Fall 2021 Math 537 Lecture Fundamental Solutions

We consider the matrix:

A=1-2 1 =2

1. (4pts) Using the definitions on Slide 16,
[A[ly = max{|2] + | = 2[ + [1],[ = 6] + [1[ +[6], |4 + | = 2| + [ - 1[} = 13.

[Alloo = max{|2| + | = 6] + [4], | = 2] + [1[ + [ = 2[, [1] + [6] + | = 1]} = 12.

Since ||A]l2 = v/ Amaz(A*A), we compute

2 =2 1 2 -6 4 9 -8 11
A*A=1[-6 1 6 -2 1 -2).=-8 73 =32
4 -2 -1 1 6 -1 11 =32 21

From MatLab, the eigenvalues are A = 0.0309,12.9640,90.0052, so
|All2 = v90.0052 = 9.4871.

the largest singular value of A.

2. (4pts) The characteristic equation for A satisfies:

2-\ -6 4
det| =2 1-X -2 |=-(A=3)A+2)A—1)=0.
1 6 —1-2A\

For A1 = 3, we solve

For Ay = —2, we solve

-1 -6 4 -2
(A - 3[)51 = (2 -2 =2 §1 = 0, SO 51 = 1 ) .
(A+20)& = (

For A3 = 1, we solve

1 -6 4 -2
(A - I)fg = —2 0 —2 §3 = 0, SO {3 = 1 .
1 6 =2 2

It follows that an appropriate transformation matrix is given by:

-2 1 =2 3 0 0
P=11 0 1 and rPtAaP=(0 -2 0].



3. (4pts) From the previous problem, if we define J = P~'AP, then the solution to the IVP ¢ = Jy
with y(0) = yo = [2, —1, 1] satisfies:

e300 2 2¢3t
yt)=ellyp= 0 e 0 1] =[—-e*
0 0 € 1 et

Below are the 2D phase portraits projected into the coordinate axes with the type of node labeled
above the respective phase portraits.
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4. (4pts) The solution to the original ODE, & = Az with x(0) = x( satisfies:

et 0 0
zt)=P[ 0 e 2 0] P x(0).
0 0 et

With Maple doing the algebra we obtain:
2e3t 42t — 2l 272t — 2! 2631 —2¢!
x(t) = —e3t 4 et et —e3t 4 et | .

—e3t — 72t L 26t 272t 4 26t 3t 4 Q¢!



