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Interpolation and Polynomial Approximation: Divided Differences, and Hermite Interpolatory Polynomials – p.1/36

Re
ap and LookaheadPreviously:Neville's Method to su

essively generate higher degree polynomialapproximations at a spe
i�
 point. � If we need to 
ompute thepolynomial at many points, we have to re-run Neville's method forea
h point. O(n2) operations/point.

Next:Use divided di�eren
es to generate the polynomials∗ themselves.

∗ The 
oe�
ients of the polynomials. On
e we have those,we 
an qui
kly (remember Horner's method?) 
ompute thepolynomial in any desired points. O(n) operations/point.
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Representing PolynomialsIf Pn(x) is the nth degree polynomial that agrees with f(x) at thepoints {x0, x1, . . . , xn}, then we 
an (for the appropriate 
onstants

{a0, a1, . . . , an}) write:

Pn(x) = a0 + a1(x− x0) + a2(x− x0)(x− x1) + · · ·
· · ·+ an(x− x0)(x− x1) · · · (x− xn−1)

Note that we 
an evaluate this �Horner-style,� by writing
Pn(x) = a0 + (x− x0) (a1 + (x− x1) (a2+ · · ·

· · ·+ (x− xn−2) (an−1 + an(x− xn−1)))) ,so that ea
h step in the Horner-evaluation 
onsists of a subtra
tion,a multipli
ation, and an addition.
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Finding the Constants {a0, a1, . . . , an} �Just Algebra�Given the relation

Pn(x) = a0 + a1(x− x0) + a2(x− x0)(x− x1) + · · ·
· · ·+ an(x− x0)(x− x1) · · · (x− xn−1)

at x0: a0 = Pn(x0) = f(x0).

at x1: f(x0) + a1(x1 − x0) = Pn(x1) = f(x1)

⇒ a1 =
f(x1)− f(x0)

x1 − x0

.

at x2: a2 =
f(x2)− f(x0)

(x2 − x0)(x2 − x1)
− f(x1)− f(x0)

(x2 − x0)(x1 − x0)

.

Clearly, this gets massively ugly fast!We need some ni
e 
lean notation!
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Sir Isaa
 Newton to the Res
ue: Divided Di�eren
esZeroth Divided Di�eren
e:

f [xi] = f(xi).

First Divided Di�eren
e:

f [xi, xi+1] =
f [xi+1]− f [xi]

xi+1 − xi
.

Se
ond Divided Di�eren
e:

f [xi, xi+1, xi+2] =
f [xi+1, xi+2]− f [xi, xi+1]

xi+2 − xi
.

kth Divided Di�eren
e:

f [xi, xi+1, . . . , xi+k] =
f [xi+1, xi+2, . . . , xi+k]− f [xi, xi+1, . . . , xi+k−1]

xi+k − xi
.
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The Constants {a0, a1, . . . , an} � RevisitedWe hadat x0: a0 = Pn(x0) = f(x0).at x1: f(x0) + a1(x1 − x0) = Pn(x1) = f(x1)

⇒ a1 =
f(x1)− f(x0)

x1 − x0

.

at x2: a2 =
f(x2)− f(x0)

(x2 − x0)(x2 − x1)
− f(x1)− f(x0)

(x2 − x0)(x1 − x0)

.

Clearly:

a0 = f [x0], a1 = f [x0, x1].We may suspe
t that a2 = f [x0, x1, x2], that is indeed so (a little bitof 
areful algebra will show it), and in general

ak = f [x0,x1, . . . ,xk].
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Algebra: Chasing down a2 = f [x0, x1, x2]

a2 =
f(x2)− f(x0)

(x2 − x0)(x2 − x1)
− f(x1)− f(x0)

(x2 − x1)(x1 − x0)

=
(f(x2)− f(x0))(x1 − x0)− (f(x1)− f(x0))(x2 − x0)

(x2 − x0)(x2 − x1)(x1 − x0)

=
(x1 − x0)f(x2)− (x2 − x0)f(x1) + (x2 − x0 − x1 + x0)f(x0)

(x2 − x0)(x2 − x1)(x1 − x0)

=
(x1 − x0)f(x2)− (x1 − x0 + x2 − x1)f(x1) + (x2 − x1)f(x0)

(x2 − x0)(x2 − x1)(x1 − x0)

=
(x1 − x0)(f(x2)− f(x1))− (x2 − x1)(f(x1)− f(x0))

(x2 − x0)(x2 − x1)(x1 − x0)

=
(f(x2)− f(x1))

(x2 − x0)(x2 − x1)
− (f(x1)− f(x0))

(x2 − x0)(x1 − x0)

=
f [x1, x2]
x2 − x0

− f [x0, x1]
x2 − x0

= f [x0,x1,x2] (!!!)
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Newton's Interpolatory Divided Di�eren
e FormulaHen
e, we 
an write

Pn(x) = f [x0] +
n∑

k=1

[
f [x0, . . . , xk]

k−1∏
m=0

(x− xm)

]
.

Pn(x) = f [x0] +

f [x0, x1](x− x0) +

f [x0, x1, x2](x− x0)(x− x1) +

f [x0, x1, x2, x3](x− x0)(x− x1)(x− x2) + · · ·This expression is known as Newton's Interpolatory Divided Dif-feren
e Formula.
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Computing the Divided Di�eren
es (by table)

x f(x) 1st Div. Di�. 2nd Div. Di�.

x0 f [x0]

f [x0, x1] = f [x1]−f [x0]
x1−x0

x1 f [x1] f [x0, x1, x2] = f [x1,x2]−f [x0,x1]
x2−x0

f [x1, x2] = f [x2]−f [x1]
x2−x1

x2 f [x2] f [x1, x2, x3] = f [x2,x3]−f [x1,x2]
x3−x1

f [x2, x3] = f [x3]−f [x2]
x3−x2

x3 f [x3] f [x2, x3, x4] = f [x3,x4]−f [x2,x3]
x4−x2

f [x3, x4] = f [x4]−f [x3]
x4−x3

x4 f [x4] f [x3, x4, x5] = f [x4,x5]−f [x3,x4]
x5−x3

f [x4, x5] = f [x5]−f [x4]
x5−x4

x5 f [x5]Note: The table 
an be extended with three 3rd divided di�eren
es,two 4th divided di�eren
es, and one 5th divided di�eren
e.
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Algorithm: Computing the Divided Di�eren
es

Algorithm: Newton's Divided Di�eren
e �Given the points (xi, f(xi)), i = 0, . . . , n.
Step 1: Initialize Fi,0 = f(xi), i = 0, . . . , n

Step 2:

FOR i = 1 : n

FOR j = 1 : i

Fi,j =
Fi,j−1 − Fi−1,j−1

xi − xi−j

END

END

Result: The diagonal, Fi,i now 
ontains f [x0, . . . , xi].
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A Theoreti
al Result: Generalization of the Mean Value Theorem

Theorem: � Suppose that f ∈ Cn[a, b] and {x0, . . . , xn} aredistin
t number is [a, b]. Then ∃ ξ ∈ (a, b) :

f [x0, . . . , xn] =
f (n)(ξ)

n!
.

For n = 1 this is exa
tly the Mean Value Theorem...So we have extended to MVT to higher order derivatives!

What is the theorem telling us?� Newton's nth divided di�eren
e is in some sense an approxi-mation to the nth derivative of f
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Newton vs. Taylor...Using Newton's Divided Di�eren
es...

PN
n (x) = f [x0] + f [x0, x1](x− x0) +

f [x0, x1, x2](x− x0)(x− x1) +

f [x0, x1, x2, x3](x− x0)(x− x1)(x− x2) + · · ·

Using Taylor expansion

P T
n (x) = f(x0) + f ′(x0)(x− x0) +

1
2! f ′′(x0)(x− x0)2 +
1
3! f ′′′(x0)(x− x0)3 + · · ·

It makes sense that the divided di�eren
es are approximating thederivatives in some sense!
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Simpli�
ation: Equally Spa
ed PointsWhen the points {x0, . . . , xn} are equally spa
ed, i.e.

h = xi+1 − xi, i = 0, . . . , n− 1.

We 
an write x = x0 + sh, x− xk = (s− k)h so that

Pn(x) = Pn(x0 + sh) =
n∑

k=0

s(s− 1) · · · (s− k + 1)hkf [x0, . . . , xk].

Using the binomial 
oe�
ients (
s

k

)
=

s(s− 1) · · · (s− k + 1)
k!

we
an write

Pn(x0 + sh) = f [x0] +
n∑

k=1

(
s
k

)
k!hk f [x0, . . . ,xk].

This is Newton's Forward Divided Di�eren
e Formula.
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Notation, Notation, Notation...Another form, Newton's Forward Di�eren
e Formula is 
on-stru
ted by using the forward di�eren
e operator ∆:
∆f(xn) = f(xn+1)− f(xn)using this notation:

f [x0, x1] =
f(x1)− f(x0)

x1 − x0
=

1
h

∆f(x0).

f [x0, x1, x2] =
1
2h

[
∆f(x1)−∆f(x0)

h

]
=

1
2h2

∆2f(x0).

f [x0, . . . , xk] =
1

k!hk
∆kf(x0).Thus we 
an write Newton's Forward Di�eren
e Formula

Pn(x0 + sh) = f [x0] +
n∑

k=1

(
s
k

)
∆kf(x0).
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Notation, Notation, Notation... Ba
kward FormulasIf we reorder {x0, x1, . . . , xn} → {xn, . . . , x1, x0}, and de�ne theba
kward di�eren
e operator ∇:

∇f(xn) = f(xn)− f(xn−1),we 
an de�ne the ba
kward divided di�eren
es:

f [xn, . . . , xn−k] =
1

k!hk
∇kf(xn).

We write down Newton's Ba
kward Di�eren
e Formula
Pn(x) = f [xn] +

n∑
k=1

(−1)k
(−s

k

)
∇kf(xn),

where (−s

k

)
= (−1)k

s(s + 1) · · · (s + k − 1)
k!

.
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Forward? Ba
kward? I'm Confused!!!

x f(x) 1st Div. Di�. 2nd Div. Di�.

x0 f [x0]

f [x0,x1] = f [x1]−f [x0]
x1−x0

x1 f [x1] f [x0,x1,x2] = f [x1,x2]−f [x0,x1]
x2−x0

f [x1, x2] = f [x2]−f [x1]
x2−x1

x2 f [x2] f [x1, x2, x3] = f [x2,x3]−f [x1,x2]
x3−x1

f [x2, x3] = f [x3]−f [x2]
x3−x2

x3 f [x3] f [x2, x3, x4] = f [x3,x4]−f [x2,x3]
x4−x2

f [x3, x4] = f [x4]−f [x3]
x4−x3

x4 f [x4] f [x3,x4,x5] = f [x4,x5]−f [x3,x4]
x5−x3

f [x4,x5] = f [x5]−f [x4]
x5−x4

x5 f [x5]Forward: The fwd div. di�. are the top entries in the table.Ba
kward: The bwd div. di�. are the bottom entries in the table.
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Forward? Ba
kward? � Straight Down the Center!The Newton formulas works best for points 
lose to the edge of thetable; if we want to approximate f(x) 
lose to the 
enter, we have towork some more...

x f(x) 1st Div. Di�. 2nd Div. Di�. 3rd Div. Di�. 4th Div. Di�.

x−2 f [x−2]
f [x−2, x−1]

x−1 f [x−1] f [x−2, x−1, x0]
f [x−1,x0] f [x−2,x−1,x0,x1]

x0 f [x0] f [x−1,x0,x1] f [x−2,x−1,x0,x1,x2]
f [x0,x1] f [x−1,x0,x1,x2]

x1 f [x1] f [x0, x1, x2] f [x−1, x0, x1, x2, x3]
f [x1, x2] f [x0, x1, x2, x3]

x2 f [x2] f [x1, x2, x3]
f [x2, x3]

x3 f [x3]We are going to 
onstru
t Stirling's Formula � a s
heme using
entered di�eren
es. In parti
ular we are going to use the blue(
entered at x0) entries, and averages of the red (straddling the x0point) entries.
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Stirling's Formula � Approximating at Interior PointsAssume we are trying to approximate f(x) 
lose to the interior point
x0:

Pn(x) = P2m+1(x) = f [x0] + sh
f [x−1, x0] + f [x0, x1]

2
+ s2h2 f [x−1, x0, x1]

+ s(s2 − 1)h3 f [x−2, x−1, x0, x1] + f [x−1, x0, x1, x2]
2

+ s2(s2 − 1)h4 f [x−2, x−1, x0, x1, x2]

+ . . .

+ s2(s2 − 1) · · · (s2 − (m− 1)2)h2m f [x−m, . . . , xm]

+ s(s2 − 1) · · · (s2 −m2)h2m+1

·f [x−m−1, . . . , xm] + f [x−m, . . . , xm+1]
2If n = 2m + 1 is odd, otherwise delete the last two lines.
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Combining Taylor and Lagrange PolynomialsA Taylor polynomial of degree n mat
hes the fun
tion and its �rst

n derivatives at one point.A Lagrange polynomial of degree n mat
hes the fun
tion valuesat n + 1 points.Question: Can we 
ombine the ideas of Taylor and Lagrange to getan interpolating polynomial that mat
hes both the fun
-tion values and some number of derivatives at multiplepoints?Answer: To our euphori
 joy, su
h polynomials exist! They are
alled Os
ulating Polynomials.
The Concise Oxford Dictionary:Os
ulate 1. (ar
h. or jo
.) kiss. 2. (Biol., of spe
ies, et
.) be relatedthrough intermediate spe
ies et
., have 
ommon 
hara
teristi
s with anotheror with ea
h other. 3. (Math., of 
urve or surfa
e) have 
onta
t of higherthan �rst order with, meet at three or more 
oin
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Os
ulating Polynomials In Painful GeneralityGiven (n + 1) distin
t points {x0, x1, . . . , xn} ∈ [a, b], and non-negative integers {m0,m1, . . . ,mn}.Notation: Let m = max{m0,m1, . . . ,mn}.The os
ulating polynomial approximation of a fun
tion f ∈
Cm[a, b] at xi, i = 0, 1, . . . , n is the polynomial (of lowest possibleorder) that agrees with

{f(xi), f ′(xi), . . . , f (mi)(xi)} at xi ∈ [a, b], ∀i.The degree of the os
ulating polynomial is at most

M = n +
n∑

i=0

mi.

In the 
ase where mi = 1, ∀i the polynomial is 
alled a HermiteInterpolatory Polynomial.
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Hermite Interpolatory Polynomials The Existen
e StatementIf f ∈ C1[a, b] and {x0, x1, . . . , xn} ∈ [a, b] are distin
t, the uniquepolynomial of least degree (≤ 2n + 1) agreeing with f(x) and f ′(x)at {x0, x1, . . . , xn} is

H2n+1(x) =
n∑

j=0

f(xj)Hn,j(x) +
n∑

j=0

f ′(xj)Ĥn,j(x),where

Hn,j(x) =
[
1− 2(x− xj)L′

n,j(xj)
]
L2

n,j(x)

Ĥn,j(x) = (x− xj)L2
n,j(x),and Ln,j(x) are our old friends, the Lagrange 
oe�
ients:

Ln,j(x) =
n∏

i=0, i 6=j

x− xi

xj − xi
.

Further, if f ∈ C2n+2[a, b], then for some ξ(x) ∈ [a, b]

f(x) = H2n+1(x) +
∏n

i=0(x− xi)2

(2n + 2)!
f (2n+2)(ξ(x)).
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That's Hardly Obvious � Proof Needed! 1 of 2

Re
all: Ln,j(xi) = δi,j =

 0, if i 6= j

1 if i = j

(δi,j is Krone
ker's delta).

If follows that when i 6= j: Hn,j(xi) = Ĥn,j(xi) = 0.

When i = j:  Hn,j(xj) =
[
1− 2(xj − xj)L′

n,j(xj)
]
· 1 = 1

Ĥn,j(xj) = (xj − xj)L2
n,j(xj) = 0.Thus H2n+1(xj) = f(xj).

H ′
n,j(x) = [−2L′

n,j(xj)]L2
n,j(x) + [1− 2(x− xj)L′

n,j(xj)] · 2Ln,j(x)L′
n,j(x)

= Ln,j(x)
[−2L′

n,j(xj)Ln,j(x) + [1− 2(x− xj)L′
n,j(xj)] · 2(x)L′

n,j

]

Sin
e Ln,j(x) is a fa
tor in H ′
n,j(x): H ′

n,j(xi) = 0 when i 6= j.
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Proof, 
ontinued...

H ′
n,j(xj) = [−2L′

n,j(xj)] L2
n,j(xj)︸ ︷︷ ︸

1

+ [1− 2 (xj − xj)︸ ︷︷ ︸
0

L′
n,j(xj)] · 2 Ln,j(xj)︸ ︷︷ ︸

1

L′
n,j(xj)

= −2L′
n,j(xj) + 1 · 2 · L′

n,j(xj) = 0i.e. H′
n,j(xi) = 0, ∀i.

Ĥ ′
n,j(x) = L2

n,j(x) + 2(x− xj)Ln,j(x)L′
n,j(x)

= Ln,j(x)
[
Ln,j(x) + 2(x− xj)L′

n,j(x)
]

If i 6= j: Ĥ ′
n,j(xi) = 0, sin
e Ln,j(xi) = δi,j .If i = j: Ĥ ′
n,j(xj) = 1 ·

[
1 + 2(xj − xj)L′

n,j(xj)
]

= 1.Hen
e, H′
2n+1(xi) = f ′(xi), ∀i. �
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Uniqueness ProofAssume there is a se
ond polynomial G(x) (of degree ≤ 2n + 1)interpolating the same data.

De�ne R(x) = H2n+1(x)−G(x).

Then by 
onstru
tion R(xi) = R′(xi) = 0, i.e. all the xi's are zerosof multipli
ity at least 2.

This 
an only be true if R(x) = q(x)
∏n

i=0(x− xi)2, for some q(x).

If q(x) 6≡ 0 then the degree of R(x) is ≥ 2n + 2, whi
h is a
ontradi
tion.
Hen
e q(x) ≡ 0 ⇒ R(x) ≡ 0 ⇒ H2n+1(x) is unique. �
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Main Use of Hermite Interpolatory PolynomialsOne of the primary appli
ations of Hermite Interpolatory Polynomialsis the development of Gaussian quadrature for numeri
al integra-tion. (To be revisited later this semester.)The most 
ommonly seen Hermite interpolatory polynomial is the 
u-bi
 one, whi
h satis�es

H3(x0) = f(x0), H ′
3(x0) = f ′(x0)

H3(x1) = f(x1), H ′
3(x1) = f ′(x1).it 
an be written expli
itly as

H3(x) =
[
1 + 2 x−x0

x1−x0

] [
x1−x
x1−x0

]2
f(x0) + (x− x0)

[
x1−x
x1−x0

]2
f ′(x0)

+
[
1 + 2 x1−x

x1−x0

] [
x−x0
x1−x0

]2
f(x1) + (x− x1)

[
x−x0
x1−x0

]2
f ′(x1).It appears in some optimization algorithms (see Math693a, line-sear
h algorithms.)
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Computing from the De�nition is Tedious!However, there is good news: we 
an re-use the algorithm forNewton's Interpolatory Divided Di�eren
e Formula with somemodi�
ations in the initialization.

We double the number of points, i.e. let
{y0, y1, . . . , y2n+1} = {x0, x0 + ǫ, x1, x1 + ǫ, . . . , xn, xn + ǫ}

Set up the divided di�eren
e table (up to the �rst divided di�eren
es),and let ǫ → 0 (formally), and identify:
f ′(xi) = lim

ǫ→0

f [xi + ǫ]− f [xi]
ǫ

,

to get the table [next slide℄...
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Hermite Interpolatory Polynomial using Modi�ed Newton Divided Di�eren
es

y f(x) 1st Div. Di�. 2nd Div. Di�. 3rd Div. Di�.

y0 = x0 f [y0]
f [y0, y1] = f ′(y0)

y1 = x0 f [y1] f [y0, y1, y2]
f [y1, y2] f [y0, y1, y2, y3]

y2 = x1 f [y2] f [y1, y2, y3]
f [y2, y3] = f ′(y2) f [y1, y2, y3, y4]

y3 = x1 f [y3] f [y2, y3, y4]
f [y3, y4] f [y2, y3, y4, y5]

y4 = x2 f [y4] f [y3, y4, y5]
f [y4, y5] = f ′(y4) f [y3, y4, y5, y6]

y5 = x2 f [y5] f [y4, y5, y6]
f [y5, y6] f [y4, y5, y6, y7]

y6 = x3 f [y6] f [y5, y6, y7]
f [y6, y7] = f ′(y6) f [y5, y6, y7, y8]

y7 = x3 f [y7] f [y6, y7, y8]
f [y7, y8] f [y6, y7, y8, y9]

y8 = x4 f [y8] f [y7, y8, y9]
f [y8, y9] = f ′(y8)

y9 = x4 f [y9]

Interpolation and Polynomial Approximation: Divided Differences, and Hermite Interpolatory Polynomials – p.27/36

H3(x) revisited...Old notation

H3(x) =
[
1 + 2 x−x0

x1−x0

] [
x1−x
x1−x0

]2
f(x0)

+
[
1 + 2 x1−x

x1−x0

] [
x−x0
x1−x0

]2
f(x1)

+ (x− x0)
[

x1−x
x1−x0

]2
f ′(x0)

+ (x− x1)
[

x−x0
x1−x0

]2
f ′(x1).Divided di�eren
e notation

H3(x) = f(x0) + f ′(x0)(x− x0) + f [x0, x0, x1](x− x0)2

+ f [x0, x0, x1, x1](x− x0)2(x− x1).Or with the y's...

H3(x) = f(y0) + f ′(y0)(x− y0) + f [y0, y1, y2](x− y0)(x− y1)

+ f [y0, y1, y2, y3](x− y1)(x− y2)(x− y3).
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H3(x) Example

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

x0 = 0, x1 = 1

f(x0) = 0, f ′(x0) = 4, f(x1) = 3, f ′(x1) = −1

H3(x) = 4x− x2 − 3x2(x− 1)
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H3(x) Example � Not Very Pretty Computations

x0 = 0; x1 = 1; % This is the data
fv0 = 0; fpv0 = 4;
fv1 = 3; fpv1 = -1;

y0 = x0; f0=fv0; % Initializing the table
y1 = x0; f1=fv0;
y2 = x1; f2=fv1;
y3 = x1; f3=fv1;

f01 = fpv0; % First divided differences
f12 = (f2-f1)/(y2-y1);
f23 = fpv1;

f012 = (f12-f01)/(y2-y0); % Second divided differences
f123 = (f23-f12)/(y3-y1);

f0123 = (f123-f012)/(y3-y0); % Third divided difference

x=(0:0.01:1)’;

H3 = f0 + f01*(x-y0) + f012*(x-y0).*(x-y1) + ...
f0123*(x-y0).*(x-y1).* (x-y2);
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Algorithm: Hermite InterpolationGiven the data points (xi, f(xi), f ′(xi)), i = 0, . . . , n.

Step 1: FOR i=0:n

y2i = xi, Q2i,0 = f(xi), y2i+1 = xi, Q2i+1,0 = f(xi)
Q2i+1,1 = f ′(xi)
IF i > 0

Q2i,1 =
Qi,0 −Qi−1,0

y2i − y2i−1
END

END

Step 2: FOR i = 2 : (2n + 1)
FOR j = 2 : i

Qi,j =
Qi,j−i −Qi−1,j−1

yi − yi−j
.

END

END

Result: qi = Qi,i, i = 0, . . . , 2n + 1 now 
ontains the 
oe�
ients for

H2n+1(x) = q0 +
2n+1∑
k=1

qi

k−1∏
j=0

(x− yj)

 .
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Higher Order Os
ulating Polynomials 1 of 3So far we have seen the os
ulating polynomials of order 0 � theLagrange polynomial, and of order 1 � the Hermite interpolatorypolynomial.It turns out that generating os
ulating polynomials of higher order isfairly straight-forward; � and we use Newton's divided di�eren
es togenerate those as well.Given a set of points {xk}n
k=0, and {f (ℓ)(xk)}n,ℓk

k=0,ℓ=0; i.e. the fun
tionvalues, as well as the �rst ℓk derivatives of f in xk. (Note that we
an spe
ify a di�erent number of derivatives in ea
h point.)Set up the Newton-divided-di�eren
e table, and put in (ℓk + 1)dupli
ate entries of ea
h point xk, as well as its fun
tion value

f(xk).
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Higher Order Os
ulating Polynomials 2 of 3Run the 
omputation of Newton's divided di�eren
es as usual;with the following ex
eption:Whenever a zero-denominator is en
ountered � i.e. the divideddi�eren
e for that entry 
annot be 
omputed due to dupli
ationof a point � use a derivative instead. For mth divided di�eren
es,use 1
m!f

(m)(xk).On the next slide we see the setup for two point in whi
h two deriva-tives are pres
ribed.
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Higher Order Os
ulating Polynomials 3 of 3
y f(x) 1st Div. Di�. 2nd Div. Di�. 3rd Div. Di�.
y0 = x0 f [y0]

f [y0, y1] = f ′(x0)
y1 = x0 f [y1] f [y0, y1, y2] = 1

2
f ′′(x0)

f [y1, y2] = f ′(x0) f [y0, y1, y2, y3]
y2 = x0 f [y2] f [y1, y2, y3]

f [y2, y3] f [y1, y2, y3, y4]
y3 = x1 f [y3] f [y2, y3, y4]

f [y3, y4] = f ′(x1) f [y2, y3, y4, y5]
y4 = x1 f [y4] f [y3, y4, y5] = 1

2
f ′′(x1)

f [y4, y5] = f ′(x1)
y5 = x1 f [y5]

3rd and higher order divided di�eren
es are 
omputed �as usual� inthis 
ase.
On the next slide we see four examples of 2nd order os
ulating poly-nomials.
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−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

f(−1)   = +1.00

df(−1)  = +1.00

ddf(−1) = +0.00

f(1)   = −1.00

df(1)  = −1.00

ddf(1) = +0.00

f(0)   = +0.00

df(0)  = +1.00

ddf(0) = +0.00

Osculating Polynomials
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−1

−0.8

−0.6

−0.4
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0

0.2

0.4

0.6

0.8

1

f(−1)   = +1.00

df(−1)  = +1.00

ddf(−1) = +0.00

f(1)   = −1.00

df(1)  = −1.00

ddf(1) = +0.00

f(0)   = +0.00

df(0)  = −1.00

ddf(0) = +0.00

Osculating Polynomials
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1

f(−1)   = +1.00

df(−1)  = +2.00

ddf(−1) = −1.00

f(1)   = −1.00

df(1)  = +1.00

ddf(1) = +3.00

f(0)   = +0.00

df(0)  = +0.00

ddf(0) = +10.00

Osculating Polynomials
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1

f(−1)   = +1.00

df(−1)  = −1.00

ddf(−1) = −10.00

f(1)   = −1.00

df(1)  = −1.00

ddf(1) = +10.00

f(0)   = +0.00

df(0)  = −1.00

ddf(0) = −10.00

Osculating Polynomials
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We have en
ountered methods by these fellowsSir Isaa
 Newton, 4 Jan 1643 (Woolsthorpe, Lin
olnshire, England)� 31 Mar
h 1727.Joseph-Louis Lagrange, 25 Jan 1736 (Turin, Sardinia-Piedmont (nowItaly)) � 10 April 1813.Johann Carl Friedri
h Gauss, 30 April 1777 (Brunswi
k, Du
hy ofBrunswi
k (now Germany)) � 23 Feb 1855.Charles Hermite, 24 De
 1822 (Dieuze, Lorraine, Fran
e) � 14 Jan1901.The 
lass website 
ontains links to short bios for these (and other)mathemati
ians, 
li
k on Mathemati
s Personae, who have 
on-tributed to the material 
overed in this 
lass. It makes for interestingreading and puts mathemati
s into a histori
al and politi
al 
ontext.
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