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Picking Up Where We Left Off... Discrete Least Squares

The Idea: Given the data set (%, f), where X = {zg,z1,...,2,}7
and f = {fo, fis-- oy fn}' we want to fit a simple
model (usually a low degree polynomial, p,,(x)) to this
data.

We seek the polynomial, of degree m, which minimizes the residual:

n

rR) = Y o) — f(a)
i=0

We find the polynomial by differentiating the sum with respect to the
coefficients of p,,(z). — If we are fitting a fourth degree polynomial
pa(r) = ag +ayx + azx? + azx® + agx?, we must compute the partial
derivatives wrt. ag, a1, as, asz, as.

In order to achieve a minimum, we must set all these partial derivatives
to zero. — In this case we get 5 equations, for the 5 unknowns; the
system is known as the normal equations.
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The Normal Equations — Second Derivation

Last time we showed that the normal equations can be found with purely
a Linear Algebra argument. Given the data points, and the model (here
pa(z)), we write down the over-determined system:

aog + ai1xo + agw% + agw% + a4m§ = fo
ap + a1z1 + azx? + azxi + asxt = fi
ag + a1xe + G/Q.T% -+ 013.%‘% + Cl4113'42l = f2
ag + a1y + azx? + azxd +agxt = £,

We can write this as a matrix-vector problem:
Xa=f

where the Vandermonde matrix X is tall and skinny. By multiplying both
the left- and right-hand-sides by X7 (the transpose of X), we get a “square”
system — we recover the normal equations:

xTxa=x"f
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Discrete Least Squares: A Simple, Powerful Method.

Given the data set (%,f), where X = {zg,z1,...,2,} and
f = {fo, f1,---, fn}, we can quickly find the best polynomial
fit for any specified polynomial degree!

Notation: Let X/ be the vector {af, 27, ..., z}}.

E.g. to compute the best fitting polynomial of degree 2,
pa(x) = ag + a1x + azx?, define:

o g — =9 d = T —1 TF
X=|1 % x|, andcompute a=(X"X)(X'f).
—_———
Not like this!
See mat h 543!
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Example: Fitting p;(z), i = 0,1, 2,3,4 Models.

8

Figure: We revisit the ex-
ample from last time; and

fit polynomials up to de-
gree four to the given data.
The figure shows the best

po(z), pi(z), and p2(z) °f, | ! ! ! ]

f. i h . 0 1 2 3 4 5
its. Below: the errors give — Underlying function f(x) = 1 + x + x"2/25

us clues when to stop. Z NemaedDaa
— Ouanaie e Fi

Model | Sum-of-squares-error

po(x) 205 45 Table: Clearly in this example there
pi(x) 52.38 is very little to gain in terms of the
pa(z) 51.79 least-squares-error by going beyond
p3(x) 51.79 1st or 2nd degree models.

pa(x) 51.79
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Nonlinear Models: — Fitting non-polynomials [Review]

Fitting an exponential model g(z) = be® to the given data d,
is quite straight-forward. (Note: The model in non-linear in the
parameters.)

First, re-cast the problem as a set of linear equations. We have:
becmi = dl

compute the natural logarithm on both sides:

Inb+_ ¢ x; =Ind;.
~—~ =~ ~~
ao a1 fi
Now, we can apply a polynomial least squares fit to the problem, and

once we have (ag,a1), b =€ and ¢ = a;.

Note: This does not give the least squares fit to the original prob-
lem!!l' — It is however, a pretty good approximation... (most
of the time)
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Introduction: Defining the Problem.

Up until now: Discrete Least Squares Approximation applied to

a collection of data.
Now: Least Squares Approximation of Functions.

We consider problems of this type: —

Suppose f € Cla,b] and we have the class P,, which
is the set of all polynomials of degree at most n. Find

the p(x) € P, which minimizes

b
/ p(@) - f(a)]? dr.
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Finding the Normal Equations...

If p(x) € P, we write p(z) = > }_, axx". The sum-of-squares-error,
as function of the coefficients, & = {ag, a1,...,a,} is

2

b n
E&) = / Zakxk — f(z)| dax.
@ Lk=0
Differentiating with respect to a; (j = {0,1,...,n}) gives

ag{fé) :2Zak/ J:j+kdx—2/ 2 f(z) da.
J k=0 ¢

a

OE(&) _

At the minimum, we require 9a, 0, which gives us a system of

equations for the coefficients a;, the normal equations.
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The Normal Equations.

The (n + 1)-by-(n + 1) system of equations is:

n b b
Zak/ :E]+kdx—/ 2 f(x)dx, j=0,1,...,n.
k=0 @

a

Some notation, let:

b
(f(x), g(x)) = / f(@)g(x)" dr,

*

where g(z)* is the complex conjugate of g(x) (everything we do in

this class is real, so it has no effect...)

This is known as an inner product on the interval [a, b]. (But, if you
want, you can think of it as a notational shorthand for the integral...)
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The Normal Equations: Inner Product Notation, I.

In inner product notation, our normal equations:

Zak/ x”kdﬂc:/ 2 f(x)dx, 7=0,1,...,n.
k=0 a @

become:

> ap(ad, 2y = (a7, f(x)), j=0,1,....n.

Recall the Discrete Normal Equations:

n N N
j+k j .
Z akag :Z:cgfi, i=0,1,...,n.
i=0

k=0 1=0

Hmmm, looks quite similar!
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More Notation, Defining the Discrete Inner Product.

If we have two vectors

= {Uo,’Ul,...,’UN}

<

V_&; = {wo,wl,...,wN},

we can define the discrete inner product

N

[v, w] = Zviw;k,
=0

where, again w; is the complex conjugate of w;.

Equipped with this notation, we revisit the Normal Equations...
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The Normal Equations: Inner Product Notation, II.

Discrete Normal Equations in > Notation:

n n n
i+k j .
Z akag :ngfi, j=0,1,...,n.
i=0

k=0 1=0

Discrete Normal Equations, in Inner Product Notation:
n
Y a [;zf, i’“} - [if, f} . i=0,1,....n
k=0

Continuous Normal Equations in Inner Product Notation:

n

Zak(xj, xk> = (27, f(z)), j=0,1,...,n.

k=0

Hey! It’s really the same problem!!! The only thing that changed

is the inner product — we went from summation to integration!
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Normal Equations for the Continuous Problem: Matrices.

The bottom line is that the polynomial p(x) that minimizes
b 2
[ bta) - 1) da
is given by the solution of the linear system Ax = b, where

pititl _ gititl

— explicitly.
i+j+1 pratly

We can compute (z°, 27) =

A matrix with these entries is known as a Hilbert Matrix. Hilbert
matrices are classical examples for demonstrating how numerical so-
lutions run into difficulties due to propagation of roundoff er-

rors.

— We need some new language, and tools!
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The Condition Number of a Matrix

The condition number of a matrix is the ratio of the largest
eigenvalue and the smallest eigenvalue:

If Ais an n x n matrix, and its eigenvalues are [\| < Ao < ... <
[An|, then the condition number is

cond(A) = —

| Anl
| A1

The condition number is one important factor determining the growth
of the numerical (roundoff) error in a computation.
We can interpret the condition number as a separation of scales.

If we compute with sixteen digits of precision €mach ~ 10716, the best
we can expect from our computations (even if we do everything right),

is accuracy ~ cond(A) - €mach-
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Condition Number

The Condition Number for Our Example
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10k . s 4 — Underlying function f(x) = 1 + x + x"2/25
. ® Measured Data
L — Average
. . . . . . . X X
05 1 15 2 25 3 35 4 — Linear Best Fit
Polynomial Degree — Quadratic Best Fit

Figure: Ponder, yet again, the example of fitting polynomials
to the data (RIGHT). The plot on the left shows the condition
numbers for Oth, through 4th degree polynomial problems. Note
that for the 5-by-5 system (Hilbert matrix) corresponding to the
4th degree problem the condition number is already ~ 107.
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Linearly Independent Functions.

Definition: — The set of functions {®¢(z), ®1(z),..., Pp(z)}

is said to be linearly independent on [a, b] if, whenever
n
Zcﬂ)i(a:) =0, V€ la,bl],
i=0

then ¢; = 0, Vi = 0,1,...,n. Otherwise the set is said to be
linearly dependent.

Theorem: — If ®;(x) is a polynomial of degree j, then the set
{®o(x), P1(x),...,P,(x)} is linearly independent on any interval
[a,0].
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Linearly Independent Functions: Polynomials.

Theorem: — If ®;(x) is a polynomial of degree j, then the set
{Po(x), P1(x),...,Pn(z)} is linearly independent on any interval [a, b].

Proof: Supposec; € R,i=0,1,...,n, and P(x) = > 1" ,c;®i(x) =
0 Vx € [a,b]. Since P(x) vanishes on [a,b] it must be the zero-
polynomial, i.e. the coefficients of all the powers of x must be zero.
In particular, the coefficient of x™ is zero. = ¢, = 0, hence P(x) =
Z?:_ol ¢i®;(x). By repeating the same argument, we find ¢; = 0,
i=0,1,...,n. = {Po(x), P1(x),...,P,(x)} is linearly independent.
O

Theorem: — If {®¢(z), P1(x),...,Py(z)} is a collection of linearly
independent polynomials in P, then any p(z) € P, can be written
uniquely as a linear combination of {®¢(z), ®1(z),..., P, (z)}.
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More Definitions and Notation...

Definition: — An integrable function w is called a weight func-
tion on the interval [a,b] if w(z) > 0 Vx € [a,b], but w(xz) #Z 0
on any subinterval of [a, b].

A weight function will allow us to assign different degrees of impor-
tance to different parts of the interval. E.g. with w(z) = 1/v1 — 22
on [—1,1] we are assigning more weight away from the center of the

interval.

Inner Product, with a weight function:

b
(f(@); 9(2))w(x) =/ f(@)g(x)* w(z)dz.
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Revisiting Least Squares Approx. with New Notation.

Suppose {®g(z), P1(z),...,Pn(x)} is a set of linearly indepen-
dent functions on [a,b], w(z) a weight function on [a,b], and
f(z) € Cla,b].
We are now looking for the linear combination
p(w) = ar®y(x)
k=0
which minimizes the sum-of-squares-error
b
E@ = [ @) - f(o)? wod

When we differentiate with respect to ay, w(x) is a constant, so the

system of normal equations can be written...
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The Normal Equations, Revisited for the n"* Time.

n

> ap(®p(@), () ww) = (@), 2j(@))w@), J=0.1,...,n.
§—=0

What has changed?

k

x —  Dp(x) New basis functions.

(0,0) — (0, 0)u(a) New inner product.
Why are we doing this?

We are going to select the basis functions ®(x) so that the normal

equations are easy to solve!
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Orthogonal Functions.

Definition: — {®¢(z), ®1(x),...,Py(z)} is said to be an or-
thogonal set of functions on [a,b] with respect to the weight
function w(x) if

0, when i # j,

<q)i($)a (I)J(x»w(z) = . .
a;, wheni=j.

If in addition a; = 1,7 =0,1,...,n the set is said to be orthonor-

mal.
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The Payoff — No Matrix Inversion Needed.

Theorem: — If {®g(x), P1(z),...,P,(x)} is a set of orthog-
onal functions on an interval [a,b], with respect to the weight
function w(x), then the least squares approximation to f(z) on

[a, b] with respect to w(x) is
p(.’E) = Zachk(x)a
k=0

where, for each k =0,1,...,n,

P <(I)k(x)v f(x)>w(z)
P @), Pk(@))ue)

We can find the coefficients without solving A7 Az = ATp!l!
Where do we get a set of orthogonal functions??? (Costco??7?)
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The Gram-Schmidt Process.

Theorem: — The set of polynomials {®g(z), ®1(x),...,Pn(z)}
defined in the following way is orthogonal on [a,b] with respect to
w(z):
Po(z) =1, P1(z) = (z — b1)Po,
where
o (2P0(7), Po(®))w(a)
<<I)0($), (I)U(‘T»w(m) ’
for k> 2,
Py (z) = (z — b)Pp—1(z) — cxPr—2(2),
where
~ (@P-1 (@), Pr—1(2)) () o (@Pp—1(x), Pp—2(2))uw(x)
FT @) i@y T (@ (@), P (@) |
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Example: Legendre Polynomials 1 of 2

The set of Legendre Polynomials {P,(x)} is orthogonal on [—1,1]
with respect to the weight function w(z) = 1.

Po(l‘) = 1, Pl(l') = (33 — bl) ol

where
1
[ xdx
b =———=
fl dx
1
ie. Pi(x) =x.
1 - 1
[ 2 dx [ 2 dx
b2:7: 02:7:1/3
' 224 ’ '1d ’
Jo 2%dz Jo1ldx
ie. Pa(x) =x%—1/3.
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Example: Legendre Polynomials 2 of 2

The first six Legendre Polynomials are

Py(z) = 1

Pi(z) = =

Py(z) = 22-1/3

Psy(x) = 2%—3x/5

Py(z) = x*—622/7+3/35
Ps(z) = x°—1023/9 4 5z/21.

We encountered the Legendre polynomials in the context of numerical
integration. It turns out that the roots of the Legendre polynomials

are used as the nodes in Gaussian quadrature.

Now we have the machinery to manufacture Legendre polynomials of

any degree.
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Rodrigues’ Formula

The Gram-Schmidt procedure is one way to obtain the Legendre
polynomials, as seen in the previous slide, but can be tedious.

An alternate method for finding Legendre polynomials uses techniques
from differential equations and the Rodrigues’ formula:

— Z (221"
2nn ! dz™ (@ )

P, (x)
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Example: Laguerre Polynomials

The set of Laguerre Polynomials {L,(z)} is orthogonal on (0,0c0)

with respect to the weight function w(z) = e™7.
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