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A growing cell is not a steady-state situation. At some point in the cell cycle each
gene doubles its concentration, which may result in a doubling of the production
rate of its mRNA. The variations in concentration of mRNAs and proteins in an
individual exponentially growing cell are studied for a gene which is constitutive,
autorepressed, or autoactivated. Analysis of the mathematical model for a constitu-
tive gene shows a fixed variation in concentration of a stable RNA between its
minimum and maximum concentration of approximately 6%, independent of cell
cycle time or gene location. The variation in the concentrations of the mRNA and
protein for a constitutive gene are studied as gene position, molecular stability, and
cell cycle time are varied. One result shows that doubling the growth rate can more
than double the percentage of product from a gene near the origin of replication
compared to one near the terminus. Results from these theoretical studies compare
favorably to experimental results for rRNAs and the fully induced /ac gene.

Additional studies were performed to determine the effects of autorepression and
autoactivation on the variation of concentration of mRNAs and proteins. The studies
show that RNA and protein products of an autorepressed gene have almost the same
variation in concentration as products of a constitutively expressed gene though the
absolute concentrations are decreased. It is shown that the stability of an mRNA or
protein affects variation in its concentration throughout the cell cycle, much more
than the type of genetic control. The strength of repression has no effect on the
variation in concentration of RNA and protein gene products through a cell cycle.
Studies of an autoactivated gene show that it is significantly more responsive to a
shift up or down, such as those caused by nutritional changes. An example is provided
where the autoactivated gene is not expressed at one growth rate, but turns on at a
higher growth rate. Furthermore, it is shown that gene position may determine
whether or not the autoactivated gene is expressed.

1. Introduction

From a biochemical point of view, the growing cell is never in a true steady state, as
many of the biochemical species have constantly varying concentrations. As the
chromosome is replicated, the various genes are copied at different times, which
results in a punctuated production of the genes. This in turn affects the concentration
of the RN As transcribed from these genes, which after translation affects the concen-

. tration of the resulting proteins. The concentrations also vary as a result of the
expanding volume from the growing cell.
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This is a theoretical study of the concentrations of RNAs and proteins in exponen-
tially growing cultures of Escherichia coli. In particular, the focus is on an individual
idealized cell as it progresses through its cell cycle. During the cell cycle, each gene
doubles at some specific time. The mathematical models examine several simplified
production schemes that are based on deterministic biochemical kinetics and use the
gene doubling when examining the rate of RNA transcription. Our models consider
RNA and protein synthesis with very basic positive, negative, and neutral feedback
mechanisms. These models are simplified versions of what is actually occurring within
the bacteria, but hopefully they provide an adequate description for the purposes of
our study. To obtain some qualitative properties for the basic features of gene expres-
sion for a specific gene in E. coli, the models necessarily oversimplify some of the
biochemical processes used by the cell in transcription and translation. However, we
believe the assumptions represent a reasonable first approximation to what is occur-
ring. Our study examines the variations in concentrations of the transcribed RNAs
and translated proteins with respect to the kinetic parameters associated with their
production and degradation, generation time, and gene position. Though this is a
theoretical study, examples from experiments on the rrn genes and a fully induced
lac gene for E. coli are used to illustrate the findings and implications.

A constitutively produced RNA or protein is the simplest example for observing
the fluctuations in concentrations during the cell cycle, where we define constitutive
production to mean a production whose rate of synthesis is solely dependent on its
transcription and translation apparatus, i.e. the production has no positive or nega-
tive intracellular controls. In our model, the RNA molecule is produced at a rate
directly proportional to the concentration of the genes which code for the specific
RNA. Similarly, a constitutive protein has a constitutive RNA and in our model is
produced at a rate directly proportional to the concentration of the RNA from which
it is translated. These assumptions allow one to formulate elementary differential
equations that can be readily solved. The solutions allow one to compute analytically
the amount of fluctuation in concentration of a constitutively produced RNA or
protein depending on the basic kinetic parameters for the model of a growing cell,
such as gene position, molecular stability, and cell cycle time.

As a first approximation which allows detailed mathematical analysis, the models
assume that the rates of transcription and translation are directly proportional to
the concentrations of RNA polymerase and ribosomes, respectively, and that these
concentrations are maintained at a constant level by the cell. Some experiments
indicate that RNA polymerase must be present in excess at all growth rates except
possibly the highest growth rate (Matzura et al., 1973; Gausing, 1980; Shepherd et
al., 1980). However, Churchward et al. (1982) and Jensen & Pedersen (1990) suggest
that the rates of transcription and translation may be the key rate-limiting steps. The
latter authors have experimental evidence that elongation rates during transcription
may vary resulting in competition among the promoters for a limited supply of
free RNA polymerase and that some promoters may actually sequester the RNA
polymerase. The stringently controlled promoters may lose activity owing to competi-
tion with other promoters for RNA polymerase (Cashel & Rudd, 1987; Jensen &
Pedersen, 1990).
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Similarly, the process of translation may be affected by competition among
mRNAs for free ribosomes. Experimental evidence suggests that cells control their
intracellular concentration of ribosomes by a negative feedback of rRNA synthesis
from an excess of functioning ribosomes or some product of them (Jinks-Robertson
et al., 1983 ; Gourse et al., 1985; Jinks-Robertson & Nomura, 1987). This information
supports our assumption that the ribosomes maintain an almost constant concentra-
tion over the cell cycle. Because controversy remains on these issues about availability
of free RNA polymerase and free ribosomes, we believe that our approximation of
a constant concentration is the best modeling assumption that can be used to derive
information about gene expression in E. coli. Competition for RNA polymerase
molecules may affect our calculations for the amount of variation in concentration
of RNA and protein over the cell cycle, but should not change the qualitative observa-
tions comparing types of intracellular control of RNA and protein synthesis, gene
position, and molecular stability.

The results show that a constitutively produced stable RNA in an exponentially
growing cell has a constant concentration fluctuation that is independent of the
specific gene location or the time of the cell cycle. As expected, the concentration of
RNA varies more as the stability of the molecule decreases. In addition, variation in
concentration of a less stable RNA increases with an increase in the cell cycle time.
The variation in concentration of the constitutive protein parallels that of its nRNA
template’s concentration though its variation is less pronounced. When comparing
two identical genes that are located at different positions on the chromosome, the
one closest to the origin of replication produces more product. Furthermore, when
growth rate increases, the gene closer to the origin gives rise to even more of its gene
product when compared to a gene further away.

The effects of repression of a gene by its own endproduct or autorepression in an
exponentially growing cell are examined. Biologists have long assumed that the
negative feedback mechanism of repression is crucial for maintaining a relatively
constant concentration of a particular protein (Ingraham et al., 1983: 339; Ptashne,
1986 30). The analysis below shows that this assumption is false. The mathematical
model assumes that the protein, which is produced from some hypothetical gene,
serves as a repressor and binds to the operator region of its gene to prevent further
transcription of its mMRNA when there are sufficient quantities of the protein. It is
assumed that this is the only control in the production of this protein. The non-linear
differential equations which describe this simple biochemical production scheme are
solved numerically. As expected, the strength of repression affects the total concentra-
tion of the gene products, but, surprisingly, it has no effect on the amount of variation
through the cell cycle. In fact, it is the stability of the RNAs and proteins that most
affects the ratio between the maximum and minimum concentrations. Autorepression
is effective in minimizing the change in mean concentration of a protein over a variety
of growth conditions.

Another mathematical model is developed to examine autoactivation, where the
endproduct binds to the operator region of its gene and facilitates the expression of its
gene. Similar positive control schemes have been shown to possess multiple equnhbrla
including one state where the gene is “off” and another where the gene is “on”
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(Othmer, 1976). The behavior of this model exhibits many of the same sensitivities
to the kinetic parameters of the other models. However, the autoactivated gene can
be shown to be significantly more responsive to changes in production rates. Also,
the position of this gene may determine whether or not it is expressed at a particular
growth rate. An example is provided where the autoactivated gene is inactive at one
growth rate, but turns on at a higher growth rate. This information suggests that
autoactivation may be important in a cell’s response to various growth conditions.

A series of calculations are performed to determine how the different controls
mentioned above affect specific protein concentrations when a cell is subjected to a
shift up or a shift down, such as a nutritional change. The mathematical models
demonstrate that, after a nutritional shift, the mean protein concentrations change
most when their production is controlled by autoactivation and least when auto-
repression controls their production. In fact, the response from both constitutive and
autorepressed genes is rather conservative and similar. However, a shift up or shift
down can affect whether or not a particular autoactivated gene is expressed depending
on binding affinity, gene position, and cell cycle time.

2. Concentration Changes for a Stable RNA

In this section we examine how the cell cycle of an exponentially growing cell affects
the concentration of a stable RNA which is constitutively produced. This is the
simplest mathematical model that can be developed to demonstrate how a gene
doubling during the cell cycle affects the concentration of its resultant RNA. The
theoretical model presented here examines a completely stable RNA that is not
involved in the regulation of its own production, i.e. there is no feedback which
affects the binding of the DNA-dependent RNA polymerase to the promoter region
of its gene. Thus, the rate of production of this stable RNA depends on the number
of active genes involved in its production times, the concentration of the RNA
polymerase, or whatever the concentration of the rate-limiting component of
transcription is.

2.1. THE MATHEMATICAL MODEL

The dynamics of a growing cell are very complex, with many interwoven control
loops, so there are several modeling assumptions that are needed to simplify the
mathematical model. The mathematical model assumes that the synthesis of RNA
polymerase is regulated in order to maintain a constant concentration of free poly-
merase throughout the cell cycle. Several experiments support the concept that RNA
polymerase is in excess (Matzura et al., 1973; Gausing, 1980; Shepherd et al., 1980).
If RNA polymerase levels are subsaturating, then competition among the promoters
for available RNA polymerase should be examined. However, subsaturation of RNA
polymerase remains controversial (Nomura ef al., 1984; Neidhardt et al., 1990: 439),
and qualitatively, it should not affect our analysis of an individual gene.

The model analyzes an ideal cell which divides exactly in half at the end of its
generation time, 7. It is assumed that the cell is growing exponentially (Cooper,
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19884, b, 1991) though other growth conditions could easily be handled. [In Appen-
dix A, (A.2) shows how to enter different types of growth into the model, such as
the linear cell growth suggested by Kubitschek & Pai, 1988.] With the assumption
of exponential growth one obtains the following expression for the volume, ¥(¢), of
the cell:

V(=Vo2""=Vpe", 0<t<t

where V; is the initial size of the cell, 7 is the generation time, and k=In(2)/r.
Let c(?) denote the concentration of the stable RNA which is being produced, then
a differential equation governing this concentration is given by:

_ rG, (1) _

(1) Vo) ke(t), O<t<r, )]

where r is a rate of production per gene site which depends on the concentration of
the polymerase and is assumed to be constant for a given growth rate. The function
G, represents the number of active genes producing the RNA and is discussed
in more detail below. Appendix A provides more information on the derivation of
this equation and includes information on how to modify the equation for non-
exponential cell growth. Equations for biochemical kinetics are often derived with
concentrations as a result of standard rate laws (for example, see Banks, 1975);
however, biologists often prefer mass units so this conversion appears in the
Appendix. Given our assumption of an ideal cell dividing at the end of its doubling
time, Appendix A shows that there is a unique attracting periodic solution to (1)
satisfying the periodic boundary conditions:

c(0)=c(7). (2)

These boundary conditions yield a solution where the concentration does not change
at cell division.

The function G, depends on gene location and cell cycle time and determines the
copy number and time of replication for a specific gene during the cell cycle. Our
discussion uses E. coli as the example because so much is known about its cell
cycle (Helmstetter, 1987). Application of these ideas can be easily extended to other
prokaryotic cells which have similar cell cycle characteristics such as constant C and
D periods and precise timing of initiation. It is assumed that initiation of replication
occurs at the origin of replication (oriC) and proceeds bidirectionally at a constant
rate until the replication forks reach the terminus. This time is the C period. When
initiation occurs and there are multiple oriCs present, then initiation events are
assumed to occur synchronously at all origins in the cell. Experimental results of
Skarstad et al. (1986, 1988) show that the timing of initiation in E. coli is synchron-
ous. After termination of DNA replication there is a period of time, the D period,
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FiG. 1. Timing of initiation and termination for different cell cycle times, (a) 100 min; (b) 40 min; (c)
30 min. Below i is when initiation of DNA replication occurs, ¢ is when the replication forks reach the
terminus, and d is when cell division occurs. The C and D periods are labeled, and the middle numbers
are how many oriCs are present. Data for the C and D periods can be found in Table 1.

before cell division occurs. Figure 1 shows the initiation and termination events for
specific cell cycle times. The data used for this figure are taken from Bremer & Dennis
(1987).

Gene location for E. coli is given in terms of minutes on the chromosome with
oriC located at 84’ (Bachmann, 1990). Let x, be the location of any specific gene in
minutes around the chromosome from oriC. Because the E. coli chromosome consists
of 100, replication is bidirectional, and termination occurs approximately 50" from
oriC, it follows that 0 < x, < 50. Define y = (C/50)x,, where C is the length of the C
period, and define t,= C-+ D~y to be the time when the gene replicates relative to
initiation of DNA replication, where D is the length of the D period. With this
information

0, 0<t<t
20, to<i<t’

G.(D) ={ 3

where Q and f, are defined below by the following:

0=1 ty=y+7—(C+D), whenO0<t,<r,
0=2 ty=y+21—(C+D), when r<t,<21, “4)
0=4 ty=y+3t—(C+D), when2r<t,<37,

Q is the number of genes in the newborn cell, and ¢, is the time in the cell cycle when
the particular gene replicates. Thus, the rate of production in (1) is discontinuous
which causes the concentration of RNA to fluctuate.

The solution to (1) with periodic boundary conditions (2) is found in Appendix
A. From this analytical solution, one can readily find the time and value for the



VARIATIONS IN CONCENTRATIONS OF RNAS AND PROTEINS 159

minimum and maximum concentrations of RNA. These results are detailed in Appen-
dix A. From this information we find that the ratio of the maximum to minimum
concentration is given by

max 2
Emax ~1-061475, (5)
Cmin  €[In(2)]
which is constant independent of the generation time or gene position. Appendix A
also gives an explicit formula for the average concentration of the constitutively
produced stable RNA for an asynchronous culture of exponentially growing cells.

2.2. STUDY OF rRNA SYNTHESIS

In the previous section a model was developed for a constitutively produced stable
RNA. The only stable RNA molecules in the cell are ribosomal RNA (rRNA) and
transfer RNA (tRNA). Synthesis of rRNA under certain growth conditions can
constitute over half of the RNA being transcribed which implies that the rRNA
promoters are the strongest promoters in the cell. The metabolic cost of producing
rRNA and the importance of rRNA in growing cells suggests that synthesis of rRNA
is either the rate-limiting process in a growing cell or there is some control of the
transcription rate.

Until recently, it was believed that the rRNA promoter was constitutive, but
that its synthesis was controlled passively by competition for DNA-dependent RNA
polymerase (Maalge, 1979; Ingraham et al., 1983). However, as noted before there
is evidence that the RNA polymerase is present in the cell in excess. Another sug-
gested control mechanism is a stringent response from the nucleotide ppGpp
(Baracchini & Bremer, 1988 ; Sarubbi et al., 1988). Jensen & Pedersen (1990) propose
an alternative passive control where ppGpp inhibits the transcription of all genes
and since stable RNA promoters are the strongest, they would be most affected by
a decline in transcription rates. For this alternative passive control model we have
the growth conditions establishing the level of ppGpp. The concentration of ppGpp
would then determine the affinity of the promoters for the RNA polymerase, which
would be reflected in the production constant r in the model given by (1). With r
fixed based on growth conditions, the passively controlled rRNA synthesis satisfies
our conditions for the constitutive model developed above.

We note that there are several other models for how rRNA synthesis is regulated.
Gourse et al. (1985) propose a negative feedback mechanism responding to “free
ribosomes” either directly or indirectly. Jensen & Pedersen (1990) claim that subsatu-
ration or competition for RNA polymerase provides the regulatory control for rRNA
synthesis. These models do not satisfy our hypotheses for constitutive production
and would require changes in our mathematical model. However, we are assuming
the passive control model to illustrate what information can be gleaned from the
mathematical model using an actual biological example and do not claim that this
is necessarily the best model based on current experimental findings.

In E. coli, there are seven operons which produce the stable rRNA molecules, and
these are located at 87’ (rrnd), 90' (rrnB), 85 (rrnC), 72" (rrnD), 90’ (rrnE), 57
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(rrnG), and 5’ (rrnH). As an example, consider the products of rrnC and rrnG located
at 85 and 57" on the chromosome of E. coli. These operons produce stable rRNA
molecules. For comparison, we also include a hypothetical gene located at 35’ produc-
ing a stable RNA product at the same rate located near the terminus (at 36'). These
operons are located 1, 27', and 49’ from oriC, so (4) can be used to compute Q and
to given information on C, D, and 7. Figure 2 shows the variation in concentrations
for these gene products for cell cycle times of 30 and 60 min, where data are given
by Bremer & Dennis (1987) and Table 1. From the information on the ratio of
Cmax/Cmin given in (5), each of the gene products individually vary about 6-15%
between their minimum and maximum.

The graphs in Fig. 2 show that the gene products produced from genes close to
oriC can contribute substantially more than the genes near the terminus. For each
7, a specific value of r is used so that the variations in concentration are a result of
gene location only. From the values of the average concentrations of the gene located
I’ from oriC and the hypothetical gene located 1’ from the terminus we find that
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FiG. 2. These figures show the variation in concentration about the rRNA mean concentration (dashed
line) for the rrnC (css) and rrnG (cs;) genes and a hypothetical gene (css) producing stable RNA at the
same rate 1’ from the terminus; (a) is for a cell cycle time of 60 min, while (b) is for a cell cyle time of
30 min.
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TABLE 1
Computations for products of the rrn genes at different growth rates

r(min) 100 60 40 30 24
C periodf 67 50 45 43 42
D periodt 30 27 25 24 23
Vo 0-437 0-577 0-815 115 1-63
gl 11-1 16-8 221 281 31-4
CasY 173 2:68 3-65 4-81 557
e 1t 136 1-98 2-43 2:87 2:96
Ggs(x 100)/¢ 11 156 159 16-5 17-1 17-7
Es7( X 100)/2 8§ 12:3 11-8 11-0 10-2 9-44
gs/Tsy 1-27 1-35 1-50 1-68 1-88
il 3-75 10-27 2256 38-42 56-98

Cmax 19 11-28 17-04 22-33 28-36 31-77

Cmar/Cmint 1 1-041 1-036 1-027 1-024 - 1-026

This table shows that as growth rate increases rrn genes located closer to oriC produce a higher
percentage of the total rRNA. If promoter strength is approximately constant, then the rrn gene located
at 57 (farthest from oriC) actually produces less rRNA at higher growth rates. By having 7 rrn genes,
the last line shows only a 2-4-4-1% variation in concentration of rRNA over the cell cycle.

1 From Bremer & Dennis (1987).

1 From Bremer & Dennis (1987).

§ Donachie & Robinson (1987) give the mean cell volume, ¥, in um’, and from Appendix A, Vo=
V,./2 In(2).

|| x 1000 ribosomes pm~> from Bremer & Dennis (1987).

9 x 1000 ribosomes pm >, representing the average concentration of the product of the rrn gene located
at 85'.

++ x 1000 ribosomes pm~3, representing the average concentration of the product of the rrn gene
located at 57'.

11 Percentage of ¢ produced by the rrn gene located at 85'.

$§ Percentage of ¢ Froduced by the rrn gene located at 57'.

Il Initiations min~'gene ™' found from (6).

€9 x 1000 ribosomes um >, representing the maximum concentration during the cell cycle.

1t Ratio of maximum to minimum concentration during the cell cycle.

when 7 =60, the gene located 1’ from oriC produces about 74% more RNA than the
gene located 1’ from the terminus. When 7 = 30, there is an increase of approximately
160% more RNA from the gene closer to oriC.

Table 1 shows a more detailed analysis of the rrnC and rrrG genes located at 85’
and 57’ (the rrn genes closest and farthest from oriC) for five different growth rates.
Appendix A gives an explicit formula for the mean concentration of stable RNA, ¢,
in an asynchronous, exponentially growing culture of bacteria. We find the mean
concentrations of ézs and ¢s; at each of the growth rates, assuming that the binding
affinity of polymerase, and hence r, does not vary between positions. The following
rows of the table use this information to show what percentage of the rRNA is
produced at each of these gene locations for the different growth rates. The gene
closest to oriC produces higher percentages of rRNA as the growth rate increases.
From the table entry on the ratio of ¢s/Cs7, we see that the gene at 85’ produces 27%
more rRNA than the gene at 57" at the slowest growth rate, while it produces 88%
more rRNA at the fastest growth rate. This shows that the location of a gene on the
chromosome is important for changing growth rates. '
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Suppose the average rRNA concentration, ¢, is known, and assume that all seven
of the rRNA operons have the same initiation rate/gene, r, for a given growth
rate. From Appendix A the individual gene products are shown to satisfy
G=Qire M /kVyIn (2), i=1,...,7, where Q; and f,, are found by (4). Note that
c =ZZ=| ¢.. With this information, it follows that

ckV,
r=toln@ (6)
=1 Qie”
It is easy to combine the products of all seven of these genes and determine the total
fluctuation in concentration as a function of cell doubling time.

A summary of the numerical results is presented in Table 1. A comparison of our
computed r to the experimental values of Bremer & Dennis (1987) shows that most
of the values are approximately 7% lower than the experimental values. This is
expected as there is some turnover or degradation of the rRNA which is not consid-
ered in the model. With seven gene locations on the chromosome, Table 1 shows
that the total variation of rRNA is 2:4-4-1% compared to the 6-15% variation of
the individual genes given by (5). Thus, multiplicity of a specific gene positioned at
several locations on the chromosome moderates the fluctuation in concentration over
the cell cycle for the specific gene product. It is interesting to note that most of the
rRNA genes, which are crucial for growth, are located closer to the origin of replica-
tion than the terminus.

3. Constitutive Protein with Decay

In this section, we examine a mathematical model for the production of a constitu-
tive protein. The model in the previous section assumed that there was no degradation
of the RNA ; however, in the production of a protein, the mRNA usually has a half-
life between 1 and 2 min. Once again, the mathematical model is an oversimplification
of what is actually occurring in the cell, but this study does show the qualitative
effects of gene doubling, molecular stability, gene position, and cell cycle time for
protein synthesis with no regulatory control.

3.1. MATHEMATICAL MODEL FOR A CONSTITUTIVE PROTEIN

The mathematical model developed here is one of the simplest models that
describes protein synthesis in a growing cell. This model considers degradation of
the mRNA and protein, and it includes a time delay owing to transcription and
translation. The model again assumes an exponentially growing cell with a volume,
V(#), as defined in the previous section. It is assumed that there are constant concen-
trations of DNA-dependent RNA polymerase and ribosomes throughout the cell
cycle for a given growth rate. As noted in the Introduction, there is some controversy
as to whether these are good modeling assumptions. However, these assumptions
allow a detailed analysis of the mathematical model and, as a first approximation,
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provide a valuable tool for assessing some qualitative features of constitutive protein
production.

There are several kinetic parameters which must be defined to establish the differ-
ential equations for this model. G,, the number of active gene sites, is defined as
before. The parameter r, is the rate of initiation of successful transcripts from a
particular gene site, and r, is the rate of initiation of successful translations. These
rate constants are for initiations which proceed to completion. The parameters r and
k, which are the cell cycle time and dilution rate, respectively, are the same as the
ones in the previous model. It is assumed that degradation is proportional to the
concentration of the mRNA and protein with rate constants k, and k,, respectively.
The model also includes a time delay, T, for the time between the initiation of an
mRNA and the completion of a protein (a composite of the transcription and transla-
tion times that is assumed to be constant). In bacteria, transcription and translation
are coupled in that ribosomes begin translation almost immediately after the initia-
tion of transcription, so the delay T is only slightly longer than the time required to
complete translation of the mRNA. Thus, it is appropriate to define ¢,(¢) to be the
concentration of the mRNA along with all its initiated chains which will proceed to
completion. The concentration of the completed protein is denoted by c,(¢). The
differential equations governing these quantities are given by the following system
of equations:

é.(t)=9"y%—(k. rBal),  0<t<e ™
()=rici(t—T)—(ka+k)e)(t), 0<t—T<rt. @®)

As shown in Appendix B, these differential equations are solved, and explicit formu-
lae for the solutions are obtained. This Appendix also shows that the unique solution
with periodic boundary conditions ¢,(0) =cy(r) and c,(T)=c,(t+T) is a globally
attracting solution. The time shift in (8) is necessary to account for the delay in
producing a completed protein. To have the solutions both correspond to one cell
cycle, one can relate the solution of (8) on {z, + T to the solution of (7) on [0, T].

3.2. ESTIMATING RNA HALF-LIFE FROM THE MODEL

From the analytical solution to (7), the time and value for the minimum and
maximum concentrations of mRNA, ¢, can be determined. Details of these calcula-
tions are found in Appendix B. [See eqns (B.4) and (B.5).] The ratio of the maximum
concentration of mRNA, ¢)(£nax), to the minimum concentration of mRNA, ¢(#min),
is given by

cl(tmax)___ k!(z_e—kﬂ) [k(2—e-k|t)] k/k|. (9)

ciltmn) (ki +EYA =" L ki+k
If the ratio between the minimum and maximum concentrations of the constitutive

mRNA in a cell growing with a certain cell cycle time is known, then, in principle,
(9) provides a means to approximate the value of the decay rate, k,. This could
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be achieved experimentally with a well-synchronized culture of cells. However, the
experimental measurements would only obtain a lower bound on k, (upper bound
on the mRNA half-life), as variations in the cell cycle for a culture of cells would
cause experimental measurements of the ratio in (9) to be underestimated. Using
techniques from calculus, we find that (9) agrees with the ratio of the maximum to
minimum concentration of stable RNA given by (5) as k; = 0. The ratio in (9) tends
to two as k; —» o0, which is the limiting case of a very unstable RNA molecule and
agrees with changes in concentration of the gene at t =¢,,.

As an example of how in theory (9) could be used to determine a half-life, suppose
that a synchronous culture of cells grows with a cell cycle time of 45 min. Assume
that an experiment shows that the ratio between the maximum and minimum concen-
tration of some mRNA over the cell cycle is 1-7+0-05. Using a bisection method
(see Dahlquist, & Bjorck, 1974: 220) on (9), we find that k, =0-318 min~!, This
translates into a half-life of ¢,,,=2-18 min. With the experimental error listed, the
range for k, is 0-250-0-418 min~". This yields a range for the half-life of the mRNA
between 1-66 and 2:77 min. This shows that a small error in the ratio between
maximum and minimum concentrations can result in a large error in the half-life.
As noted above, these results only provide an upper bound for the half-life of the
mRNA.

The minimum concentration of the protein, ¢,, occurs at t,+ 7. However, the
equation for the concentration of the protein is too complicated for an explicit
formula giving the maximum of c,. Thus, numerical computations are used to find
the ratio of the maximum to minimum concentration of the protein in our studies
below.

For comparison to experimental data, the average concentrations of mRNA, ¢,
and protein, &,, are computed for an asynchronous culture of exponentially growing
cells using the solutions to the differential equations (7) and (8). Information on how
these formulae are derived can be found in Appendix B. As we saw in the previous
section, information on the mean concentration can be used for computing quantities
such as the initiation rates, r; and r,.

In the previous section we noted that the initiation rates for rRNA of Bremer &
Dennis (1987) were higher than the theoretical values presented in Table 1. If one
assumes that the higher initiation rate compensates for degradation, then a compari-
son of initiation rate for a stable RNA [see (6)] to the initiation rate for an RNA
including decay [see (B.6)]} can be used to compute the half-life of the rRNA. As an
example, Bremer & Dennis (1987) give r, to be 11 and 23 for generation times of
60 and 40 min, respectively. In the case where 7=60, r, is 7-1% higher than r, so
k+k,=1-071k or k;=0-071k. This gives a half-life for the rRNA, as ¢,,,=
7/0-071 ~ 845min ~ 14-1 hr. When ©=40, a similar calculation yields k, = 0-02k.
Thus, t,,, = 7/0-02 =~ 2000 min =~ 33-3 hr, which corresponds well with turnover rates
for stable proteins (Mandelstam, 1957; Goldberg & St John, 1976). Gausing (1977)
showed that describing the stability of rRNA is a bit more complicated because its
half-life matches that of mRNA with rapid degradation when it is not associated
with ribosomal proteins, but appears to have the same stability as the ribosomal
proteins, which are stable (Dennis, 1974), when combined to make a ribosome. He
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conjectures that rRNA is produced in excess with high turnover, so that the cell can
readily adapt to various growth conditions and that the ribosomal protein production
is growth-rate regulated and determines the concentration of the mature ribosomes.

3.3. STUDY OF INDUCED lac OPERON

Most genes have some type of controls and, hence, fail to satisfy our modeling
assumption of a “‘constitutive” gene. This makes it difficult to find representative
experiments with which to compare our model. The experiments of Kennell &
Riezman (1977) on the lac operon used sufficient quantities of isopropyl--D-thiogal-
actoside (IPTG) to fully induce the gene, and cAMP was added to minimize the
effects of catabolite repression. This experiment makes the lac gene for -galactosid-
ase effectively constitutive in terms of our model.

Their experiment used cells which had a generation time of 48 min or k=
0-0144 min~'. Linear interpolation from Table 1 yields ¥,=0-72 pm®, C=47, and
D=26min. As the B-galactosidase gene is located at 8, or 24’ from oriC, t,=
45-6 min. They found that the half-life of the mRNA transcript was 1-5 min (or k=
0-462 min~") and that the average number of lac mRNA molecules cell™' was 31 or
& =30-5 molecules pm > as the average cell volume is 1-015 um>. It follows that r, =
7-11 initiations gene ™ 'min~" [see (B.6)], assuming that this highly active constitutive
promoter has not exhausted the polymerase available between the lowest and highest
output of mRNA. They report 3-3 sec between initiations which, when combined
with the 1-7 genes cell~, yields 11 initiations gene~' min~!. Thus, about 35% of the
initiations must not proceed to completion. Numerical studies show that the ratio of
the maximum to minimum concentration of mRNA is 1-78 with minimum and
maximum concentrations of 22:2 and 39-3 molecules um™*, respectively.

The experiments of Kennell & Riezman (1977) on the /ac operon found that 20
monomers of B-galactosidase sec”'cell™’ were produced after full induction with
IPTG. With the average of 31 mRNA molecules cell~!, this implies that r, = 38-7
initiations min_'mRNA ™. (This contrasts with their claim of 3-2 sec between initia-
tions which would yield 19 initiations min"'mRNA™'.) B-Galactosidase is a stable
protein and has a turnover rate of about 1-4% hr™' (Mandelstam, 1957; Goldberg
& St John, 1976). If a turnover rate of 2% hr™' is used, then k; =3-37 x 10™* min™'
and the half-life of B-galactosidase is 34-3 hr. It follows from Appendix B that &=
84 600 molecules pum™>. This value agrees reasonably well with the concentration
given by Beckwith (1987) who reports 60 000 molecules of B-galactosidase per cell.
Simulations of (8) show that the ratio of the maximum to minimum concentration
is only 1-07 which indicates little change throughout the cell cycle of the concentration
of f-galactosidase.

3.4. THEORETICAL STUDY FOR CONSTITUTIVE PROTEIN

A theoretical study is performed to determine the amount of variation in concen-
tration of ¢; and ¢, when the cell cycle time, mRNA half-life, gene position, and
protein stability were varied. When 7 =60, the kinetic parameter, r,, is taken to be
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1 min~". This value corresponds to about 20% of the activity of the fully induced lac
operon. The data of Bremer & Dennis (1987) give the mean number of RNA poly-
merase molecules cell ' to be 2800 and 8000 for generation times of 60 and 30 min,
respectively. Assuming that r, is predominately determined by the concentration of
RNA polymerase and using the volume ratios from Table 1 for generation times of
60 and 30 min, we compute the value of r, for a 30 min generation time to be
1-43 min™". The modeling assumption used here is that the concentration of free
RNA polymerase is proportional to the total concentration of RNA polymerase.
This assumption may affect some of the quantitative results between different genera-
tion times. However, it will not affect the qualitative results nor will it affect quantita-
tive comparisons for a given generation time.

For 7=60, the kinetic parameter, r,, is given by 30 min~'. The r, value agrees
reasonably well with the ribosome activity used above for the production of f3-
galactosidase. The data of Bremer & Dennis (1987) give the mean number of
ribosomes cell ' as 13 400 and 45 000 for generation times of 60 and 30 min, respec-
tively. If the production rate, r;, for §-galactosidase depends primarily on the concen-
tration of the ribosomes, then a similar calculation to the one for ry yields r,=
50-4 min~' for a generation time of 30 min. The model assumes that the free ribosome
concentration is proportional to the total concentration of ribosomes. Again any
weakness in this assumption should not affect the qualitative features of the model
and should only create difficulties in comparing data from different generation times.
The time delay, 7, is taken to be 0-5 min in all cases.

The results of the simulations are presented in Tables 2 and 3. The third column
in each table shows how the ratio of the maximum to minimum concentration of
mRNA varies for two cell cycle times and two different half-lifes for the mRNA. As
the stability of the mRNA increases, this ratio decreases. As the generation time
decreases, so does this ratio. The gene position has no effect on the percent change

TABLE 2.

Variations in concentrations of mRN A, c, and stable and unstable proteins, c and cj,
respectively, when the generation time, t = 60

In (2) €1(tmax) €3 (tmax) €3 (tmax)

ky Position cltmin) & Sltwmin) B0 cF(tmin) &(x 1091

1 I 1-86 4-27 1-059 10-8 1-18 3-69
25 1-86 3-24 1-059 816 1-18 2-80
49’ 1-86 2:45 1-059 619 1-18 2-12

2 1 1-77 8-40 1-056 212 1-17 7-27
25 1-77 6-37 1-056 16-1 1-17 5-51
49 1-77 4-82 1-056 12:2 1-17 4-18

The ratio of maximum to minimum concentrations over the cell cycle and mean concentrations of
mRNA and protein are presented for three different gene positions and two different half-lifes (In (2)/k,)
for the mRNA. The ratios show how molecular stability affects variation in concentration over the cell
cycle with increased stability decreasing the ratio of variation. The niean concentrations show how gene
position affects its expression with genes located closer to oriC having the highest expression.

+ The stable protein is lost at a rate of 2% hr~! (or a half-life of 34-3 hr).

1 The unstable protein has a half-life of 30 min.
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TABLE 3

Variations in concentrations of mRN A, c, and stable and unstable proteins, c5 and c3,
respectively, when the generation time, T =30

In (2) ¢1(fmex) Ci‘('max) c;(’mnx)

ky Position €1(fmin) & Stmin) T3 X 10T 5 (tmin) &(x10M1

1 G 1-77 577 1-055 12-4 1-11 630
25’ 1-77 3-58 1-055 7-70 111 3-91
49’ 1-77 222 1-055 478 1-11 2-43

2 v 1-63 11-2 1-047 240 1-095 12:2
25 1-63 694 1047 14-9 1-095 7-57
49’ 1-63 431 1-047 927 1-095 470

This table compares to Table 2 to show how a decrease in generation time affects variation in concentra-
tion and gene expression. Note the amount of variation in concentration decreases; however, the effects
of gene position are amplified with genes closer to oriC producing more than the ones further away,

proportionately.
1 The stable protein is lost at a rate of 2%, hr~?! (or a half-life of 34:3 hr).
1 The unstable protein has a half-life of 30 min.

between the minimum and maximum mRNA or protein concentration, though it
does affect the average concentration with the average increasing for genes closer to
oriC.

In both tables, the ratio of the maximum to minimum concentration of the stable
protein is slightly less than 1-06 which is close to the value computed for a stable
RNA. The value is less than the one computed for a stable RNA as the variation in
the mRNA concentration is not as dramatic as the change in the gene concentration
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FIG. 3. This figure shows the mean concentration of stable or unstable protein as a function of gene
position relative to oriC for a constitutive gene at generation times of 30 and 60 min. The kinetic param-
eters agree with the ones used to produce Tables 2 and 3 with the half-life of mRNA taken to be 2 min.



168 J. M. MAHAFFY

which is a step function (two-fold concentration change at f,). The remaining ratios
decrease as the growth rate increases. The computed ratios of the maximum to
minimum concentrations of both mRNA and the proteins show that the less stable
cases have greater variations in their concentrations.

Figure 3 shows how the mean concentration of stable and unstable protein varies
with gene position for two different generation times. The graph illustrates that the
protein concentration varies more with gene position at higher growth rates with a
higher percentage of gene product from a gene closer to the origin of replication. At
the slower growth rate all ratios of ¢, ¢3, or ¢3 at the 1’ position to the 49’ position
is the constant 1-74 or a 74% increase in production owing to the gene closer to the
origin of replication. At the faster growth rate these ratios increase to almost 2:6 or
a 160% increase in production owing to the gene closer to the origin of replication.

The simulations show that the mean concentration of stable protein, ¢,, increases
about 14% for a gene located 1’ from oriC as the generation time is halved from
60 min to 30 min, while it decreases by about 23% for a gene located 49’ from oriC.
However, this quantitative comparison between generation times is.not likely to be
robust as it depends heavily on our modeling assumptions for RNA polymerase and
ribosomes, but the qualitative effect of the gene closer to oriC having a more signifi-
cant role at higher growth rates is maintained.

4. Controlled Protein Production: Repression and Activation

Many authors have examined mathematical models of protein synthesis which are
controlled by repression (for example, Goodwin, 1965; Othmer, 1976; Banks &
Mahafly, 1978). These models can exhibit oscillatory solutions about a steady-state
solution. Biologists consider this negative feedback system important for maintaining
a specific intracellular concentration of many proteins. However, because the gene
doubles at some point in the cell cycle, there is not a steady-state solution. Rather,
there is an intrinsic oscillation during the cell cycle owing to gene doubling. As
seen in the earlier mathematical models which fail to include gene doubling, certain
parameter values may produce rapid oscillations in the concentrations, distinct from
the oscillation caused by the cell cycle.

At the other end of the spectrum is positive feedback or activation of a gene.
Mathematical studies have focused on models of induction as the classical study for
positive feedback. In these models it can be shown that there are no oscillatory
solutions; however, multiple equilibria may exist (Othmer, 1976). In this section we
examine mathematical models of protein synthesis controlled by the simplest negative
and positive feedback systems, autorepression and autoactivation, and include the
effects of gene doubling. Our studies have elucidated the response of negatively and
positively controlled genes to variations in binding strengths and growth-related
parameters. In E. coli, most genes use several types of control on production of their
proteins; however, autorepression and autoactivation as presented here provide a
basis for understanding the more complicated cellular controls.
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4.1. MODELING AND SIMULATION OF AUTOREPRESSION

The mathematical model for autorepression with gene doubling is developed using
basic biochemical kinetics and making similar simplifying assumptions as the consti-
tutive model for the action of RNA polymerase and ribosomes. It is assumed that
the protein endproduct which is produced from a particular gene can bind to the
operator region of the gene and prevent transcription. Details of the biochemical
kinetics used to formulate the production term for the mRNA of the protein can
be found in Appendix C. The remaining production and degradation terms in the
mathematical model are the same as the ones used in the model for a constitutive
protein. The resulting mathematical model for an autorepressed protein is given by
the following system of differential equations:

c'l(t) — rlK,G,,(t)
V(t)(Kr+ Cz(’))

(:'z(t) = rzc.(t— T) - (k2+k)02(t),

where ¢;(¢) is the concentration of the mRNA and ¢,(¢) is the concentration of the
protein. The functions G, and ¥V are as before, as are the constants &, k;, k,, r,, and
r,. K, is the binding constant for the repressor to the operator region. This non-
linear system of differential equations cannot be solved explicitly as was done in the
previous section, so is solved numerically. The results of the numerical simulations
show that there is a unique globally attracting solution satisfying the periodic bound-
ary conditions ¢,(0) =¢,(7) and ¢»(0) = c,(7). Unlike the constitutive case, this mathe-
matical result has not been proved.

Tables 4 and 5 summarize results from numerical simulations of the repression
model for two generation times, 60 and 30 min. When 7 = 60, the kinetic parameters,
r, r2, and T, were taken to be 1 min™', 30 min™' and 0-5 min, which are the same
as the ones used to generate Table 2. When 7 =130, r, and r, are changed to 1-43 min™"
and 50-4 min~"', respectively, to reflect the increased concentration of the RNA poly-
merase and the ribosomes at the higher growth rate and agree with the values used
to generate Table 3. As noted before, our modeling assumptions probably affect the
quantitative results to some degree, but not the qualitative features. The stable pro-
tein is assumed to lose 2% hr™' (or a half-life of 34-3 hr), while the unstable protein
has a half-life of 30 min. Tables 4 and 5 show the effects of varying the strength of
the binding of the repressor on a gene located 25’ from oriC. The strongest binding
constant considered is K, = 10, which corresponds well to the value given by Ptashne
(1986) for the binding of the cro repressor. Since there is a negative feedback in the
differential equations, the mRNA concentration is affected by the protein concentra-
tion; hence, the inclusion of columns for ¢} and ¢ which show the effects on the
mean concentrations of the mRNA depending on whether the resulting protein is
stable or unstable.

The result which most stands out from these tables is the constant ratios between
the maximum and minimum concentrations of the mRNA or the protein at different
repressor binding affinities. This shows that the strength of the repressor has little
effect on how much the concentration varies through the cell cycle in contrast to the

— (ki +k)ei(t)
(10)
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TABLE 4

Effects of repression on the variations in concentrations of mRNA, ¢,, and stable and
unstable proteins, ¢ and ¢}, respectively, when the generation time, T = 60

In (2) Cl(tmn) C;(tmux) Clzl(tmax)
k K, €1 (tmin) at et c3(tmin) (X 10%) 3w} (X 10%)
1 10 1-86 0-081 0-187 1-060 0-277 117 0-162
100 1-86 0-339 0-556 1-060 0-855 117 0-481
1000 1-86 0-951 1-44 1-060 2-40 1-17 1-25
2 10 1-76 0-157 0-265 1-057 0-396 1-16 0-230
100 1-76 0-483 0-802 1-057 1-:22 1-16 0-694
1000 1-76 1-40 2:19 1-057 3-54 1-16 1-90

The gene position is assumed to be 25 from oriC, while other parameters were chosen to match
those taken in Table 2. The ratio of maximum to minimum concentration over the cell cycle and mean
concentrations of mRNA and protein are presented for three different binding strengths of the repressor,
K,, and for two different half-lifes for the mRNA. The ratios of variation decrease with increasing
molecular stability, yet remain constant as K, varies. The mean concentrations decrease with increasing
repressor binding strength (decreasing X,).

T This mean concentration of mRNA is associated with the stable (s) protein.

1 This mean concentration of mRNA is associated with the unstable (1) protein.

TABLE 5

Effects of repression on the variations in concentrations of mRN A, ¢,, and stable and
unstable proteins, ¢, and ¢}, respectively, when the generation time, 1 = 30

ln (2) [4] (tmax) CZ,( tmux) c;(tmax)

Ky K, €1{tmin) et art tmin)  B(X10Y)  Sltmin) (X 10%)

1 10 1-77 0-127 0177 1-057 0-273 1-11 0-193

100 1-77 0-386 0-530 1-057 0-830 -1 0-578

1000 1-77 1-08 1-38 1-057 2:32 -1 1-60

2 10 1-65 0-178 0-248 1-050 0-382 1-10 0-281

100 1-65 0-546 0-755 1-050 1-17 1-10 0-823

1000 1-65 1-58 2:11 1-050 3-40 1-10 2:30

As in Table 4, the gene position is assumed to be 25’ from oriC. This table compares to Table 4 to
show how a decrease in generation time affects the variation in concentration and mean concentration of
mRNAs and proteins. The variation in concentration decreases as with the constitutive case. The change
in mean concentration between growth rates varies less as the repressor binding strength increases.

1 This mean concentration of mRNA is associated with the stable (s) protein.

1 This mean concentration of mRNA is associated with the unstable (#) protein.

standing belief in biological literature that autorepression is an effective means of
maintaining relatively constant concentrations of the protein. When these tables are
compared against the results for the constitutive case in Tables 2 and 3, then it can
be seen that there is a decrease in the ratios between the maximum and minimum
concentrations for the proteins, but this effect is negligible. It appears that the princi-
pal reason why autorepression does not affect the variation in concentration over
the cell cycle is because the amount of protein being replaced at any one time in the
cell cycle is small compared to the total protein concentration. This is particularly
true when the protein is stable. Thus, the variation in concentration reflects the gene
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dosage change that is similar for both the constitutive model and the one which
includes autorepression.

For an autorepressed gene, the mean concentrations of the resultant mRNAs and
proteins decrease with increasing binding strengths of the repressor (decreasing K,
values). If a ratio of mean concentrations, c¢3, is formed between two growth rates,
=30 and 60, then a comparison of this ratio for the autorepressed model to the
one for the constitutive model shows greater variation in the latter case. Specifically,
when the half-life of the mRNA is | min, then there is a 6-0% change between
growth rates for the constitutive gene; while the autorepressed gene with X, =10
demonstrates only a 1-5% change. Hence, autorepression moderates changes in mean
concentration at different growth rates. This supports the Sompayrac & Maalge
(1973) model of autorepression for control of DNA replication, where they hypothes-
ize that the cell maintains a relatively constant concentration of some important
activator protein over a range of growth conditions. However, the variation in con-
centration observed in the mathematical models between different growth rates is
close to the naturally occurring fluctuation between the maximum and minimum
concentrations within a cell cycle, suggesting that the control by autorepression is
not necessary for the Sompayrac & Maalge model.

Figure 4 exhibits the variation in mean concentration of stable and unstable protein
with respect to gene position for two different generation times. As in the case of the
constitutive gene, the graph shows that the protein concentration varies more with
gene position at higher growth rates. However, this graph demonstrates that the gene
position does not affect protein production as dramatically for an autorepressed gene
as it does for a constitutive one. The graphs show that for some gene positions the

[Protein] (x 1000 molecules pm™2)
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Fi1G. 4. This figure shows the mean concentration of stable or unstable protein as a function of gene
position relative to oriC for an autorepressed gene at generation times of 30 and 60 min. The kinetic
parameters agree with the ones used to produce Tables 4 and 5 with the half-life of mRNA taken to be
2 min and the repressor binding strength K,=10.
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concentration of the stable protein is higher at the slower growth rate. This result is an
artifact of how the rate constants r, and r, are chosen so the quantitative comparison
between the generation times for a given gene position is not appropriate though the
overall qualitative comparisons are valid.

4.2. MODELING AND SIMULATION OF AUTOACTIVATION

In Appendix C, the biochemical kinetics necessary for a mathematical model of
autoactivation is developed. For this model it is assumed that the protein endproduct
which is produced from a particular gene is needed to stimulate its own production.
As noted in Appendix C, an approximation in the biochemical kinetics used to derive
the production term results in a zero equilibrium where an actual cell would show
low basal levels of the protein. The remaining production and degradation terms and
the simplifying assumptions are the same as the ones used in the mathematical model
for a constitutive protein. The resulting model for autoactivation is given by the
following system of differential equations:

Lo NGa(Dea(t)
CI(t)—-——-V(t)(Ka‘f'Cz(t)) (ki +Ek)ei(D),
E()=rac1(t—T)— (ka2 +k)ex(1), (11

where ¢,(¢) is the concentration of the mRNA and c,(¢) is the concentration of the
protein. The functions G, and V are as before, as are the constants k, k;, k,, r,, and
r,. K, is the binding constant for the activator to the operator region. Like (10), this
is a non-linear system of differential equations which must be solved numerically.
Again the numerical studies show that there is a unique, globally attracting periodic

TABLE 6.

Effects of autoactivation on the variations in concentrations of mRN A, c,, and stable
and unstable proteins, ¢ and c4, respectively, when the generation time, T = 60

In(2) 1(fmax) €3(tonax) €3(Fmax)

kl Kn cl(tmin) Ef T E:' I c;(’min) Ei( X ‘03) C;(tmin) E;( x 103)

1 100 1-86 3-19 3-12 1-059 8-06 1-17 2:70
1000 1-86 2-19 2:07 1-059 7-16 1-17 1-80
5000 1-86 0-964 0 1-059 312 — 0

2 100 1-77 6-33 6:25 1-055 16-0 1-17 5-41

2 1000 1-77 597 5-21 1-055 15-1 1-16 4-51
5000 177 4-58 0-574 1-055 -1 1-16 0-497

The gene position is assumed to be 25’ from oriC, while other parameters were chosen to match those
taken in Table 2. The ratio of the maximum to minimum concentration over the cell cycle and mean
concentrations of mRNA and protein are given for three different binding strengths of the activator, K,,,
and two different half-lifes of the mRNA. The ratios of variation decrease with increasing molecular
stability, yet remain constant as K, varies. The mean concentrations increase with increasing activator
binding strength (decreasing K,). One entry shows that the gene may be turned off.

t This mean concentration of mRNA is associated with the stable (s) protein.

1 This mean concentration of mRNA is associated with the unstable (u) protein.
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TABLE 7

Effects of autoactivation on the variations in concentrations of mRN A, c,, and stable
and unstable proteins, ¢ and ci, respectively, when the generation time, t = 30

ln (2) cl(’max) c;(’m!l) clzl(tmax)

ki K, ¢i(tmin) &t ot Stmn)  E(X10°)  Ci(twin)  EH(X10%)

1 100 1-77 3.54 3-50 1-055 7-61 111 3-81
1000 1-76 3-08 2-67 1-055 6-71 111 291
5000 1-76 126 0 1-053 2-70 — 0

2 100 1-63 6-90 6-86 1-047 14-8 1-095 7-48
1000 1-63 6-48 6-03 1-047 13-9 1-094 6-57
5000 1-63 4-62 2-46 1-047 9-93 1-089 2-65

As in Table 6, the gene position is assumed to be 25’ from oriC. This table compares to Table 6 to
show how a decrease in generation time affects change in the model for autoactivation. The variation in
concentration decreases as in the previous two examples. The change in mean concentration between
growth rates shows a more pronounced effect than either the constitutive or repressed models.

1This mean concentration of mRNA is associated with the stable (s) protein.

1This mean concentration of mRNA is associated with the unstable () protein.

solution satisfying the periodic boundary conditions ¢;(0) = ¢)(7) and ¢>(0) = ¢x(7).

Tables 6 and 7 show that once again the variation in concentration of the protein
over the cell cycle is little affected by autoactivation when compared to the two
previous models. As before, the mean concentration of the stable protein at 7=
60 min is higher than the concentration when =30 min, and this change is more
pronounced than it was in the constitutive or autorepressed models. A striking
difference from the previous models appears when the protein and the mRNA are
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FiG. 5. This figure shows the mean concentration of stable or unstable protein as a function of gene
position relative to oriC for an autoactivated gene at generation times of 30 and 60 min. The kinetic
parameters agree with the ones used to produce Tables 6 and 7, with the half-life of mRNA taken to be
2 min and the activator binding strength K, = 5000.
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each unstable and K,=5000. In this case the zero equilibrium solution of the model
becomes stable. This indicates that it is difficult for the gene to become activated
(weak binding affinity), so the decay processes dominate driving the solution to zero.
When K, =100, the affinity of the activator is quite strong and the resulting produc-
tion closely matches the production rate in the constitutive case. As the binding
affinity for the activator decreases, the corresponding production decreases as one
would predict.

Figure 5 shows the variation in mean concentration of stable and unstable protein
with respect to gene position corresponding to two different generation times. Once
again, the graph demonstrates that the protein concentration varies more with gene
position at higher growth rates, but with autoactivation this effect is much more
significant. As seen in the case of an unstable protein with a generation time of
30 min, the gene can actually “shut off”” for a gene position greater than 38’ from
oriC.

4.3. SIMULATION OF CHANGING GROWTH CONDITIONS

A series of computer simulations are performed to determine the effects of a shift
up or shift down by 10% in the rate constants for the cell. The main purpose of this
study is to show how a growing cell might respond to a nutritional change depending
on the type of control and position of the gene. Simulations include examples of
neutral, negative, and positive control by considering a constitutive gene, an autorep-
ressed gene, and an autoactivated gene, respectively. The simulations examine the
mean concentrations of a stable and an unstable protein in three different gene
positions for two different growth rates. The computer simulations changed only the
rate constants r, and r, which govern the rate of mRNA and protein production,
and would correspond biologically to a shift of 10% in the concentration or binding

TABLE 8

A shift up of 10% is applied to the rate constants for producing mRNA and protein for
each of the constitutive, autorepressed, and autoactivated genes previously studied

Gene type Position & (% 10% ¥ (% 10%

Constitutive 1 9-24 25-6 9-24 8-80
25 7-00 19-4 7-00 6-67
49 531 14-7 531 5-05

Repression with X,= 10 v 0-181 0-502 0-306 0-292
25 0-157 0-436 0-266 0-253
49’ 0137 0-379 0-231 0-220

Activation with K, = 5000 1 7-43 20-6 397 3-78
25 5-19 14-4 1-73 1-65
49’ 3-51 9-73 0 0

The effects on the mean mRNA and protein concentrations are shown for various gene locations and
protein stabilities. In this table the generation time is r =60, and the mRNA half-life is 2 min. Production
of mRNA and protein from a gene proximal to oriC is higher than a distal one with autorepression
moderating the change in concentration and autoactivation showing a dramatic change in mean concentra-
tion. The constitutive gene is intermediate, as expected.
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activity of RNA polymerase and ribosomes without a change in the rate of volume
growth of the cell. RNA polymerase and ribosome concentration are seen to increase
with increasing growth rates (Bremer & Dennis, 1987). Clearly, the actual biological
response to a nutrient change consists of very complicated and interconnected con-
trols, which would be very difficult to model. One explanation for changing the rate
constants only in the model is that initially an enrichment of growth medium should
cause the cell to increase production of crucial cellular components such as ribosomes

TABLE 9

A shift down of 10% is applied to the rate constants for producing mRNA and protein
for each of the constitutive, autorepressed, and autoactivated genes previously studied

Gene type Position & &H(x10%) & (% 10%)

Constitutive Y 7-56 17-2 7-56 5-89
25 573 13-0 5-73 4-46
49 434 9-86 434 3-38

Repression with K, =10 1 0-180 0-409 0-305 0-238
25 0-157 0-356 0-265 0-206
49 0-136 0-309 0-230 0179

Activation with K,= 5000 I 5-35 122 1-12 0-871
25 3-52 8-00 0 0
49 2-14 4-86 0 0

The effects on the mean mRNA and protein concentrations are shown for various gene locations and
protein stabilities. In this table the generation time is =60, and the mRNA half-life is 2 min. This table
is compared to Table 8. The changes between a shift up and shift down show minimal differences in the
mean concentrations for an autorepressed gene, while there are major differences in the mean concentra-
tions for the autoactivated gene including one case where the shift down causes the gene to shut off.

TaBLE 10

A shift up of 10% is applied to the rate constants for producing mRNA and protein for
each of the constitutive, autorepressed, and autoactivated genes previously studied

Gene type Position & B(x 10%) 4 (% 10%

Constitutive 1 12:3 29-1 12-3 14-8
25 7-64 18-1 7-64 9-16
49 4-74 11-2 4-74 569

Repression with K, =10 I 0-226 0-535 0-162 0-383
25 0-178 0-421 0-127 0-301
49 0-139 0-330 0-100 0-236

Activation with K,= 5000 1 10-2 24-1 8-13 9-75
25 5-53 13-1 347 4-16
49 2:62 6-20 0-560 0-672

The effects on the mean mRNA and protein concentrations are shown for various gene locations and
protein stabilities. In this table the generation time is =30, and the mRNA half-life is 2 min. A compari-
son of this table with Table 8 shows that the higher growth rate results in greater differences between the
production of a gene proximal to oriC versus one distal to oriC. Again autorepression moderates this
effect, while autoactivation accentuates it when compared to a constitutive gene.
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TABLE 11

A shift down of 10% is applied to the rate constants for producing mRNA and protein
Jor each of the constitutive, autorepressed, and autoactivated genes previously studied

Gene type Position é &(x 10%) &t ZE(x 10%

Constitutive 1 10-1 19-5 10-1 9-88
25 6-25 12-1 625 613
49 3-88 7-50 388 3.81

Repression with K, =10 I 0-226 0-437 0-316 0-310
25 0-177 0-343 0-248 0-243
49 0-139 0-269 0-194 0-190

Activation with K,=5000 I 7-49 14-5 '4-96 4-87
25 3.67 7-10 1-15 1-13
49 1-29 2:50 0 0

The effects on the mean mRNA and protein concentrations are shown for various gene locations and
protein stabilities. In this table the generation time is =30, and the mRNA half-life is 2 min. This table
when compared to Table 10 shows a similar trend as between Tables 8 and 9. Notice that the higher
growth rates in Tables 10 and 11 caused some autoactivated genes to become active when compared
against entries in Tables 8 and 9.

before an increase in the rate of volume expansion would occur. The results are
shown in Tables 8-11.

The effects of gene position are very dramatic among the different forms of control.
When 7 =60 min, a constitutive gene produces 74% more stable protein if the gene
is located near oriC rather than the terminus. An autorepressed gene with K,=10
produces 32% more stable protein from the gene located proximal to oriC over the
distal one, while the autoactivated gene with K,= 5000 demonstrates a 112% increase
because of gene position. When 7 =30 min, the increase of the gene at 1’ from oriC
over the one 1’ from the terminus for stable protein mean concentration is 160%,
62%, and 289% for the constitutive, autorepressed, and autoactivated genes, respec-
tively. These results show that autorepression moderates the increase in the average
concentration of a protein with respect to gene location, while gene position is very
significant if the gene is autoactivated.

When the protein is unstable, the effects of gene position can be amplified. The
constitutive or autorepressed gene producing an unstable protein shows results simi-
lar to the ones discussed above. However, the autoactivated gene with K, = 5000 and
7=60 produces a mean concentration of 3780 molecules pm~3 at the gene near oriC,
1650 molecules pm™> at a gene 25' from oriC, and exhibits no production if it was
located near the terminus when there is a shift up of 10%. With a shift down of 10%
the autoactivated gene which is 25’ from oriC shuts down production as seen in Table
9. The datum associated with the autoactivated gene near the terminus for a 10%
shift up when =30 min shows it to be expressed, which was not the case at 7=
60 min. However, this gene loses its ability to produce protein when there is a shift
down of 10%, as seen in Table 11. Thus, an autoactivated gene with a relatively weak
affinity for its activator can be strongly affected by both gene location and
generation time.
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An important question remaining in biology is how the cell manages to regulate
its production of crucial proteins in response to a change in the growth media. A
comparison of the entries in Table 8 to those in Table 9 shows that the mean
concentrations of the mRNA, &}, have a difference of 22%, 1%, and 39-64% for the
constitutive, autorepressed and autoactivated genes, respectively. A similar compari-
son of the mean concentrations of the stable protein, ¢, shows differences of 49%,
23%, and 69-100% for the constitutive; autorepressed and autoactivated genes,
respectively. Similar shifts in the mean concentrations are seen for 7 =30 min when
comparing entries in Tables 10 and 11. A comparison of the entries for the unstable
proteins shows similar increases for the 10% shift up over the 10% shift down for
the constitutive and autorepressed genes, but the increase is substantially higher for
the autoactivated gene.

The analysis above demonstrates that an autorepressed gene responds very poorly
to increases in the rate constants. Production of its protein is not very responsive to
increases in concentrations of RNA polymerase or ribosomes, so this method of
control acts as a buffer to changes in growth conditions and allows the cell to
maintain relatively constant concentrations over a range of growth conditions. On
the other hand, an autoactivated gene can have a very large response to small
increases in the rate constants. This suggests that autoactivation could play an impor-
tant role in a cell’s response to changes in growth media. In particular, this would
be the more appropriate choice of cellular control for a process that needs a rapid
response to changing growth conditions such as timing of initiation of DNA
replication.

5. Discussion

The mathematical models presented in this paper are simplifications of the actual
biochemical processes controlling RNA and protein synthesis inside E. coli. However,
as a first approximation, they provide useful information to compare the effects
of type of control, gene position, molecular stability, and growth conditions for
exponentially growing cultures of bacteria. Some of the results confirm previous
intuition on this subject, but the mathematical models provide new quantitative
information on the magnitude of these effects. On the other hand, several numerical
simulations show qualitative behavior which has not been characterized or expected.

Surprisingly, our results demonstrate that the common belief that autorepression
is the best way for a cell to maintain a relatively constant concentration is false. In
fact, our calculations show that there is little difference in the percent variation of a
constitutive gene when compared to one which is autorepressed. The computations
performed in the previous sections show that stability of the RNA and protein
molecules is the most significant factor in determining the amount of variation in
concentration of a particular biochemical species through the cell cycle. Our resuits
proved that the ratio between the maximum and the minimum concentrations for a
constitutively produced stable RNA is about 6% independent of any factors such as
growth rate or gene position. Similarly, the simulations for all cases (constitutive,
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autorepressed, and autoactivated genes) show that a stable protein has approximately
5-6% variation in concentration over the cell cycle. As stability decreases for either
the mRNA or the protein, the amount of variation between the minimum and
maximum increases.

The mathematical models demonstrate that gene position is a very significant
factor in determining what contribution a gene has to the overall protein content of
the cell under a variety of growth conditions. The models show that at higher growth
rates the genes proximal to the origin of replication contribute a higher percentage
of their products to the cell than the ones more distal to the origin. For example, a
constitutive gene located 1’ from the origin will produce 74% more stable RNA than
a gene located 1’ from the terminus when 7 =60 min. When 7 is decreased to 30 min,
the gene closer to the origin produces 160% more stable RNA than the one near the
terminus. This holds the evolutionary implication that the genes required for growth
of a cell should be located closer to the origin of replication. This certainly is the
case for the rrn genes and may be a contributing factor to growth rate-regulated
expression of these genes (see Cashel & Rudd, 1987 for a discussion of growth rate
regulation).

The mathematical analyses of our model provide several methods for estimating
parameters such as decay rates. A comparison of the initiation rates reported by
Bremer & Dennis (1987) to ones calculated from the mean concentrations give
estimates of the half-life for rRNA assuming rRNA is lost only by dilution and
decay. If an experiment was designed to measure the amount of variation of the
concentration for a particular mRNA through a cell cycle, then in theory our model
could be used to find a bound on the half-life of the mRNA. However, the sensitivity
analysis shows that any evaluation using this technique would be highly subject to
error. Our analysis of the experiments on the lac operon by Kennell & Riezman
(1977) allowed us to calculate the failure rate for production of mRNAs for -
galactosidase and estimate the average concentration of f-galactosidase in a fully
induced cell. The computations from the mathematical models agree well with the
results which were obtained experimentally.

The theoretical studies comparing constitutive, autorepressed, and autoactivated
genes provide some insight into how these controls might best be used by a cell. The
strength of autorepression had no effect on the percent of variation in concentration
of the repressed protein. However, autorepression was shown to moderate the effects
of a shift up or an increase in growth rate on the mean concentration of the resultant
protein. This suggests that autorepression is most valuable for controlling proteins
which need to be maintained in low, relatively constant concentrations under a
variety of conditions. Proteins whose concentrations vary substantially over the cell
cycle or need to respond rapidly to changing growth conditions should be unstable
or require some alternative type of control.

An autoactivated gene has several interesting properties owing to the possible
existence of both an “on” state and an “off” state. This type of control exhibited a
much higher response to changes in the modeling parameters such as rate of produc-
tion (shift up) or gene position. Our numerical studies showed that the autoactivated
gene may be unexpressed at one growth rate but then become expressed at a higher
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growth rate. In addition, when located at one position the gene may be unexpressed,
implying that the zero solution to the model for autoactivation, (11), is stable, but
when the same gene is moved closer to oriC, it may become active. In the latter case
the solution to (11) is a stable limit cycle that oscillates about some positive mean
concentration. This type of control allows the cell to respond rapidly to variations
in growth conditions and could play an important role during a shift up or a shift
down owing to nutritional changes.

Thus, crucial factors requiring a rapid response to increased growth conditions
such as the key components for cell cycle control might utilize some type of autoactiv-
ation or some mathematically equivalent type of control. The dnaA gene has two
promoters, dnalP and dnaA2P. The dnalP is repressed by DnaA protein, while the
dnaA2P promoter appears to be activated by DnaA protein (Polaczek & Wright,
1990). Its not clear why the DnaA protein, which plays a vital role in determining
when E. coli initiates replication, should adopt these two types of strategies for its
expression. However, the mathematical analysis above indicates that autoactivation
at one of the DnaA promoters might improve this gene’s response to changing
growth conditions. The response of the dnaA gene to varying growth rates in turn
might affect changes in initiation rates for DNA synthesis and thus play a key role
in cell cycle control.

The author wishes to thank Dr Judith Zyskind for her valuable input in the preparation of
this manuscript. Her assistance has improved the biological relevance of this work
dramatically.
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APPENDIX A

Stable RNA Production

The differential equation for the concentration of a constitutively produced RNA
is derived using a balance of mass law. When the RNA is stable, then the change in
mass, m(t), is simply the rate of RNA production per gene times the number of
active genes. That is

dm(r)
d(»)
where r and G, are defined in section 2. For 0 <<, the concentration is given by
c(t)y=m(?)/V(¢) which by differentiation and (A.1) yields:
oy (D) _mO V(D)
=—""——0—"
iy V)
_rG) _ eV
V() V(1)
For an exponentially growing cell, V(t) =kV(t), where k= 1n(2) /1. With this hypoth-

esis and continuity of concentration at cell division, (A.2) becomes the boundary
value problem,

=rG,(1), (A1)

(A.2)

rG,(v)

&)= 70

—ke(1), c(0)=c(7). (A3)

In fact, one could use any periodic boundary conditions of the form c¢(f) =c(t+ 7).
This is a linear constant coefficient differential equation with an integrating factor of
. Thus, the solution of (A.3) satisfies:

c(t)=e‘k'[c(0)+f'59i(“‘—)eksds] for0<i<r,
o V()

with the periodic boundary conditions. Using V(1) = Voe*', c(0)=c(7), and e ' =3,
we find
TrG(s)
c0)={ —2—ds.
© J R

Thus, the solution for (A.3) can be written as follows:

ot)=e" [ J TrG,(s) ds+ J‘ ' rGI;(S) ds:l

0 I/0 0 0

_Qre_k’[zt_t +{t, OStSto] (A4)
A T 2t—ty, to<t<t) '

from the definition of G,.
Consider a sequence of initial value problems (A.3) with ¢;, j=1, .. ., replacing ¢
in the differential equation. For initial conditions take ¢;(0) to be arbitrary and



182 J. M. MAHAFFY

¢i(0)=¢;-1(7), j=2, ... . Because of the leading exponential factor, one can readily
show by Poincaré maps that this sequence of solutions rapidly converges to the
periodic solution (A.4). Thus, (A.4) is a globally attracting solution to the differential
eqn (A.3) with any initial conditions which makes it the appropriate definition of a
steady-state solution.

The minimum and maximum values are found at the critical points of (A.4). It is
not hard to see that the minimum occurs when t =t, with

_2tQre "
Vo

The maximum occurs at =1, with é(¢,,)=0. This is readily found from (A.3) by
letting é(t,,) =0, inserting (A.4) with t=1,,, and solving for ¢,,. Thus,

Cm in

" rG,(tm
_1Ga( )—kc(t,,,)
V(t,)
or
bns OS < 1’ Stw<
k[21—10+{ ’ ’°]={ 0<tnsto
2tm—t0’ Lh<Ln<T 29 L<ln<T

Solving for ¢,,, we find

ol

-1, tw>l 0-4437, L, > to
th=1lo+ 1 ~tot .
=27, tw<to —0-5577, t,<t
which always yields
4Qre ko
ekVy,

The average concentration in an asynchronously, exponentially growing culture
of cells is found by integrating the concentration, ¢(f), over the cell cycle divided by
the cell cycle time. The volume of the cell by assumption is given by V(f) =V, et
where 0 <t < 7 is the age of the cell. The distribution in number of cells for a partlcu]ar
age 0<1<7 is given by P(f)=P,e ' for some P,. The average concentration, ¢, is
found by integrating c(f) over the ages of the cells times the weighting factor of the
volume times the population, which is then divided by the mean volume. The mean
volume is given by the integral over the ages of the volume times the population.
Thus,

cmax

[ =

_ o c(s)V($)P(s) ds VoPo_[; co(s)ds 1 J" ) d
fo V(s)P(s) ds tVoPy T J, e

U (21—t0+s)e'k’ds+2j (t—tg+s)e ™ ]
TVO

Qre ™ kro
kVo In (2)
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APPENDIX B
A Constitutive Protein

The differential equations for the concentrations of the mRNA and protein in
section 3 are derived in a manner similar to the one presented in Appendix A, where
the principal difference is the inclusion of a linear decay term in each differential
equation. We begin by solving (7) as follows:

t
c,(t)=e"‘k+k')'[c.(0)+J r'—Gi'@e“’”"‘”ds] for0<t<r,

o V()
far _ | I<t<
=e—(k+k|)r[cl(0)+ er {e o ak' __t_t() A (B,l)
2Voky (2€ =€ =1, (p<t<T

from the definition of V and G,.

It is easy to show that for any initial condition ¢,(0) the solution (B.1) exponen-
tially approaches the periodic solution satisfying the periodic boundary conditions,
c1(0)=c,(t). To see this let cf(¢) be the periodic solution and y;=c¢;—c[ be any
perturbation of (7). It follows that y, satisfies the differential equation

n=—¢=—(ki+ky,

which exponentially approaches the zero solution. Thus, the periodic solution is a
globally attracting solution. To satisfy the periodic boundary conditions

Qr‘(z_e—h(r—fo) _e—k|‘r)

o= =

Inserting the value of ¢,(0) into (B.1), we obtain

cy(t) =

—ke __a—hkiz —ki(to—ty o<t<
Qr e {2 e M (1+e ), <t <t (B2)

Vok,(2—e %) |4=2( e e Rto-t) ¢ <t<T,

where Q and ¢, are defined by (4).
Equation (7) is solved by the following:

4
() =cy(T) e” **U-D 4 j rci(s—T) e* "0 ds,  T<t<T+r.
T

This equation is solved by expanding the integral using (B.2). An argument similar
to the one given above shows that the periodic solution for (8) is globally attracting.
The value of c¢(T) for this attracting periodic solution is found by ‘letting,
¢>(T) =cx(T+ 7). This information is combined, and with the help of the symbolic
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manipulator, Macsyma™, as a check on hand calculations, the results are given by

riry € *TR0TD h(t), 0<t—T<t
ext)= AL — °, (B3
Voklkz(kz—kl)(z—e ! )(2—e 2 ) hz(t), fo<t— T<rt
where
(o) =k|(2—e_k") [ekZ("’_’)— (2—e_k2’) ek’("T’]
+k2(2_e—sz)[(2_e—k|f) ekz(""').__ek|(lo—f) e(kz—k|)('—77]
and

ha(t) =2k, (2— e %7) [ef20— (2—e =) D)
-+ 2k2(2 - e_kzr) [(2 _ e—kl‘r) ekz(f— T _ ek|loe(k2—k|)(r— T)]

As in Appendix A, the minimum and maximum values for ¢, are found at the
critical points of (B.2). One critical value occurs at ¢= £, which is the minimum and
is given by

20r e (1 —e7")
Voki(2—e™"7)

The other critical value, the maximum concentration, occurs when é(fmax) =0. If
to<tmax < T, then from (B.2),

or
Vok (2 —¢~57)

This equation is solved for 7., and the result is

_ (ky+k) ]
=t I [k(z Y

If 0 <tmax <19, then a similar calculation shows that

tmax = z’+ll [M]
k; k(2—e™™)

Cl(tmin) = (B4)

[ 2ke—ktm.x(2 e—k|f)+2(k+k)e—(k+k|)'maxek|fo] 0.

When 0<t,,,. <7t is substituted into (B.2), the result is given by

207 k0 k(2 e_"'f)}(
Vo(k, +k) (ki t+k)

(5] (tmax) (BS)

Equation (B.3) is sufficiently complicated that finding minimum and maximum values
is best done by numerically evaluating this equation over the interval 0</<T.
The average concentrations, ¢; and ¢,, can be found in a manner similar to the
one outlined in Appendix A though the calculations are slightly more compllcated
These calculations were assisted by the use of the symbolic manipulator, Macsyma™
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and are given by the following expressions:

1 T ~ktg
Elz—J ci(s) d5=—er © )

), Volk +k1) In 2

Qryrye*e
Volk+k Xk +k,) In 2

1 ("
Cr=— J Cz(S) ds=
4 0

These expressions can be rearranged to give information on the rates of initiation.
For example,

, =E1 Vo(k+k|) In2

= e (B.6)

APPENDIX C
Production: Repression and Activation

In this Appendix we examine the biochemical kinetics needed to find the production
terms used in (10) and (11). From before, we define G, as the number of genes in the
cell. Let [07] = G,/V be the concentration of the operator region for the gene that
is being considered in all its possible states. For both models the operator region is
in one of two states. Either it has a protein bound to it or it is unbound. In the case
of repression, when the repressor protein is bound to the operator, then it is inactive.
Otherwise, the operator is active. In the case of activation, if the activator is bound
to the operator, then the operator is active. Otherwise, the operator is inactive.
Let [OX] be the concentration of the operator-protein complex and [O] be the
concentration of the unbound operator, then

[O7]=[0]+[0X], (C.1)

where X is either the repressor, R, or the activator, A.

Let [.X7] be the total concentration of the repressor or activator protein. If the
number of these molecules greatly exceeds the few bound to the operator region
([X7]>[0X}), which is often the case, then we can write

[X7=[X1+[0X]~[X], (C2)

where [X]=[R] or [X]=[A] depending on the case being considered.
Assuming that the formation of operator-repressor complex is not rate limiting,
we can write the equilibrium expression

_[RI[0]
[OR]

r
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With (C.1) and approximation (C.2), it is easy to see that
[0A=[01(1+[R7]/K)),

or

— Kr[ OT]

Lol K, +[R7

(C3)

This yields the free operator concentration which is ready for initiation of transcrip-
tion. If we let [R7]=¢, and r; be the rate of initiation which assumes a constant
polymerase concentration, then the rate of production of new mRNAs is the free
operator concentration given by (C.3) times r; which yields the expression,

rlKrGa(t)
V(O)(K, + cx(f))

If the formation of operator-activator complex is not rate limiting, then we can write
the equilibrium expression

_[4][0]
[04]

With (C.1) and approximation (C.2), it follows that
[071=[04](1 + K./[A7]),

a

or

_ [04l4]

[o4] K.+[A47]

(C4)
This gives the operator-activator concentration which is active and can begin
transcription. If we let [47]=c, and r, be the rate of initiation which assumes a
constant polymerase concentration, then using (C.4) we find that the rate of produc-
tion of new mRNAs satisfies the expression,

rGa(1)ca(t)
V((Ka+ca(1))
Note that the approximation (C.2) is not valid for very low levels of activator protein.

By using this approximation, the model produces a zero equilibrium state rather
than a low basal level of protein as would occur in a cell.
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