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ABSTRACT

Recent experimental and theoretical progress in the studies of Bose-Einstein condensation (BEC) has precip-
itated an intense effort to understand and control interactions of nonlinear matter-waves. Key ingredients in
manipulations of matter-waves in BECs are a) external localized impurities (generated by focused laser beams)
and b) periodic potentials (generated by interference patterns from multiple laser beams illuminating the con-
densate). In this work we demonstrate the ability of time-dependent external optical potentials to drag, capture
and pin a wide range of localized BEC states, such as dark and bright solitons. The stability and existence
of pinned states is analyzed using perturbation techniques, which predict results that are well corroborated by
direct numerical simulations. The control of these macroscopic quantum states has important applications in the
realm of quantum storage and processing of information, with potential implications for the design of quantum
computers.
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1. INTRODUCTION

Since the first experimental realization of Bose-Einstein condensation (BEC) some 10 years ago,’ there has been
a new surge of theoretical and experimental work on matter-waves and their nonlinear excitations.? BECs were
predicted by Bose and Einstein in the 1920’s,> who demonstrated that, at zero temperature, all atoms in a
boson gas must fall into a single ground state. After their experimental creation became possible, BECs have
been observed in dilute vapors of rubidium, sodium, lithium, and other alkali atoms.! Presently, some forty
experimental groups around the world routinely create BECs. The BECs production technology relies on laser
techniques allowing to cool alkali atoms to temperatures below 1 nano-Kelvin, and confine them in traps built
of magnetic and/or optical fields.? These achievements were acknowledged through the 2001 Nobel prize in
Physics.*

Recent experimental advances in BECs allow for the creation and manipulation of matter-waves in diverse
configurations and dimensionalities. In quasi-one dimensional (1D) settings, dark® and bright® solitons have
been observed in experiments with, respectively, repulsive and attractive atoms in BECs. Two-dimensional
(2D) excitations, such as vortices” and vortex lattices® (see also the recent review of Ref. 9), have also been
considered and realized experimentally. Bright solitons of the gap type in repulsive condensates have been
predicted theoretically'® and have been created experimentally.!! Furthermore, stable multi-dimensional solitons
supported by optical lattices have also been proposed.'? 1213

The creation and manipulation of matter-waves may have important and profound applications for quantum
storage and processing of information. Particularly, solitons have the potential of being guided similarly to the
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manipulation of entire BECs in magnetic waveguides!* and atom chips.!® Furthermore, the similarity on the

underlying dynamical equations between matter-waves and light suggests exciting possibilities to apply known
results and techniques for optical solitons'® and quantum atom optics.!” The key ingredient in the manipulation
of solitary matter-waves relies on the precise control of external optical potentials, created by one or multiple
laser beams illuminating the BEC. For example, a sharply focused laser beam may be used to sculpture a desired
BEC density distribution.® Furthermore, depending on the detuning of the laser with respect to the frequency
of a relevant intrinsic transition in the atom, this sharply focused laser beam can create a repulsive or attractive
defect (“impurity”). The defect can be then used to pin or transport (drag) dark and bright solitons. Also, this
impurity, when moving through the condensate at sufficient speed, can generate nonlinear excitations, such as
solitons, vortices and periodic trains thereof.!820

A particularly interesting possibility in BECs is engineering a periodic potential in the form of an optical
lattice (OL), which is created as a standing-wave interference pattern between mutually coherent laser beams.?1 26
The possibility to control the OL has led to the realization of many interesting phenomena, including Bloch
oscillations,?® 27 Landau-Zener tunneling?! (in the presence of an additional linear external potential), and
classical®® and quantum?® superfluid-insulator transitions. Recent reviews on the studies of nonlinear matter-
waves trapped in OLs can be found in Refs. 29 and 30.

In this work we summarize some of our recent results concerning the generation and manipulation of dark
and bright solitons by optical tools. In particular, we focus on: (a) the generation of soliton trains by a moving
laser beam,2? (b) trapping bright solitons using a static laser beam,3! and (c) controlling the motion of dark32
and bright®? solitons with OLs. The paper is organized as follows. In Sec. 2, after introducing the model, we
demonstrate the possibility of creating dark soliton trains by a moving impurity (induced by a focused laser
beam). In Sec. 3 we examine the dynamics of bright solitons in the presence of attractive and repulsive localized
static laser beams. In Sec. 4 we demonstrate that the motion of dark solitons can be controlled by means of
the periodic OL. In Sec. 5 we investigate static and dynamical properties of bright solitons, and the possibility
to manipulate them by an external time-dependent OL. Finally, we summarize our results and discuss possible
generalizations in Sec. 6.

2. NUCLEATION OF DARK SOLITONS

In the framework of the mean-field theory, and at sufficiently low temperatures, the BEC is described by the
Gross-Pitaevskii equation (GPE),3*3% that in normalized form reads3°:

tup = f%v% + Jul*u + V(r) u, (1)

where u(r,t) is to the mean-field wave function (Ju|? is the density of atoms), the (&) sign corresponds to
repulsive (+) and attractive (—) interatomic interactions, and the external potential V(r) accounts for the
parabolic magnetic trap (the one which usually confines the condensate), or any other external potential (such
as the OL, impurities, etc.). One of the most attractive features of the potential V' is the relative experimental
ease of creating any desired external profile from laser interference patterns. The shape of the magnetic trap plays
an important role determining the effective spatial dimensionality of the BEC. In experiments, highly anisotropic
traps, that can be realized by a proper choice of strengths of different components of the magnetic fields, can
be used to create either “pancake” -shaped condensates or “cigar” -shaped ones, which are, essentially, two- and

one-dimensional objects; in the latter case, the BEC dynamics is accurately described by a one-dimensional (1D)
GPE.3739

In the present study we will concentrate on 1D BECs, described by the 1D version of Eq. (1), and we consider
an external potential of the form

V(:L‘) = VMT(JI) + VoL (l‘) + Vimp(l‘)
(2)
= % 022 4+ Vé(i) cos?(kx + @) + Vliﬁf) fl@=¢).

The first potential term, Vi1, accounts for the above-mentioned magnetic trap where the condensate is held, with
trap frequency 2. The second term, Vo, represents the periodic potential generated by the OL with strength
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Figure 1. Typical scenario for the nucleation of dark solitons by an impurity moving (to the right) in a repulsive BEC.
The parameter values for this run are Q = \/5/ 200, vﬁrﬂ; = 0.5, ¢ = 0.3 and v = 1. The left panels show the spatial
profiles of the density (solid line) and the potential (dashed line) for ¢t = 0, 75,250 while the right panel shows a contour
plot of the spatio-temporal evolution of the atomic density.

Vé(i), wave number k and detuning factor ¢. The wavenumber k can be controlled by varying the angle 6 between
the counter-propagating laser beams at a given optical wavelength Ajager, 50 that A = 27 /k = (Ajaser/2) sin(6/2).4°
Finally, the third term, Vinp, represents a localized impurity with strength Vl(rgz) and profile f located at position
¢, generated by a focused laser beam. Within the normalization adopted in Eq. (1),2? x is measured in units
of the healing length {; = h/\/nogipm, where ng is the peak density and g1p = g3p/(2m(?) is the effective 1D
interaction strength, obtained upon integrating the 3D interaction strength gsp = 4wh%a/m in the transverse
directions (a is the scattering length, m the atomic mass, and I, = y/i/mw, is the transverse harmonic
oscillator length, with w,; being the transverse-confinement frequency). Additionally, ¢ is measured in units of
&ni/cs (where cg = /nggip/m is the Bogoliubov speed of sound), the atomic density is rescaled by dividing
it by the peak density ng, and energy is measured in units of the chemical potential of the system, u = g1 png.
It is important to stress that the GPE (1) (which is a variant of the commonly known nonlinear Schrédinger
equation) models, in the context of optics, the propagation of pulses in optical fibers, or beams in waveguides
and bulk media. In the former case, time ¢ and space x represent the spatial coordinate along the fiber and
reduced time, while, in the latter case, they represent the longitudinal and transverse coordinates, respectively.
In both cases, |u|? represents the light intensity, and the nonlinear term represents the response of a defocusing
(+) or focusing (—) nonlinear medium.

In the absence of the OL, a moving impurity with £ = vt is capable of nucleating dark solitons inside a
repulsive BEC.2° To model the localized impurity we use the most natural beam shape, i.e., the Gaussian profile

0
m

Vimp(2,1) = Vi) exp (—(z — vt)?/€?) , (3)

with the amplitude VIESL, width € and velocity v > 0. It is known that an impurity moving across a uniform
background at a speed larger than the Bogoliubov speed of sound ¢g (in our units cs = v/2) will generate sound
waves.'® 19 Since the background density of the stationary condensate is inhomogeneous (due to the presence
of the magnetic trap) and decays to zero away from its center, there will always be a point beyond which the
density is small enough for the impurity with a given velocity to become supersonic. Therefore, emission of waves
should occur for any speed v of the impurity. In Fig. 1 we show a typical example of a localized impurity moving
through the condensate. It is clearly seen that a train of dark solitons is indeed generated by the impurity as
it traverses the condensate. In Ref. 20, we showed that the dependence of the critical density of the nucleation
on the impurity speed v features two different regimes: a) for small v one can assume adiabaticity, and it is
possible to approximate the critical nucleation density using a perturbative approach!'®; b) for larger v, this
adiabatic approach is no longer valid and the critical nucleation density is always smaller than in the former
regime. Another important feature that can be noticed from Fig. 1 is that after the first nucleation, a series
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Figure 2. a) and d) Saddle-node bifurcation and stability for stationary states of a bright soliton pinned by a localized
impurity. The panels in b)-d) and f)-h) represent, respectively, all the steady states for a repulsive and an attractive

impurity of strength VI(H?L = F1. The relevant parameters for all panels correspond to a magnetic trap with strength

Q = 0.1 and an impurity located at £ =6

of periodic nucleations occur, giving rise to a quasi-equispaced train of dark solitons. Further investigation?’

reveals that the distance between solitons in the chain decays monotonically with the increase of the impurity
speed v (results not shown here).

3. BRIGHT SOLITONS PINNED BY LOCALIZED IMPURITIES

In this section we study the equilibrium positions and their corresponding stability characteristics for bright
solitons in the presence of a focused laser beam. Therefore, we assume the attractive nonlinearity in the GPE
(1) which, in the absence of the external potential (V = 0), supports bright soliton solutions of the form

us = 1 sech e — Q)] exp (in/2) (4)

where 7 is the soliton’s amplitude, and ( is the coordinate of its center. Moving solitons can be generated from
the zero-velocity one by the Galilean boost. The persistence and dynamics of the bright solitary waves in the
presence of the potential V(x) can be studied by means of the standard perturbation theory (see e.g., Refs. 41
and 42 or through the Lyapunov-Schmidt reduction techniques used in Ref. 43). Let us consider bright solitons
(in the absence of the OL, i.e. Vé(i) = 0), which are present in a potential consisting of the combination of a
magnetic trap Vyyr and an infinitely localized impurity of the form

Vi (1) = ~ Vi, 8(z = &). (5)

Imp

Treating the soliton as a quasi-particle, it can readily be found that the impurity and the magnetic trap give rise
to effective potential forces acting on the particle, thus inducing a Newton-type dynamics for its center of mass
<),

(= 3! +  Fur

= 2PV tanh(n(€ — () sech®(n(€ —¢)) — 20%(n.

The equation of motion for the soliton’s center (6) has, generically, one or three fixed points, depending on the

parameters (see Fig. 2.a). Upon further inspection,3! the trivial fixed point ¢ = 0, corresponding to a bright
(0)
mp

(6)

soliton at the bottom of the magnetic trap, is stable. As the strength of the impurity V}, | is increased, fixed
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Figure 3. Left: Entrapment of a moving dark soliton by a potential well belonging to an optical lattice switched on at
to = 177 (and T' = 5). The dotted/solid line corresponds to the dark soliton’s trajectory in the absence/presence of the
time-modulated optical lattice. Right: The targeted transfer of a dark soliton. The continuous and dashed curves show,
respectively, the actual law of motion of the trapped dark soliton, and that of the driving optical lattice drive (10), with
to = 100 and T' = 60. In both panels, the strength of the parabolic trap is €2 = 0.025, and parameters of the optical
lattice are Vé?j =0.07 and k = 1.

points of Eq. (6) undergo a saddle-node bifurcation which creates two new steady states near the center of the

impurity, see Fig. 2.e). For the repulsive impurity (VIESL < 0), the fixed point closest to the center of the impurity

is unstable, while the fixed point to the right of the impurity is stable. For the attractive impurity (Véﬁ; > 0),
the stability is reversed and the stable fixed point is the one closest to the impurity. In Fig. 2 we depict examples
of all the fixed points found for this system. Panels b) through d) correspond to the repulsive impurity, while
panels f) through h) correspond to the attractive one.

These results are relevant to the trapping and, potentially, to the guidance of bright matter-wave solitons.
They illustrate the possibility of pinning bright solitons at desired locations, using an appropriate localized
impurity created by a focused laser beam. The robustness of some of the fixed points paves the way for potentially
dragging bright solitons in a controllable way by means of an adiabatically moving impurity. An important result
in that connection is that the beam’s intensity must exceed a critical value in order to pin (and potentially carry)
the soliton.33

4. DRIVING DARK SOLITONS BY OPTICAL LATTICES

We will now consider the motion of dark solitons trapped in a combined magnetic and OL potential of the form
(2), without the impurity (Vl(rgfD = 0). In the absence of any potential (V = 0), the repulsive GPE (1) possesses
exact dark soliton solutions of the form**:

u(z,t) = ug (cos ptanh ¢ 4 i sin ) exp(—ipot), (7)

where ug is the amplitude of the uniform background, po = u3 corresponds to the dimensionless chemical po-
tential (in the present work we take ug = 1), ¢ is the phase shift across the dark soliton (|¢| < 7/2), and
¢ = ugp (cos ) [ — up(sin p)t]. The amplitude (depth) and velocity of the dark soliton are ug cos ¢ and wug sin ¢,
respectively. The limiting case ¢ = 0 corresponds to a quiescent black soliton, u = ug tanh(ugz) exp(—iuot).
Many theoretical studies have been devoted to the dynamics of dark solitons in the presence of external poten-
tials.#>46 In the presence of the magnetic trap only, the dark soliton oscillates with the frequency w r=Q/ V2.
In the presence of both the magnetic trap and the OL, the motion of the dark soliton depends on the OL’s period,
as compared to the soliton’s width.*” The long-period OL can be treated as a perturbation, and the dynamics of
the dark soliton can adjust itself to the smooth potential.*” For the short-period OL, a multiple-scale expansion
reveals*” that the system reduces to the motion of a dark soliton inside an effective magnetic trap (with no
OL) with a renormalized strength, in which the oscillation frequency is wegr = wy (1 — (76%)/(256k?)), where

5=V k.

Let us now consider in more detail the effects of a time modulated OL of the form

Vou(z,t) = g(t) V&Y cos®[k(z — y(t)) + ¢], 8)
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where g(t) is a switching function and y(t) is the time-varying position of the OL. First, we try to capture (freeze)
the motion of a dark soliton that is freely oscillating inside the magnetic trap (Vc()(I)J) = 0). For that purpose we
set up a dark soliton performing harmonic oscillation between x = —37/2 and « = +37/2. Then we switch on

a static OL (y(¢t) = 0), using the smooth switching function

o) = % [1 + tanh <t _Ttoﬂ )

with tg = 177 corresponding to the time when the dark soliton is at its maximum position (z = 37/2) and with
zero velocity. A typical example of the resulting dynamics is depicted in the left panel of Fig. 3. As the OL is
switched on, the dark soliton finds itself inside a local minimum of the OL where it performs small oscillations
that gradually increase due to weak radiation loss.*®4?  As seen from the figure, the dark soliton remains trapped
for relatively long times and then eventually escapes due to the radiation loss. More detailed simulations also
demonstrate that the dark soliton can be trapped at any time and at any position, as long as the switching-on
time T is small enough and the OL strength in sufficiently large.

We now consider a challenging possibility of transferring a dark soliton by steadily moving the OL. For that
purpose, we start with a dark soliton already trapped at an OL minimum and then we proceed by time-varying
the position of the OL (with g(t) = 1):

) =+ 5 (o =) [ 1+t (2 )] (10)

where n; and 7y are the initial and (desired) final positions of the dark soliton’s center, while T" and ¢, are constants
controlling, respectively, the duration and the beginning of the transfer. Extensive simulations demonstrate the
possibility of the controlled transfer of dark solitons by moving OLs. A typical example is shown in the right
panel of Fig. 3, where a soliton initially placed at n; = —37/2 is delivered to ny = 7/2. As in the previous
example, radiation loss is again responsible for a gradual increase in the amplitude of local oscillations that
eventually leads to the escape of the dark soliton from the relevant potential well.

5. DRIVING BRIGHT SOLITONS BY OPTICAL LATTICES

In this section we examine manipulations of bright solitons by OLs. We thus use the GPE model (1) with the
attractive nonlinearity and we apply the same OL potential (8) as defined in the previous section. Using e.g.
¢ = —m/2 and the same switching function (9) makes it possible to steadily move the OL as per Eq. (10). For a
static OL (g(t) = 1 and y(t) = 0), there exist several possible steady states generated by the competition of the
magnetic trap and the OL. As in Sec. 3, it is possible to study the dynamics of the bright soliton using standard
perturbation techniques.*42 A careful analysis®® shows that the bright soliton behaves like a quasi-particle
inside an effective potential

Ve (z) = nQ22? — wVé(Bk cos(2kx)csch (km/n) . (11)

Notice that, depending on values of the parameters, this potential may have a single extremum at = = 0, or
multiple ones. The stability of the soliton resting at a stationary position can also be analyzed in terms of the
effective potential (11): the position is stable if it corresponds to a potential minimum. This well-known result
can be rigorously derived using the theory developed in Ref. 50 and reformulated in Ref. 51 (see also Refs. 52 and
53). In particular, the curvature of the effective potential at the stationary position determines the stability of
the fixed point: minima and maxima of the effective potential (11) give rise, respectively, to stable and unstable
equilibria. Extensive numerical simulations (not shown here) corroborate this expectation.®® Note that minima
of the effective potential (11) differ from the minima of the external potential V' (x) which traps the atoms.

After addressing the stability of bright solitons at different local minima of the potential, let us now study the
possibility of their manipulation by steadily translating the OL. As in the previous section, we try two different
approaches. The first approach consists of snaring a bright soliton performing harmonic oscillations inside the
magnetic trap by suddenly switching on the OL, using the switching-on function g(¢) [cf. Eq. (9)]. The second
approach consists of adiabatically transferring a bright soliton by steadily moving the OL using the translation
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