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a b s t r a c t

We study the existence, stability, and mobility of fundamental discrete solitons in two- and three-
dimensional nonlinear Schrödinger lattices with a combination of cubic self-focusing and quintic self-
defocusing onsite nonlinearities. Several species of stationary solutions are constructed, and bifurcations
linking their families are investigated using parameter continuation starting from the anti-continuum
limit, and also with the help of a variational approximation. In particular, a species of hybrid solitons,
intermediate between the site- and bond-centered types of the localized states (with no counterpart in the
1D model), is analyzed in 2D and 3D lattices. We also discuss the mobility of multi-dimensional discrete
solitons that can be set in motion by lending them kinetic energy exceeding the appropriately defined
Peierls–Nabarro barrier; however, they eventually come to a halt, due to radiation loss.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

A large number of models relevant to various fields of physics
are based on discrete nonlinear Schrödinger (DNLS) equations [1].
A realization of the one-dimensional (1D) DNLS model in arrays
of parallel optical waveguides was predicted in Ref. [2], and
later demonstrated experimentally, using an array mounted on
a common substrate [3]. Multi-channel waveguiding systems
can also be created as photonic lattices in bulk photorefractive
crystals [4]. Discrete solitons are fundamental self-supporting
modes in the DNLS system [1]. The mobility [5,6] and collisions [6,
7] of discrete solitons have been studied in 1D systems of the DNLS
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type with the simplest self-focusing cubic (Kerr) nonlinearity.
The DNLS equation with the cubic onsite nonlinearity is also a
relevant model for Bose–Einstein condensates (BECs) trapped in
deep optical lattices [8].
A more general discrete cubic nonlinearity appears in the

Salerno model [9], which combines the onsite cubic terms and
nonlinear coupling between adjacent sites. A modification of the
Salerno model, with opposite signs in front of the onsite and
inter-site cubic terms, makes it possible to study the competition
between self-focusing and defocusing discrete nonlinearities of the
same (third) power. This has been done in both 1D [10] and 2D [11]
settings.
Lattice models with saturable onsite nonlinear terms have

been studied too. The first model of that type was introduced by
Vinetskii and Kukhtarev in 1975 [12]. Bright solitons in this model
were predicted in 1D [13] and 2D [14] geometries. Lattice solitons
supported by saturable self-defocusing nonlinearity were created
in an experiment conducted in an array of optical waveguides built
in a photovoltaic medium [15]. Dark discrete solitons were also
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considered experimentally [16] and theoretically [17] in the latter
model.
Experimental observations of optical nonlinearities thatmay be

fitted by a combination of self-focusing cubic and self-defocusing
quintic terms have been reported in homogeneous [18] and
heterogeneous (colloidal) [19] media (in fact, other combinations
of signs of the cubic and quintic terms are possible too [19]). These
observations underscore the relevance of the dynamics of solitons
in the NLS equation with the cubic–quintic (CQ) nonlinearity.
A family of stable exact soliton solutions to the 1D continuum
NLS equation of this type is well known [20]. The possibility of
building an array of parallel waveguides using optical materials
with the CQ nonlinearity suggests considering the DNLS equation
with the onsite nonlinearity of the CQ type. In particular, this DNLS
equation arises as a limit case of the continuum CQ–NLS equation
which includes a periodic potential in the form of periodic array
of rectangular channels, i.e., the Kronig–Penney lattice. Families of
stable bright solitonswere found in 1D [21] and 2D [22] versions of
the latter model (the 2D one, based on a ‘‘checkerboard’’ potential,
supports both fundamental and vortical solitons).
The findings of a CQ–DNLSmodel may also be relevant in terms

of the mean-field description of a self-attractive BECs confined
by a slab-shaped trap, combined with a sufficiently strong 2D
optical-lattice potential acting in the plane of the slab (although
quantum effects, such as a superfluid to Mott insulator transition,
are also relevant in the latter case [23]). The condensate trapped
in each elongated potential well of this configuration is described
by the Gross–Pitaevskii equation with an extra self-attractive
quintic term which accounts for the deviation of the well’s shape
from one-dimensionality [24]. The tunneling of atoms between
adjacent potential wells in this setting is approximated by the
linear coupling between sites of the respective lattice.
The simplest stationary bright solitons, of the unstaggered

type (without spatial oscillations in the solitons’ tails), have been
studied in the 1D version of the CQ–DNLSmodel in Ref. [25]. It was
demonstrated that this class of solitons includes infinitely many
familieswith distinct symmetries. The stability of the basic families
was analyzed, and bifurcations between them were explored in
a numerical form, and by means of a variational approximation.
Dark solitons in the samemodel were recently studied [26] and, in
another very recent work, staggered 1D bright solitons as well as
the mobility of unstaggered ones have been investigated [27].
The aim of the present work is to study the existence, stability,

and mobility of bright discrete solitons in two- and three-
dimensional (2D and 3D) NLS lattices with the nonlinearity of
the CQ type. As suggested by previous works, especially Ref. [25],
the competition of the self-focusing cubic and self-defocusing
quintic nonlinearities in the setting of the discrete model may
readily give rise to multi-stability of discrete solitons, which is not
possible in the ordinary cubic DNLS model [28], nor in the discrete
CQ model where both nonlinear terms are self-focusing [29]. In
addition to that, one may expect that the CQ model shares many
features with those including saturable nonlinearity [30,14], such
as enhanced mobility of multidimensional discrete solitons (as
mentioned above, mobile discrete solitons can be readily found in
the 1D CQ–DNLS equation [27]).
The paper is organized as follows. In the next section, we

introduce the model and outline the method used to construct
the multi-dimensional discrete solitons. In Section 3, we focus on
stability and existence regions for 2D discrete solitons, and the
respective bifurcations. Mobility of the 2D solitons on the lattice
is studied in Section 4. Section 5 reports extensions of these results
to 3D latices. In Section 6 we report analytical results obtained by
means of a variational approximation, and Section 7 concludes the
paper.
2. The model

In dimensionless form, the 2D DNLS equation with the onsite
nonlinearity of the CQ type is:

iψ̇n,m + C1(2)ψn,m + 2|ψn,m|2ψn,m − |ψn,m|4ψn,m = 0, (1)

where ψn,m is the complex field at site {n,m} (the amplitude of
the electromagnetic field in an optical fiber, or the local mean-field
wave function in BEC), ψ̇ ≡ dψ/dt , and C > 0 is the coupling
constant of the lattice model. We assume an isotropic medium,
hence the discrete Laplacian is taken as

1(2)ψn,m ≡ ψn+1,m + ψn−1,m + ψn,m+1 + ψn,m−1 − 4ψn,m. (2)

The CQ nonlinearity is represented by the last two terms in Eq. (1).
Eq. (1) conserves two dynamical invariants: norm (or power, in

terms of optics),

M =
∑
n,m

∣∣ψn,m∣∣2 , (3)

and energy (Hamiltonian),

H =
∑
n,m

[
C(|ψn+1,m − ψn,m|2 + |ψn,m+1 − ψn,m|2)

− |ψn,m|
4
+
1
3
|ψn,m|

6
]
. (4)

The conserved quantities play an important role in the analysis of
the mobility of discrete solitons, see Section 4.
Steady state solutions are sought for in the usual form,

ψn,m = un,m exp(−iµt), where µ is the real frequency, and the
real stationary lattice field un,m satisfies the following discrete
equation:

µun,m + C1(2)un,m + 2u3n,m − u
5
n,m = 0. (5)

More general solutions carrying topological charge, for which the
stationary field un,m is complex, fall outside of the scope of the
present work, and will be considered elsewhere.
In one dimension, bright-soliton solutions of Eq. (5) can be

found as homoclinic orbits of the corresponding two-dimensional
discrete map [31]. This technique was used to construct 1D soliton
solutions to the CQ–DNLS model in Ref. [25]. Since this method
is not available in higher dimensions, we construct the solutions
starting from the anti-continuum limit, C → 0, and perform
parameter continuation to C > 0. A multidimensional version
of the variational approximation can also be used to construct
solutions for small values of C , see Section 6.
In Ref. [25], two fundamental types of solutions were studied:

site-centered and bond-centered solitons. Each family of solutions
was further subdivided into two sub-families, which represent
‘‘tall’’ and ‘‘short’’ solutions for given parameter values. Moreover,
each sub-family contains, depending on the value of C , wider
solutions that may be built by appending extra excited sites to the
soliton. The reason for the co-existence of the tall and short sub-
families is clearly seen in the anti-continuum. If C = 0, Eq. (5)
reduces to the following algebraic equation:

µun,m + 2u3n,m − u
5
n,m = 0, (6)

which has at most five real solutions, viz., four nontrivial ones,

un,m = ±
√
1±

√
1+ µ, (7)

and un,m = 0 (note that these are also fixed points of the above-
mentioned discretemap in the 1D case). Obviously, Eq. (7) gives, at
most, two different non-trivial amplitudes, that may be continued
to C > 0, giving rise to tall and short solitons respectively. To build
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Fig. 3. Left (from top to bottom): Contour plots of solutions of the site-
centered, bond-centered, and hybrid types for (µ, C) = (−0.7, 0.1). Right: The
corresponding 3D plots.

3. The existence and stability of stationary solutions

Detailed existence and stability regions of all above-mentioned
solutions are quite intricate and particularly hard to detect. As
described for the 1D case in Ref. [25] and mentioned above, we
expect in the 2D case the existence of a large family of solutions
at low values of C , which gradually annihilate, through a series of
bifurcations, as C → ∞ (see Ref. [32] for a detailed description
of the termination scenario, typically through saddle-node or
pitchfork bifurcations, for the various families of the basic discrete
solitons as the coupling parameter is increased). By plotting the
power M for various types of the solutions (site-centered, bond-
centered, and hybrid, each with various widths) at fixed values of
C against frequency µ, it is possible to trace the trend followed
by the solutions (see Fig. 4). For C = 0, the exact power for
each solution can be found. A snake like pattern extending from
µ = −1 to µ = 0 exists and continues for arbitrarily large
powers. This ‘‘snaking’’ is also displayed for different values of
C > 0 in Fig. 4. Branches of the M(µ) curve with higher powers
correspond to wider solutions. A typical progression observed
as one follows the M(µ) curve from bottom (low power) to
top (high power) is switching between short and tall solutions
with gradually increasing width. For example, the first branch,
which represents short narrow solutions, collides with a branch
of tall narrow solutions, which then collides with a set of short
wide solutions, and so on. As the coupling strength increases, the
power curve gets stretched upward. Following the stretching, the
solutions gradually vanish, until there remains a single profile.
Similar to what was found in cubic DNLS equation in Ref. [34] the
bright stationary solutions in the CQ model also bifurcate from
plane waves (near µ ≈ 0 for the CQ model). It is worthwhile
highlighting here the increased level of complexity of the M(µ)
curves in the cubic–quintic model (due to the interplay of short
Fig. 1. (Color online) Solutions to Eq. (1) for (µ, C) = (−0.7, 0), which are used as
seeds to find nontrivial solutions at C > 0 (only a 1D slice is shown, see Fig. 3 for
profiles in two dimensions). Top left: ‘‘Tall’’ (blue cross markers) and ‘‘short’’ (red
plus markers) site-centered solutions. Top right: ‘‘Tall’’ and ‘‘short’’ bond-centered
solutions. Bottom: Wider extensions of the ‘‘tall’’ site-centered solution.

Fig. 2. (Color online) The continuation to C = 0.1 of the solutions shown in Fig. 1.

wider solutions, one has to considermultiple contiguous sites with
nonzero field. Using the C = 0 solutions as seeds, we are able to
generate a large family of solutions in the (µ, C) parameter plane,
as shown in Figs. 1 and 2. It is found that all thewide solutions tend
to disappear through saddle-node collisions between the tall and
short solutions as C increases, similarly to what is the case for the
cubic DNLS problem, as discussed in Ref. [32].
Another fundamental type of solution that arises in higher-

dimensional lattices is a hybrid between the site-centered and
the bond-centered solutions along the two spatial directions, see
bottompanels in Fig. 3. This type of hybrid solutionwas considered
previously in the case of the cubic DNLSmodel in Ref. [33].We only
consider these three symmetric types of localized states, namely
the bond-centered, site-centered, and hybrid ones (see Fig. 3),
together with their intermediate asymmetric counterparts (see
Fig. 8(c) for an example). The hybrid solution admits other natural
variations, namely any combination of the various types of bond-
centered solutions along one axis and any site-centered profile
along the other. Since their behaviors are very similar, we consider
only one such type of solutions.


















