Fall 2000 Complete Solutions Numerical Differential Equations

1. a. The solution to the initial value problem,

dy
203 0) = 20
I v, y(0) ,

is
y(t) = 2023,

It requires five steps to use Euler’s method to approximate the solution using a stepsize of
h =0.2 for t € [0,1]. The Euler formula for this problem is

Yn+1 = Yn + 0.2(0.3y,) = yn + 0.06y,,.

Below is a table showing the iterations for Euler’s solution

tn Yn
to = 0 Yo = 20
t =02 y1 = yo + 0.06y = 20 + 0.06(20) = 21.2
tp =04 y2 = y1 + 0.06y; = 21.2 + 0.06(21.2) = 22.472

t5=0.6 | ys3 = ys+ 0.06y2 = 22.472 + 0.06(22.472) = 23.8203
£ty = 0.8 | ya = ys + 0.06y3 = 23.8203 + 0.06(23.8203) = 25.2495
t5 = 1.0 | y5 = ya + 0.06y4 = 25.2495 + 0.06(25.2495) = 26.7645

0 26.7645—26.9972 __

The exact solution for ¢ = 1 is y(1) = 26.9972, so the percent error is 10 360075 =

—0.86%.
3. a. To verify that T(t) = 25 — t + 25¢7"? is a solution to the initial value problem
T'=—-k(T-(20-1)), T(0)=50,

where k = 0.2 hr~!, we must verify the initial condition and that the differential equation is
satisfied. First, T'(0) = 25 — 0 + 25¢e” = 50, so the initial condition is satisfied.
Next we differentiate the proposed solution, giving

T' = —1+25(-0.2)e %% = 1 — 5e 0%,
For the right hand side of the equation, we substitute the solution giving
—B(T = (20 —1)) = —0.2(25—t+25¢"% — (20 1))
= —02(5+25¢70%) = 1 5e 0%,
Thus, the equation is satisfied. The solution at t = 2 is T(2) = 25 — 2 + 25¢ %4 = 39.76°C.
b. For the Euler’s solution, we need four steps to approximate the solution using a stepsize
of h =0.5 for t € [0,2]. The Euler formula for this problem is

Topr = Tp+0.5(—k(Th — (20 — tn))),
Tpy1 = T, —0.1(T, + t, — 20).

Below is a table showing the iterations for this Euler’s solution



tn Tn

to=0 To = 50
t, =05 Ty = Tp — 0.1(Th + to — 20) = 50 — 0.1(50 + 0 — 20) = 47
ty=1.0 Ty =T; — 0.1(T} + ¢t — 20) = 47 — 0.1(47 + 0.5 — 20) = 44.25

ts =15 | T5=1T5—0.1(T5 +ts —20) = 44.25 — 0.1(44.25 + 1 — 20) = 41.725
ty=2.0 | Ty = T3 — 0.1(T5 + t3 — 20) = 41.725 — 0.1(41.725 + 1.5 — 20) = 39.4025

Since the solution at t = 2 is T'(2) = 39.76, the error between Euler’s method and the actual

S 39.4025—39.76 __
solution is 1005522252 = —0.90%.

5. a. The Euler’s solution for this problem requires three steps to approximate the solution
using a stepsize of h =1 for ¢t € [0,3]. The Euler formula for this problem is

Rov1t = Rn+1.0(=0.05R, +0.15¢~%%),
Rn+1 = Rn — 005Rn _|_ 0‘156—0.0215”.

Below is a table showing the iterations for this Euler’s solution

tn Ry,
to=0 Ry =10
tp =1 Ry = Ry — 0.05Ry 4 0.15¢=092%0 = 10 — 0.05(10) + 0.15¢~9-0200) = 9,65
ty=2| Ry =R;—0.05R; + 0.15¢90%1 = 9.65 — 0.05(9.65) + 0.15e=092(1) = 9.3145
t3 =3 | R3 = Ry — 0.05Ry + 0.15e=0922 = 9 3145 — 0.05(9.3145) 4 0.15¢=092(2) = 8.9929

Thus, at t = 3, the approximate solution is R(3) = 8.99.
b. To verify that R(t) = 5e095 4 567902 i5 a solution to the initial value problem
R = —0.05R + 0.15¢7%-92¢ R(0) = 10,

we must verify the initial condition and that the differential equation is satisfied. First, R(0) =
5e0-05(0) 4 50-0.02(0) — 10, 50 the initial condition is satisfied.
Next we differentiate the proposed solution, giving

R = —0.05 (5¢700) — 002 (5¢700) = —0.25¢ 00 4 —0.1¢700,
For the right hand side of the equation, we substitute the solution giving

—0.05R +0.15¢~% = —0.05 (5e~00% 4 5¢7002) 4 0.15¢ 700
= —0.25¢ 005t (—0.25 + 0'15)6—0.0% — _0.25¢0-05t _ (1,002t

Thus, the equation is satisfied. The solution at t = 3 is R(3) = 5e~0-05*3 1 5¢70-02+3 = 9 012363.

: 8.9929-9.0124 _
The percent error is therefore 1005550 — = —0.22%.



