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3 Finite Cones and Linear Inequalities

In this section and the following section we assume that F is the field of
real numbers R, or a subfield of R.

If a set is closed under multiplication by non-negative scalars it is called
a cone. This is in analogy with the familiar cones of elementary geometry
with vertex at the origin which contain with any point not at the vertex
all points on the same half-line from the vertex through the point. I the
cone is also closed under addition it is called
a convex cone. 1t is easily seen that a convex
cone is a convex set.

If C is & convex cone and there exists a
finite set of vectors {«;, ..., a,} in € such
that every vector in C can be represented as
a linear combination of the «; with non-
negative coefficients, a mosn-negative linear
combination, we call {ay, . .., «,} the gener-
ators of C and call C & finite cone. The cone
generated bya single non-zero vector is called
a half-line, A dependable picture of a finite
cone is formed by considering the half-lines formed by each of the gener-
ators as constituting an edge of a pointed cone as in Fig. 3. By con-
sidering a solid circular cone in R? it should be clear that there are convex
cones that are not finite. A finite cone is the convex hull of & finite number
of half-lines.

Let S be the largest subspace contained in €. If' 5 = [0}, then § contains
no line through the origin. In this case we say that C is pointed. If S
is of dimension 1, then C is wedge shaped with S forming the edge of the
wedge.

Given any subset W < V, let W+ denote the set of all linear functionals
that take on non-negative values for all @ € W, that is, W+ = {¢ | g = 0
for all w € W). Wt is closed under non-negative linear combinations and
is a convex cone in V. W+ is called the dual cone or polar cone of W.
Similarly, if W< V, then W+ is the set of all vectors which have non-
negative values for all linear functionals in W. In this case, too, Wt is
called the dual cone of W. For the dual of the dual (WYt we write W,

Theorem 2.1. () If Wy, © W, then Wit D Wit

() (W, + Wy = Wt nWmif 0e W, N W,
(3 W, Wt = (W, N Wyt

proof. (1) is obvious.

Fig. 3
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(DI e Wir n W,*, then for all o = o + oy, where o, & W, and
x; € Wy we have da == o, -+ dor, > 0. Hence Wit Wyt < (W W)t
On the other hand, W, < Wi + W, so that W+ o (W) + Wit Similarly
Wy™ = (W, + W,)*. Hence, Wit n Wt o (W, + W) Tt follows then
that Wi n W, m = (W, + Woyt,

(3 Wi W, nW, so that Wit = (W, o wyt, Similarly, W,*
< (Wi ™ Wt Tt then follows that Wit o+ Wk < (W, n Wot,

Theorem 2.2. W < W gnd W+ = Wt

PROOF. Let W V. If ae W, then $a > 0 for all e W+, This
means that W < W+, [t then follows that W+ o (WHtt = W+t Op
the other hand from Proposition 2.1 we have W+ o (W e Wi,
Thus Wt = W+ . The situation is the same for W< v,

A cone C is said to be reflexive if € == Cre,

Theorem 2.3. A cone iy reflexive if and only if it is the dual cone of a set
in the dual space.

PROOF.  Suppose Cis reflexive. Then € = C++ is the dual cone of Ct,
On the other hand, if € is the dual cone of W ¥, then € = W+ =
Wit = C++ and C is reflexive.

The dual cone of a finite cone is called a polyhedral cone, If C is a finite
cone in V generated by the finite set G = (B b} then €+ = D =
{o| o 2 0 for all ¢, & G}. A dependable picture of a polyhedral cone
can be formed by considering a finite cone, for we soon show that the two
types of cones are equivalent. Each face of the cone is a part of one of the
hyperplanes {o | b == 0}, and the cone is on the positive side of each of
these hyperplanes, In a finite cone the emphasis is on the edges as genera-
ting the cone; in a polyhedral cone the emphasis is on the facesas bounding
the cone.

Theorem 2.4, Let o be a linear transformation of U into V. ifCisa
Jinite cone in U, then o(C) is a Jinite cone. If D js g polyhedral cone in ¥,
then o-4D) is g polyhedral cone.

PROOF.  If {of, ..., «,} generates C, then {oay), . .., o(,)} generates
o(C). Let D bea polyhedral cone dual to the finjte cone £ in ¥, The
following statements are equivalent: « & o-YD); oo}y eD; polu) >0
for all w € E; #(y)a > 0 for all weE; xe(FE)Y. Thus oDy is dual
to the finite cone &(E) in  and is therefore polyhedral,

Theorem 2.5, The sum of a finite mimber of finite cones is g Jfinite cone
and the intersection of a finite mumber of polyhedral cones is g polyhedral
cone.

PROOF.  The first assertion of the theorem is obvious. Let Dy,...,D,
be polyhedral cones, and Iet €. oy G, be the finite cones of which they
are the duals. Then €, 4 - - + €, is a finite cone, and by Theorem 2.1
D b =ctn-- A Cr=(Ci+ - +C) s polyhedral.
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; i hedral,
m 2.6.  Every finite cone is poly. _ '
fl’rlfgt(’: The theorem is abviously true in a vector space of dimension L.

Let dim ¥ = # and assume the theorem is true in vector spaces of dimen-

ion less than n. . ‘ |
SEGI et A= {x,...,a,} be a finite set generating the finite cone C. We

can assume that each o, 3 0. For each o, let W), be a corrfplzn;in(l;rz
subspace of (¢}, that is, ¥ = W,h & (ak>.. Let =, b; ﬂ‘lcdp::?f; o
onto W, along (o). m(C)is a finite cone in W,. By the 111_1;; oy
tion it s polyhedral since dim Wy = n — L. Thencnt,‘. Conkmmeé inkthe
polyhedral by Theorem 2.4. Since C < C, for each k, Cis

dral cone €, N --- N C, . ' -
poif}\{/:err:ust now slhew that if ;a ¢ C then there is a €, such that uy ¢ C,.

If not then suppose sy e G for j=1,.. ., p.p Then vr,-(i(,) l@;rj-(i) ?)o tg:;
there is an a; & F such that a, + g%, = Zzz bo; where Stc_lmbe. e
cannot obtain such an expression with a; < 0 for then o, wo labein &
But we can modify these expressions step by step and remove a

the right sides. o e
OnSuppofe by=0 for i<k and j=1,...,p, that i, o -+ a0
38 . be,. This is already true for k = 1. Then

ag 4 (@ — Do, = 20 g0y by
— We could set @, — by =, > 0
before, we cannot have a, — b, < 0. : >
:;d proceed, but to avoid a change in notatton we can assume by = 0.
Then

I+§_ﬂ P 5 bijotf‘“?'"%(ag'}‘ako{k}
ay ¢ T oy
by,
= i (b-,jj + =X b{k)ai'
i=p+l y

1 d 1SION b wi'« -—-.' g < TES !’(HE E!f the fb!’!‘ﬂ
E){I] E‘ isi I we get an xp S8
v y a;,

1

wg+ Cy = > diy, J=12,00.,p,
ETES

i inuing in this way we eventually get

. >0 and d; > 0. Continuing in 1 eve
:113_ ?-ot- == 0. This;is impossible unless € is generated by a single vector
oco anéjir; this case C s easily shown 1o be polyhedral. Thus the assumption

t;x;t g & C; is untenable and € = C; ;\? - 1 €, is polyhedral.

2.7. A polyhedral cone is finite. .
:’:;g;em Let € =pD B}be a polyhedral cone dual to the lélmze cone D.
We have‘just proven that a finite cone is potyhedral, so there is a finite co:_m_e

E such that D == £¥. But then E is also polyhedral so that £ = E¥*+ =
D = €, Since E is finite, C is also.
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A . .

b mf?;?;%tﬁfi}; he(f;;ilhc011e§ and ﬁn}te cones are jdentical we retain
© cmphasine. A c}rw ichever is mos_t suitable for the point of view we wish
follow very easil %ge number of interesting and important results now
The dual cyone o?‘( .a ﬁ;zslii;‘lninlj ;n;irse(;t;on pf finite cones are finite cones.
finite cones part (3} of Theorem 2.1 c‘:n beﬁiz::;:f)c\’fzz ° ;?ﬂcexweél CA fso, for
Illt(e)coneg, then(C) N Gt = (GH NGt = (CF + C "Fn).-lil-aji c + irec filu
SOm:‘;lPWPOSEf in mtrqducmg this discussion of finite cj)nes was tlo obt;fin‘

heorems about linear inequalities, so we now turn our alfention to

that subject. The foflowi i
. ing theorem is nothing but : aphrz ]
statement that a finite cone is reflexive. B but & paraphrase of the
Theorem 2.8, Let

g3y + Aynly % 0

2.0
Byt + 0 b agr, =0

be a system of linear inequalities. If
almlmim”'"i“anxnzo

is a linear mequality which is sati
‘ : sfied whenever the syst ] ]
fﬁen. there exist non-negative scalars (yy, . .., ¥y )sucv'l:"r tixmf(zl’r") e
Jorj=1,... n . o 2 =
PROOF, Let ¢, be the linear functional
s i represented by [a,; - - g
?:d{i‘;m zf) be the linear f unctional represented by [a, - - - o, ylf[ Eﬂreprezg;l’
w thi (;,1!.. .., x,) satisfies the system (2.1), then £ is in tihe coﬁe C+ dual
s inite cone C generated by {d,, ..., $,}. Since ¢&> 0 for ail
N ety € s S =
zi ?, fc CH = C. Thus there exist non-negative y; such that ¢ =
E}i Y, ';“b;e conclusion of the theorem then follows
corem 2.9, Let A== {u, «,} be a basi
- L s Oy, asis of the vector s u
c;;c;’) l?:; ,Z bve Ihcf;mt; c;)rre generated by A. Let o be a linear rmny’ofiizetiw;
, and let ¢ q given vector in V.
Jollowing rwo alternatives holds: either T Themone and only one of the
{1) there isa £ e :‘r’\such that of£} == f3, or
(2} there is a p & V such that &(y) & P+ and w8 < 0
PROOF.,  Suppeose (1) and (2} are satisfi :
- ! ed at the same time,
0 3 wﬁl— po{€) = &{y)E > 0, which is a contradiction. Then
G(P}rz_ cff)t%mr hand, suppose {1} is not satisfied. Since P is 4 finite cone
o is a Iimtc cone. The insolvability of (1) means that § ¢ o(P) S%ncé
is also a polyhedral cone, there is a V ,
; d X s a weV such that
yo(F) = 0. But then d(y)(P) > 0 so that &(y) e P+, v <o
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It is apparent that the assumption that A is a basis of U is not used in the
proof of this theorem. We wish, however, {0 translate this theorem into
matrix notation. If & is represented by & = (@yy + -+ » %), then &€ P if
and only if each », = €. To simplify notation we write “X = 07 to mean
each z; > 0, and we refer to P as the positive orthant. Since the generators
of P form a basis of U, the generators of PFare the elements of the dual basis
A== {y, .., Bu)e 1t thus turns out that P+ is the positive orthant of u.

Let § = {By, - . - » Br} b a basis of ¥V and B = ifn....p,} the dual
basis in V. Let 4 = [a,] represent o with respect to Aand B,B={(by. ..
b,) represent f,and Y = [y, -~ y,] represent . Then &(y) is represented
by YA and é(y) e P if and only if YA Z 0. Inthis notation Theorem 2.9
becomes

Theorem 2.10.  One and only one of the following two alternatives holds:
either

(1) thereisan X 2.0 such that AX = B, or

(2) there is a Y such that YA = Qand YB <0,

Rather than continue to make these transiations we adopt notational
conventions which will make such translations more evident. We write
&£z Otomeanée P, & = {tomean & — (e P, &y) 2 Otomean ) e P,
ete.

Theorem 2.11. With the notation of Theorem 2.9, fet & be a linear
Jfunctional in U, let g be an arbitrary scalar, and assume § € olPy. Then one
and only one of the following iwo alternatives holds: either

(1) thereisa £ 290 such that ol§) = f and $& = g, or

(2) there is v &V such that fyy = ¢ and pf < g.

pROOF. Suppose (1) and {2) are satisfied at the same time. Then
g >y = polf) = )t > ¢ > g, which is a contradiction.

On the other hand, suppose (2) is not satisfied. We wish to finda P
satisfying the conditions o(£) = fand §& > g at the same time. We have
seen before that vectors and linear transformations can be used to express
systems of equations asa single vector equation. A similar technique works
here.

Let U, = U @F be the set of afl pairs (£, #) where £& U and wefF.
U, is made into a vector space over F by defining vector addition and scalar

muitiplication according to the rules

(£, 0 + (& a2y} == (& + Lo 2y + @), alg, x) = ,('35, azx).
Let P be the set of all (£, x) where £ € Pand « 3> 0. It is easily seen that P
is a finite cone in Uy, In a similar way we construct the vector space

V= VpF
We then define 5 to be the mapping of Uy into v, which maps (&, 2)
onto (&, @) = (v(§), & — x). It can be checked that % is lincar. 1t is



