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Integral Transforms

Integral Transform: This is a relation @ There are many Integral Transforms for different problems

e For Partial Differential Equations and working on the
spatial domain, the Fourier transform is most common
and defined by

B8
Fls) = / K(t,5)f(t)dt,

which takes a given function f(¢) and outputs another function F(s)

+oo
The function K (t,s) is the integral kernel of the transform, and the Flu) = / e 2T £ (1) da.
function F'(s) is the transform of f(t) —00
@ Integral Transforms allow one to find solutions of problems o For Ordinary Differential Equations and working on
(usually involving differentiation) through algebraic methods the time domain, the Laplace transform is most common

) . . and defined by
@ Properties of the Integral Transform allow manipulation of

the function in the transformed to an easier expression, which .
can be inverted to find a solution L(s) = o e > f(t)dt.
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Laplace Transform

Definition (Laplace Transform)

Let f be a function on [0,00). The Laplace transform of f is the
function F' defined by the integral,

F(s) = /0 st p(t)t.

The domain of F'(s) is the set of all values of s for which this integral
converges. The Laplace transform of f is denoted by both F' and
L.

Convention uses s as the independent variable and capital letters for
the transformed functions:

Lf]=F Lyl =Y
Lfl(s) = F(s)  Llyl(s) =Y(s)

Llx] =X

Llz](s) = X(s) p—
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Improper Integral

Improper Integral: This should be a review

The improper integral is defined on an unbounded interval and

is defined A
/ F(t)dt = Tim / Ft)t,
« A—oo o

where A is a positive real number

If the limit as A — oo exists, then the improper integral is said to
converge to the limiting value

Otherwise, the improper integral is said to diverge

Example: Let f(t) = e with ¢ nonzero constant. Then

A

0o A ect
etdt = lim etdt = lim —| =
0 A— oo 0 A—oo C 0

lim 1 (eCA - 1)

A—oo C

This converges for ¢ < 0 and diverges for ¢ > 0. Sosd
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Examples: Laplace Transform

Example 1: Let f(t) = 1,t > 0. The Laplace transform satisfies:

A , <e—sA 1) 1
=— lim - =] =-
0 A—o0 S S S

—st

L[1] :/ e *'dt = — lim
0

A—oco S

Example 2: Let f(t) = e,t > 0. The Laplace transform satisfies:

[ee] oo 1
L[e™] = / e *tedt = / e Dtgr = ——
0 0 S

—a

s> a.

Example 3: Let f(t) = (@t ¢ > 0. The Laplace transform
satisfies:

£[e(a+bi)t] — /OO efste(a+bi)tdt — /OO ef(sfafbi)tdt — 1
0 0

)
s—a—b
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Laplace Transforms

Laplace Transforms

Laplace Transform - Linearity Examples: Laplace Transform

Example 4: Let f(t) = sin(at),t > 0. But

. . i
The Laplace transform is a linear operator sin(at) = % (e’ —e").
Theorem (Linearity of Laplace Transform) By linearity, the Laplace transform satisfies:
Suppose the f1 and fo are two functions where Laplace transforms _ 1 iat ot 1 1 1 a
exist for s > a1 and s > ag, respectively. Let ¢1 and co be real or Llsin(at)] = % (Lle™] = Lle™) = 2% \s—ia s+ia) $2+a2’

complex numbers. Then for s > max{ai,as},
s> 0.

Lleri®) + eafo(O] = el LIA O] + c2LIf ()] Example 5: Let f(t) =2 + be~ 2" — 3sin(4¢),t > 0. By linearity, the

Laplace transform satisfies:

The proof uses the linearity of integrals.

L[2+5e72" —3sin(4t)] = 2L[1] +5L[e %] — 3L][sin(4¢)]
- s s+2  s2416’ e
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Laplace Transforms

Examples: Laplace Transform Piecewise Continuous Functions

Example 6: Let f(t) = tcos(at),t > 0. The Laplace transform Definition (Piecewise Continuous)
satisfies: A function f is said to be a piecewise continuous on an interval
o0 1 [ - A a < t < B if the interval can be partitioned by a finite number of
— —st _ - —(s—ia)t —(s+ia)t == p i
L[t cos(at)] /0 e "t cos(at)dt > /0 (te +te > dt. points a = tg < t1 < ... < t, = (3 so that:
Integration by parts gives © f is continuous on each subinterval ¢t;_; <t < t;, and
00 ‘ te—(s—ia)t  ,—(s—ia)t1> 1 © /[ approaches a finite limit as the endpoints of each subinterval
/ te~ (=it gy — - — = —, s> 0. are approached from within the subinterval.
0 s —ia (s —ia)?], (s —ia) )
Similarly, The figure to the right shows the
o0 , 1 graph of a piecewise continuous \
te~Hiatgy —  — s> 0. i .
/0 (5 + ia)? function defined for t € [a, §)

with jump discontinuities at

Thus, t =t1 and to. > \

1 1 2 2 It is continuous on the subintervals
S — , s> 0. (e,t1), (t1,t2), and (t2, B).
(52 4 a?)?

SDSJO SDSJT

2

L[t cos(at)] = L [(s —ia)? + (s + ia)?

a 4 ty B
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Examples: Laplace Transform

Example 7: Define the piecewise continuous function

0<t<1,
1<t

The Laplace transform satisfies:

00 1 e’}
/ e S f(t)dt = / e St dt —|—/ e St 4dt
0 0 1

1 A
= / e =Dtgr 4+ 4 lim e Stdt
0

F(s) =

A—oo Jq
—(s—2)t 1 —st|A
= -5 | —41lm
s—2 |, A—soo 8 |4
1 —(s—2) —s
= _— +4€—, s> 0,5 # 2.
§—2 §—2
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Existence of Laplace Transform

Theorem (Existence of Laplace Transform)

Suppose

© [ is piecewise continuous on the interval 0 <t < A for any

positive A

© f is of exponential order, i.e., there exist real constants
M >0, K >0, and a, such that

f()] < Ke*,

when t > M.
Then the Laplace transform given by

Lif0) = F(s) = [ et f (),

0

exists for s > a.

SDSJO
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Definition (Exponential Order)

A function f(¢) is of exponential order (as t — +00) if there exist
real constants M > 0, K > 0, and a, such that

[f(t)] < Ke*,

when t > M.

Examples:
@ f(t) = cos(at) satisfies being of exponential order with M =0, K =1,
and a =0

@ f(t) = t? satisfies being of exponential order with a = 1, K = 1, and
M = 1. By L’Hoépital’s Rule (twice)

o2
lim — = lim —
t— 00 et t— 00 et

=0.

@ f(t)= et’ is NOT of exponential order
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Short Table of Laplace Transforms

Short Table of Laplace Transforms: Below is a short table of
Laplace transforms for some elementary functions

f(t) = L77[F(s)] F(s) = LIf(1)]

1 %, 5s>0

et +, s>a
t", integer n > 0 %7 s>0
P, p>-—1 %, s>0
sin(at) e s>0
cos(at) e s>0
sinh(at) = s > |al
cosh(at) Pem—l s > |a|
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Laplace Transform - e f(t) Example

Laplace Transform - ¢ f(t): Previously found Laplace

; : Example: Consider the function
transforms of several basic functions

g(t) = e % cos(3t).
Theorem (Exponential Shift Theorem)

If F(s) = L[f(t)] exists for s > a, and if ¢ is a constant, then

From our Table of Laplace Transforms, if f(¢) = cos(3t), then

Ll f(t)] = F(s —¢), s>a+ec. .
F(s) = 0.
(s) s2+9’ i
Proof:
This result immediately follows from the definition: From our previous theorem, the Laplace transform of g(f) satisfies
Lle f(1)] = / e e f(t)dt = / N (t)dt = F(s o), _ Lle2f ()] = - st2 -
0 0 G(s) =Le *"f(t)] = F(s+2) G12rio s> —2.

which holds for s — ¢ > a.
SDST SDSJO
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Laplace Transform of Derivatives Laplace Transform of Derivatives

Theorem (Laplace Transform of Derivatives)

Suppose that [ is continuous and f' is piecewise continuous on any Sketch of Proof (cont): From before we have

interval 0 <t < A. Suppose that f and ' are of exponential order A A

with |fO ()| < Ke®| for some constants K and a and i = 0,1. Then / e Stf(t)dt = e A f(A) — £(0) + 8/ e Stf(t)dt.
L[f'(t)] exists for s > a, and moreover 0 0
As A — oo and using the exponential order of f and f’, this
! _ _ )

LIf (&) = sLIF(2)] = £(0). J expression gives

LI @) = sLIf ()] = £(0).

Sketch of Proof: If f'(t) was continuous, then examine . , ) ) . .
To complete the general proof with f’(t) being piecewise continuous,

A A A we divide the integral into subintervals where f’(t) is continuous.
—st ¢/ —st —st
t)dt = t t)dt
/0 e (1) e " f(t) 0 + S/O 0 Each of these integrals is integrated by parts, then continuity of f(t)
A collapses the end point evaluations and allows the single integral
= e *Af(A) - f(0) + 8/ e Stf(t)dt, noted on the right hand side, completing the general proof.
0

which simply uses integration by parts. SOSJO SDsJO
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Laplace Transform of Derivatives

Corollary (Laplace Transform of Derivatives)

Suppose that

Q The functions f, f', f", ..., f® Y are continuous and that f™
is piecewise continuous on any interval 0 <t < A

© The functions f, ', ..., f) are of exponential order with
|f@(t)] < Ke for some constants K and a and 0 < i < n.

Then L[f™(t)] exists for s > a and satisfies

Laplace Transform of Derivatives - Example

Example: Consider

g(t) = e " sin(4t) with g'(t) = —2e " sin(4t) + 4e ! cos(4t)

If f(t) = sin(4t), then

4 . 4
F(S) = m, with G(S) = m

using the exponential theorem of Laplace transforms

Our derivative theorem gives

, 4
LI @) = LI B)] = 5" £(0) — .. — sfD(0) = " D(0). Llg"(#)] = sG(s) = 9(0) = m
For our 2"? order differential equations we will commonly use However,
,, , Llg'(t)] = —2L[e *sin(4t)] + 4L[e™ 2" cos(4t)]
LI (8) = S2LIF(1)] - s£(0) - £(0). " A(542) i
SDSO = + = SDSJ

(5+2)2416 ' (s+22+16  (s+2)2+16

Short Table of Laplace Transforms
Properties of Laplace Transform
Laplace Transform of Derivatives

Short Table of Laplace Transforms
Properties of Laplace Transform

Laplace Transform of Derivatives Laplace Transforms

Laplace Transforms

Laplace Transform of Derivatives - Example Laplace Transform of Derivatives - Example

Example (cont): From before,
1) — _ 2
Yy (0) - 3 Y(S) — S
(s+1)(s2+2s+5)
An important result of the Fundamental Theorem of Algebra is
Partial Fractions Decomposition

Example: Consider the initial value problem:

y"+2y +5y =", y(0)=1,

Taking Laplace Transforms we have

Lly"1+2L[y"| +5L[y] = L[e™"]

We write

With Y (s) = L[y(t)], our derivative theorems give 2 A Bs+ C

1 Y(S):(s+1)(32—|—23+5):5—|—1+32—|—2s+5
s*Y (s) = sy(0) = y'(0) + 2[sY (s) = y(0)] +5Y (s) = —~
or 5 Equivalently,
(2 +25 +5)Y (5) = — 5 5 1 8% = A(s* +25+5) + (Bs + C)(s + 1)
s

Let s = —1, then1:4AorA:i

We can write

1 s—1 g2 Coefficient of s% gives 1 = A+ B, so B = %

Y(s) =

+ =
(s+1)(s2+25+5) 242545 (s+1)(s>+25+5) sps Coefficient of s gives 0 =54+ C, so C = -2 S05d
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Laplace Transforms

Laplace Transform of Derivatives - Example More Laplace Transforms

Example (cont): From the Partial Fractions Decomposition

ithdA=1 B=2 andC=-2 : : :
W 47 4’ 4’ Suppose that f is (i) piecewise continuous on any interval 0 <t < A,

1 1 3s—5 1 1 3(s+1)—8 and (i) has exponential order with exponent a. Then for any positive
= <5+1+52+25+5>: <S+1 (S+1)2+4> integer

4

LI f@E)] = (~)"F™(s), s> a

Equivalently, we can write this

Proof:
1 1 (S + 1) 2 (n) an o t oo gn st
Y(s) =~ 3 4 FO) = [T et [T e
(s) 4(s+1Jr (s+1)2+4 (3+1)2—|—4> ds™ Jo 0o Os?
= —t)"e St f(t)dt = (-1 ”/ t"e”StF(t)dt
However, Lle™'] = =5, Lle tcos(2t)] = ﬁ, and /o = (= (=) 0 2
Lle~tsin(2t)] = m, so inverting the Laplace transform gives = (DML
1 . .
y(t) = Ze—t + Ze—t cos(2t) — et sin(2t), Corollary: For any integer, n > 0,
|
. L= ——,  s>0.
solving the initial value problem SDSJ snt SDSJ
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