Spring 2022 Math 337 Lecture 2"® Order ODEs Solutions

1. (4pts) For the 2"¢ order linear nonhomogeneous ODE given by:
y" —y' — 2y = 54t e — 20t,

we begin by examining the homogeneous equation. The characteristic equation satisfies, A2 —\—2 =
(A+1)(A=2) =0o0r \y = —1 and A\ = 2. This gives the solution to the homogeneous equation as:

y(t) = cre " + coe?t.

The right hand side of the nonhomogeneous equation has a linear polynomial times €% and a linear
polynomial, so by the Table on Slide 24, we guess a particular solution of the form:

yp(t) = t(Art + Ag)e** + (Bit + Bo),

where the additional ¢ is multiplying the first expression, so that it does NOT match any term in
the homogeneous solution. Next find y,’ and y,,”, so

yp' = (22 +2t) A1 + (2t + 1)Ag)e* + By,
yp" = (487 + 8t +2) Ay + (4t +4)Ag) e

This is substituted into the original ODE to give:

(487 + 8t + 2) A1 + (4t +4)Ao)e? — (2t + 2t) A1 + (2t + 1) Ag)e®' + By — 2(t(Art + Ao)e® + (Bit + Bo)) = 54t e** — 20¢.
This simplifies to:
((6t+2)A; +3A4g)e* — (2t + 1) By — 2By = 54t e* — 20¢.

Next we equate coefficients, so

te?t . 6A1 =54, or A; =09,

et 2A1+3490=0, or Ay= -6,
t: —231 = —20, or Bl = 10,

1: —Bl - QBO = 0, or Bo = —5.

It follows that the particular solution is y,(t) = (9> — 6t)e* + 10t — 5, so the general solution is
given by:
y(t) = cre™ + coe® + (9t — 6t)e* + 10t — 5.

2. (4pts) For the 2" order linear nonhomogeneous ODE given by:
y" + 4y’ + 4y = 24te ™' + 40 cos(2t),

we begin by examining the homogeneous equation. The characteristic equation is A\? + 4\ + 4 =
(A +2)? = 0, which gives the homogeneous solution:

yn(t) = cre™ 2 + cote 2.



The Method of Undetermined Coefficients based on the RHS of the ODE above suggests the
following particular solution:

yp(t) = Agcos(2t) + Bysin(2t) + t*(Cyt + Co)e 2.
We differentiate this particular solution twice giving:

y,(t) = —2Agsin(2t) + 2By cos(2t) + (—2C1t* + (3C1 — 2Co)t* + 2Cot) e,
yn(t) = —4Agcos(2t) — 4Bgsin(2t) + (4C1t° + (4Cp — 12C1) t* + (6C1 — 8Cp) t + 2Co) e~ .

Substituting the trig parts back in the original equation gives,
—4 A cos(2t) — 4By sin(2t) + 4(—2A0 sin(2t) + 2By cos(2t)) + 4(Ag cos(2t) + By sin(2t)) = 40 cos(2t).

This simplifies to
8By cos(2t) — 8Ap sin(2t) = 40 cos(2t),

which implies By = 5 and Ag = 0. Substituting the exponential parts back in the original equation
gives,

(4C1#% + (4C) — 12C1) 2 + (6C1 — 8Cp) t + 2C) e '+
4 (=201t 4+ (301 — 2Co)t* + 200t) e 2 + 4(Cit + Cot?)e ™ = 24te™ .

It is readily seen that the t3e =2 and t?e~?* cancel, leaving only
< (6C1 — 8Co) t + 20(])@—% + 8Cpte 2 = 24te™2t.

The coefficient of e=2¢ gives Cy = 0, so 6C; = 24 or C; = 4. The particular solution is combined
with the homogeneous solution to give the general solution:

y(t) = cre”? + cote ' + 5sin(2t) + 4t 2.

3. (4pts) For the 2" order linear nonhomogeneous ODE given by:
y" 4+ 2y + 4y = 8te 2 + 122

we begin by examining the homogeneous equation. The characteristic equation is A\? + 2\ + 4 =
(A+1)24+3=0o0r A = —14i/3, which gives the homogeneous solution:

yn(t) = e *(ar cos(V/3t) + ¢ sin(\/gt)>.

The Method of Undetermined Coefficients based on the RHS of the ODE above suggests the
following particular solution:

yp(t) = (At + Ao)e_% + Byt? + Bit + By.



We differentiate this particular solution twice giving:

y,(t) = —2(Ait+ Ag)e * + Are”* +2Bot + By = (=241t + Ay —24p)e”* + 2Byt + By,
yg(t) = —2(—2A1t + A + A0)€_2t — 2A1€_2t + 2By = (4A1t — 44, — 2A0)€_2t + 2B,.

Substituting y, back in the original equation gives,

(4A1t — 44, — 2A0)€_2t + 2By + 2((—2A1t + A1 + Ao)e_Qt + 2Bot + Bl)
A((Art + Ag)e 2 + Bot®> + Bit + By) = 8te” 2 4+ 12t2.

Next we equate coefficients, so

t€72t: 4A1 — 4A1 =+ 4A1 = 8, t2; 4B2 — 12’
e 2t —4A; —2A0+2A1 +2A0+ 44 =0, t: 4By +4B1 =0,
t0: 2By + 2B, + 4By = 0.

From te=2!, we have A; = 2, so from e~ 2!, we have Ay = 1. The cascade from the powers of ¢ yield

By =3, By = -3, and By = 0. Thus, it follows that:
yp(t) = (2t + 1)e 2 + 3% — 3t,
so the general solution is:

y(t) =e (a1 cos(V/3t) + ¢ sin(\/gt)) + (2t +1)e 2 4 3% — 3t.

4. (4pts) For the following nonhomogeneous differential equation we give the form of the particular
solution that you would guess in using the method of undetermined coefficients. We (DO
NOT solve for the undetermined coefficients.) For

y" — 2y’ +y = 5telsin(2t) + 203,

We examine the homogeneous equation. The characteristic equation is A2 — 2\ +1 = (A —1)2 =0,
which gives the homogeneous solution:

yn(t) = cre’ + cotel.

The Method of Undetermined Coefficients based on the RHS of the ODE above suggests the
following particular solution:

yp(t) =€ <(A1t + Ap) sin(2t) + (Bt + By) cos(2t)> + 12(Cat* + Oyt + Cp)e'.



