencies become negative
in the case of nonzero . The bottom panel in Fig. 6 pro-
vides an overview of the eigenfrequencies for v = 0.2 and
n = 1.6. All eigenfrequencies were shifted further into
the negative imaginary half-plane in comparison to the
corresponding panel in Fig. 5. Importantly, the eigen-
frequencies corresponding to the (formerly) anomalous
mode got shifted into the negative imaginary half-plane
as is shown in the inset.

B. Direct Numerical Simulations

In this section we show results obtained by direct nu-
merical integration of Eq. (1) starting with different ini-
tial states containing a single vortex. In order to deter-
mine the position of the vortex as a function of time we
first compute the fluid velocity [15],

zu*Vu —uVu*
2 |ul?

Vs = — (9)
The fluid vorticity is then defined as wyor = V X vs. Due
to our setup, the direction of the fluid vorticity is always
the z-direction and, therefore, we can treat this quantity
as a scalar. Furthermore, we investigate single vortex
states leading to a single maximum of the fluid vorticity
at the position of the vortex. This allows us to determine
the position of the vortex by determining the center of
mass of the vorticity wyor-

Figure 7 shows the evolution of a single vortex for
g = 1. We displaced the vortex initially from the center of
the trap to (zg,y0) = (—1.5,0) and propagated the state
numerically using Eq. (1). The thus obtained results are
compared to the solutions of Egs. (2)—(3) = = zq cos(Ct)
and y = yosin(Ct) with C' = (22/(2u)) log(Au/) and
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FIG. 6: (Color online) The top panel shows the immediate
acquisition of a non vanishing imaginary part of the eigenfre-
quency associated with the anomalous mode, as soon as the
temperature-dependent dissipative prefactor v is nonzero for
small chemical potentials, but no acquisition of an imaginary
part for large chemical potentials. The bottom panel gives an
overview of the eigenfrequencies for v = 0.2 and p = 1.6. The
maximum imaginary part is zero. The inset shows that the
eigenfrequencies corresponding to the anomalous mode got
shifted into the negative imaginary half-plane.

the initial position (zg,yo). The theoretical predictions
agree very well with our numerical findings: the vortex
oscillates around the center of the trap with constant
frequency and radius (see top panel). The bottom panel
shows the trajectory for the case of constant nonlinear-
ity ¢ = 1 but for finite temperature (i.e., including dis-
sipation). The results shown were obtained by direct
numerical integration of Eq. (7) for v = 0.2, with the ini-
tial condition being a slightly perturbed eigenstate of the
system. Due to the instability of the system this small
perturbation leads to the spiraling out of the vortex, as
is physically anticipated in the presence of finite temper-
ature [59]; we note in passing that this work contains
a detailed model from microscopic first principles that
illustrates a similar phenomenology upon a spatially de-
pendent inclusion of the coupling of the condensate with
the thermal cloud.

Figure 8 shows the trajectory of a vortex for the
case of a periodically modulated sinusoidal nonlinearity,
g(z,y) = 1+ s (sin®(rz/4) +sin®*(7y/4)). The initial
configuration is a slightly perturbed eigenstate leading
to a small shift of the position of the vortex. Due to the
instability of the sinusoidal g(z,y) landscape, the vortex
spirals outwards initially, but then spirals inwards after

1000
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FIG. 7: (Color online) The left panel shows the trajectory of
the vortex for g = 1 and p = 3 obtained by direct integration
and the theoretical prediction obtained by solving Egs. (2)—
(3). Notice the excellent agreement between the two. The
right panel shows the corresponding trajectory for the case
taking into account dissipation, namely integrating Eq. (7)
with v = 0.2.

reaching a region with approximately constant nonlin-
earity. Subsequently the vortex follows a series of such
alternating (spiraling first outwards, and then inwards)
cycles in an apparently quasi-periodic orbit.

Figure 9 shows the trajectory of a vortex for the case
of a periodically modulated cosinusoidal nonlinearity,
g(z,y) = 1+ s (cos?(mx/4) + cos?(my/4)), without dis-
sipation (left panel) and with dissipation (right panel).
In this case, small perturbations do not get amplified
since the system is stable. However, a macroscopic dis-
placement of the vortex to (zg,yo) = (—1.5,0) leads to
the trajectories shown in the figure (see left panel). In
the case without dissipation the vortex moves outwards
(reaching a region outside the “square” of the first min-
ima of the nonlinearity) and oscillates around the center
on a trajectory with roughly constant nonlinearity. For
the case with cosinusoidal nonlinearity and dissipation
(see right panel), the vortex remains stable against small
perturbation and does not spiral out, contrary to the case
of a constant nonlinearity. Even for a macroscopical dis-
placement the vortex moves back to the center of the trap
and remains stable there. This behavior is possible be-
cause the effective potential due to the spatial variation
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FIG. 8: (Color online) The trajectory of a vortex for u = 3
for the case g(z,y) = 1+ s (sin®(wz/4) + sin®(wy/4)) with
s = 0.3. In the left panel the trajectory is plotted on top of
the profile of the nonlinearity, whereas the right panel shows
the trajectory as a function of time.

Ld

FIG. 9: (Color online) The trajectory of the vortex for u =3
for the case g(z,y) = 1+ s (cos*(rz/4) + cos*(my/4)) with
s = 0.3 without dissipation (left) and with dissipation (right)
with v = 0.2. The trajectories are plotted on top of the profile
of the nonlinearity. Notice the fast inward vortex motion in
the presence of dissipation.

of the nonlinearity creates the possibility for a metastable
vortex state even in the presence of dissipation.

In conclusion, the modulation of the nonlinearity opens
up the possibility to stabilize the vortex against exci-
tations due to finite temperature effects. This can be
extremely useful for setups which require stable vortex
states for a long period of time as, e.g., in the recent
work of Ref. [60] which suggests the use of a superposi-
tion of two counter rotating BECs as a gyroscope.

IV. CONCLUSIONS

In summary, in the present work, we examined the role
of anomalous modes in the motion of vortices in harmon-
ically confined condensates. We have also focused on the
settings of spatially dependent scattering lengths and of
finite temperature (as well as the combination thereof).
We found a number of interesting results, including an
explicit semi-analytical expression for the precession fre-
quency in the trap (by means of the matched asymptotics
technique), which was found to be in excellent agreement
with both bifurcation and direct numerical integration re-
sults, for different chemical potentials and trap frequen-
cies within the Thomas-Fermi regime.

We subsequently examined how the spectrum (more
generally —and the anomalous mode in particular) are
affected by the presence of spatially-dependent (har-
monic) interatomic interactions. We found that the lat-
ter may induce or avoid instabilities depending on the
curvature and the strength of the nonlinearity variation.
The effect of temperature was examined in a simple phe-
nomenological setting which, however, still enabled us to
observe the thermal instability of the vortex and its rapid
spiraling towards the edges of the condensate cloud. In-
triguingly enough, we also demonstrated that the effect of
spatially dependent nonlinearities may avoid the thermal
instability of the vortex by creating a local metastable
effective energy minimum wherein the vortex can spiral
inwards towards the center of the harmonic trap.

It would be particularly interesting to try to extend
both the analytical and the numerical considerations
herein towards different directions. On the one hand,
it is appealing to find similar particle-like equations for
the motion (and interaction) of multiple vortices within
the parabolic trap. On the other hand, it would be es-
pecially relevant to consider such multi-core realizations
in the presence of the thermal and spatially dependent
nonlinear effects. Yet another direction could be to ex-
tend considerations presented herein to 3D settings and,
in particular, to vortex rings (which are the fundamen-
tal higher-dimensional analogues of vortices considered
herein). Such studies are presently in progress.
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APPENDIX: EQUATIONS OF MOTION FOR
THE VORTEX

In this Appendix we detail the effects of the potential
on the position of the vortex via a matched asymptotics
approach between an inner and an outer perturbative



solution. The inner solution is of the form:
u(r,0,t) = [ug(r) + ex(r) cos(6)] /50 +<n(r) =@ " (10)

where ¢ is a formal small parameter associated with the
slow speed of precession and wg(r) is the radial vor-
tex profile, while x and 7 are functions of r, whose
asymptotics have been detailed in Refs. [49, 50] (see also
Ref. [47]). The outer perturbative solution can be ob-
tained by a lowest-order equation for the phase, result-
ing from a rescaling of space, r — er, and time, t — €%t,
namely:

AO+F -V =0, (11)

where F = Vlog(|up|?) (hereafter, boldface is used to
denote vectors) and |u,|? is the (background, hence the
relevant subscript) BEC density in the absence of the
vortex; notice that the density can be approximated in
the Thomas-Fermi (TF) limit as |up|? = p — V(r).

Interestingly, the similarity of Eq. (11) to Eq. (20) of
Ref. [50] could lead to the impression that the detailed
formalism of [50] could be blindly followed giving rise to
the precessional motion of Eq. (27) therein. However,
this turns out to be incorrect. Particularly, in Ref. [50],
it was non-generically assumed that F of the outer expan-
sion can be accurately approximated by a constant. In
our case where F ~ —Q?r/y (for small and intermediate
distances where the matching with the inner expansion is
performed), this approximation is clearly not an appro-
priate one. Instead, we follow the original formulation of
[49], which employs the change of variables

Q2

0,= S ((bw — ¢SZ2$) , (13)

(we will suppress the S-dependence hereafter, focusing on
singly-charged vortices). Then, the equation for ¢ reads:

02 02
Ap — —(zds +ydy) —2—¢ =0, (14)
K K
which, upon wusing the transformation ¢ =
H(r)/s/ 1 —V(r), yields
Q2
AH — IH = 276(r — ro), (15)

assuming a point vortex source at ry. This leads to the
asymptotic behavior H = —Ky(m|r — rp|), where K
is the modified Bessel function and m = €/,/u. This
should be directly compared with Eq. (23) of Ref. [50],
showcasing that instead of F"/2 in the latter equation,
here we have the constant factor m multiplying the dis-
tance from the vortex core. Once this critical modifica-
tion is made, the rest of the calculation of Ref. [50] can be
followed directly, yielding the final result (in the presence
of the trap):

by = ;jlog (A%5) v (16)
Yo = —gjlog (A%) Ty, (17)

where the pair (x,,y,) defines the location of the vortex
center, A is an appropriate numerical factor (detailed
comparison with numerics yields very good agreement in
the TF regime e.g. for A ~ 8.88 ~ 2/2m, see Sec. II).
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