April 4, 2018 Math 541 Name H ey
7

Be sure to show all your work.

1. (35pts) a. We want to solve the linear system Az = b. Consider the matrix A and vector b

given by:
1 1 -1 1
A= 2 0 3 and b= 4
1 1 52 B+1

Gaussian elimination with partial pivoting is written compactly in the form:
PA = LU,

where L is a lower triangular matrix representing the row operations of the Gaussian elimination,
U is an upper triangular matrix, and P shows the pivoting operations. Find L, U, and P for
the matrix A above. (Hint: Since you will be using the b in later calculations, you may want
to work with b (augmented matrix) in your Gaussian operations to simplify later computations
and significantly save time.)
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b. In solving Ax = b with the vector b above, determine which values of § give no solution
to this system and which values produce infinitely many solutions. When there are infinitely
many sclutions, give those solutions.
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Continue using

1 1 -1 :
A= 2 0 3 and b= 4 )
1 -1 p? B+ 1

¢. You are given that

-3 521 -3 -3 3,0¥01 =3
At b [ opris o1 5 |z 2.467[S.0202 ~seve £
- 2 2 2 z -2

Let 8 = 2.01 and find the solution to Az = b. Find ||z||1, ||z||2, and ||z||ee (the 1-norm, 2-norm
(Euclidean), and co-norm (max)).
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d. Let 8 = 2.01. Find ||A]||;. Also, determine the condition number for A, k;(A), using the
I-norm with this value of j3.
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2. (15pts) a. We saw matrix methods applied to chemical reactions with diffusion. Consider a
discretized version (very crude) that satisfies Au, = b with

1 0 0 0 80
1 -3 1 0 0
A= 0 1 -3 1 and b= 0
0 0 0 1 0

Using the direct method of Gaussian elimination, solve this equation to find the equilibrium
chemical distribution, ..
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b. We saw the Jacobi’s iterative method, where A was decomposed into a diagonal maftrix

D = q;;, a strictly lower triangular matrix L = a;; with 7 > j, and a strictly upper triangular

matrix U = a;; with i < j, so that A = D— L—U. By defining T = D~}(L+U) and ¢ = D~ 'b,
then a convergent iterative scheme was produced by

k) = 7yk) c, k=0,1,..,

where u(?) is an initial vector. Find T and ¢. Let u(® = [0,0,0,0]7 be the initial vector (clean

solution) and find the first 3 iterates, v}, u(®) and (3.
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3. (40pts) a. Evaluate the following integral and find the exact value:

n qx,{zlir
/ 5¢ *2dy, = — 18< 3
0

s jo- 10T = B.GHEEHT

b. Use the Trapezoid rule with h = 1 to approximate the integral. Give the absolute error
between this approximation and the exact value.
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c. Use the Simpson’s rule with h = 1 to approximate the integral. Give the absolute error
between this approximation and the exact value.

4 5
— %2 -l - . B =&
Toer o -::.3'-[5"“&»3’@ c10e Fys Tk ]
H ,
= .;_ [5- F 12,0306/ + 3.07?B29 +4.46260 +0.(766H

T3.6%956¢

Evvwr=| 86456 -8 64667 = 0.002945



Continue with the definite integral:

4
/ 5¢~%/2dz.
0

3. d. Suppose you reduced the stepsize to h = 0.25, which is about 4 times the function
evaluations (too many steps to do by hand, so do NOT calculate this). Use your knowledge
ol the convergence of these methods and the absolute errors calculated above to estimate the
absolute error for each method using this stepsize. (Recall that for a given problem Abs Err ~
MhP for some M and p.)
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e. In this part you use Gaussian quadrature with 2 points to approximate the integral. The
Gauss points GP and Gauss weights W1 are given below:

GP [-0.577350,0.577350] x 2. +2.
wT 1, 1].
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