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Preliminaries
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Order

e define an order as a transitive relation R that can
e either

1. reflexive and antisymmetric (a weak partial
order), written
<, ¢ L5 ...

2. Irreflexive and asymmetric (a strong partial
order), written

<, C,C, ...
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Posets

finition 1. A poset (partially-ordered set) is a set
gether with a weak order.
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Examples: Weak Orders

amples of weak orders are C on sets and < on
umber. The case of C:

Transitive ACB

Reflexive ACA
Antisymmetric, ACB
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Examples: Strong Orders

n English example of a strong order is ancestor-of.

Transitive A Is the ancestor of B
B Is the ancestor of C
A Is the ancestor of C
Irreflexive A IS not an ancestor of A
Asymmetric | A is the ancestor of B
B Is not the ancestor of A
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More beautiful than

Transitive _assie IS more beautiful than Rin Tin Tin

RIN Tin Tin 1s more beautiful than Asta

| assie Is more beautiful than Asta
Irreflexive _assie Is more beautiful than Lassie
Asymmetric | Lassie iIs more beautiful than Fido

~ldo I1s not more beautiful than Lassie
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More Examples

. IS taller than
2. 1S 2 Inches taller than?
3. The dominates relation In trees

M
A
N O
/\\ /N
D E F H I J
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A very simple poset

/\
\/

The diagram of a poset A= ({1,a, b, T}, <)

b
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{ab,c}

{ab}

{ac}

g}

1b,c}

{0}

{c}

A poset of sets

The diagram of the poset ©(A) for

A={a, b, ¢}

A line connecting a lower node to an upper

node means the lower node is C the upper.
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{ab,c}

Partial means partial

Note that not all sets are ordered by C. Thus
no line connects {a, b} and {b, ¢} because
neither is a subset of the other. We say these
two sets are incomparable in that ordering.

{ab}

1b,c}

g}

{0}

{c}
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Linear Orders

an ordering has no incomparable elements, then it is
Inear. For example, the < relation on numbers gives a
Inear ordering.

efinition 2. A weak order islinear iff for every pair of
elements e and b either a < b or b < a:

L2 | Va,bla <bVb<al

N under <: A poset with a linear order
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r <y means x dominates y

M
A
N 0
T =
D E F H I

Higgenbotham Dominance

M<N M<O

N<D N<E N<F
O<H O0<I 0<]J
M<D M<E M<F
M<H M<I M<J
NZ¥H NZI NZJ
OZD O<LE O<«F
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Higgenbotham

. Reflexivity: » <z

. Transitivity: If z <yand y < zthenz <z
. Antisymmetry: If z <y <z thenz =y

. Single Mother: If x < z and y < z then either z <y
or y <z (or both if z = y).

l Partiallv ordered sets and lattices — p. 14/37



Reflexivity
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Transitivity

M<0

N<E| N<F

o<I 0<1J
1< ..

M<E| M<F

M < | M < J
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Single Mother

M; <O
My, <O
M; <Ms No!

Ml\ /M2
D /Z\F Vo <M, No

The single mother condition falils!
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g}

{0}

{c}

Lower bounds

{a, b} < {a, b, ¢}

We say {a, b} IS a lower
bound for {a, b, c}.
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Lower bounds for sets of things

g}

{0}

{c}

{a, b} < {a, b, ¢}
{a, b} < {a, b}

Note that two sets may
share a common lower
bound. We generalize
the notion lower bound to
sets of elements of p(A).
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Definition of lower bound for a set

finition 3. An element of p(A), z, Isa lower bound of a
bset of p(A), S if and only if, for everyy € S

x Cy
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Example

} Is a lower bound for {{a, b}, {b, c}} because
1. {b} C{a, b}, and
2. {b} C{b, c}.
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set of elements of o(A) may have multiple lower
ounds.

1. The lower bounds of

S = {{a7 b, C}a {b7 C}}

are {b}, {c}, {b, ¢} and (. There are no others.

2. Of the lower bounds of S, {b, ¢} Is the greatest
lower bound.
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Greatest Lower Bound and Least Upper
Bound
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Greatest Lower Bound

efinition 4. An element « iIsthe greatest lower bound of
set S(glb of §) if and only If:

1. aisalower bound of S
2. For every lower bound b of S b < «.
In this case we write:

a=0lbS
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Example: greatest lower bounds

. The lower bounds of

S={{a, b, c}, {b, c}}

are {b}, {b, c} and 0.

2. Of the lower bounds of S, {b, ¢} Is the greatest
lower bound.

3. In general, when A, B are sets,

glb {A,B} =ANB
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Least Upper Bound

efinition 5. An element « isthe least upper bound of a
et S(lub of §) if and only If:

1. aI1san upper bound of S
2. For every upper bound bound b of S, a < b.
In this case we write:

a=1IlubS
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Example: least upper bounds

. Within the poset p{a, b, ¢}, the upper bounds of

S = {{a}, {0}}
are {a, b} and {a, b, c}.

2. Of the upper bounds of S, {a, b} Is the least upper
bound.

3. In general, when A, B are sets,

lub = {A, Bl =AUB
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Meet: A greatest lower bound
operation

nsider two elements p and ¢ of a poset. We define

pAq2glb{p q}

p A q IS read “p meetq”.
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Algebra?

IS an operation. Can we use that operation to define

n algebra?

1.

In an algebra, a two-place operation needs to be
defined for every pair of elements in the algebra.

In an arbitrary poset the greatest lower bound of a
set of elements Is not guaranteed to exist.
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Join: A least upper bound operation

onsider two elements p and ¢ of a poset. We define

pVq=lub {p, ¢}

pV qlsread “pjoin ¢".

In an arbitrary poset the least upper bound of a set is
not guaranteed to exist.
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LUB and GLB do not always exist

A poset in which least upper and greatest
l Iower bounds do nOt alwavs eXISt- Partiallv ordered sets and lattices — p. 31/37



Introducing lattice posets

efinition 6. A latticeisa poset A in which, for every
, q € A,

pAqgeA
pVaqgeA
A lattice poset Is an algebra (A, A, V) because A and

\V are operations satisfying the closure and
unigueness requirements (by the above definition).
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A very simple lattice poset

/\

b

\/

The diagram of a simple lattice poset A =

{L,a, b, T} <)
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A less simple lattice

1
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Summary: posets and bounds

A poset is a set A together with a weak order, written <. We write this (A, <), or
sometimes just A.

2. Foranyelementz,y € A, we say z is a lower/upper bound of y iff z < y/y < =x.

3. For any subset S of A, we say z is a lower/upper bound of the set S iff for every
y€ S, z<y/y <z

4. For any subset S of A, we say x is a greatest lower/least upper bound of the
set S iff for every lower/upper bound y of S, y < z/x < y. We write

x=glbS greatest lower bound
x =IlubS least upper bound
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{0}

The lattice poset of sets

The poset p(A) for

A={a, b, ¢}

turns out to be a lattice poset.
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Summary: Lattice posets

A lattice poset is a poset A in which for any two elements a and b,

glb {a, b} € A
lub {a, b} € A

2. We define two operations A and V:

a ANb=glb{a, b}
aVb=Ilub{a, b}

3. (A, A, V) is an algebra. By definition, A and V satisfy closure and uniqueness.

4. In-class exercise: Prove uniqueness for A and V.
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