
A Compartmental Model forA
tivity-Dependent Dendriti
 Spine Bran
hingO. Y. Noris1 and D. W. Verzi2

1San Diego State University-Imperial Valley Campus2San Diego State University-Imperial Valley Campus 1



A Compartmental Model for A
tivity-Dependent Dendriti
 Spine Bran
hingby O. Y. Noris and *D. W. VerziRunning Head: Dendriti
 Spine Bran
hingCorresponding author:*D. W. Verzi, Department of Mathemati
s and Statisti
sSan Diego State University-Imperial Valley Campus720 Heber Avenue, Calexi
o CA 92231Phone: (760)768-5531Fax: (760)768-5631Email: verzi�math.sdsu.eduThe author wishes to submit �nal manus
ript in AmsTEX.

2



1 Abstra
tDendriti
 spines are small, mushroom-like protrusions from the arbor of a neuron in the 
entral nervoussystem. Interdependent 
hanges in the morphology, bio
hemistry, and a
tivity of spines have been asso
iatedwith learning and memory. Moreover, post-mortem 
orti
es from patients with Alzheimer's or Parkinson'sdisease exhibit bio
hemi
al and physi
al alterations within their dendriti
 arbors and a redu
tion in thenumber of dendriti
 spines. For over a de
ade, experimentalists have observed perforations in postsynapti
densities on dendriti
 spines after indu
tion of long-term potentiation, a sustained enhan
ement of responseto a brief ele
tri
al or 
hemi
al stimulus, asso
iated with learning and memory. In more re
ent work, variousexperimentalists suggest that a
tivity-dependent intraspine 
al
ium may regulate the surfa
e area of thespine head, and reorganization of postsynapti
 densities on the surfa
e.In this paper, we develop a model of a dendriti
 spine with the ability to split its transmission andre
eptor zones, as well as the entire spine head. Simulations are initially performed with �xed parameters formorphology to study the ele
tri
al properties of these 
on�gurations and identify parameters that in
reaseeÆ
a
y of the synapti
 
onne
tion. Equations are then introdu
ed to in
orporate 
al
ium as a se
ondmessenger in regulating morphology. A
tivity a�e
ts 
ompartmental 
al
ium, whi
h regulates spine headmorphology. Conversely, spine head morphology a�e
ts the level of lo
al a
tivity, whether the spines aremodeled with passive membrane properties, or ex
itable membrane using Hodgkin-Huxley kineti
s. Resultsindi
ate that merely splitting the postsynapti
 re
eptors on the surfa
e of the spine may add to the diversityof 
ir
uitry, but does not 
hange the eÆ
a
y of the synapse. However, when the surfa
e area of the spine isa dynami
 variable, eÆ
a
y of the synapse 
an 
hange 
ontinuously over time.Key Words: synapse restru
turing, intraspine 
al
ium, dendriti
 spine bran
hing2 Introdu
tionA spine is a mushroom-like protrusion from the surfa
e of a dendrite in the 
entral nervous system (CNS),with stem length of order 1.0�m, stem diameter of order 0.1�m, and head surfa
e area of order 1.0�m2.A dendriti
 tree may be populated with hundreds to thousands of spines of di�erent sizes, shapes and
on�gurations. (reviewed in Segev and Rall, 1998, Segev and London, 2000, Sorra et al., 1999). Unlikeele
tri
al 
urrent in a transmission line, the CNS makes use of stru
tural 
hange in response to ioni
 potential,rather than magneti
 properties, to progagate waves of 
ommuni
ation between neurons (Johnston and Miao-Sin Wu, 1995). For many years, it was thought that axons were responsible for transmission of all information,while the dendriti
 arbors were merely re
eivers, passing the information along to the soma by integratingimpulse frequen
ies and/or magnitudes. However, re
ent advan
es in measuring ele
tri
al potential andenhan
ed ele
tron and 
onfo
al mi
ros
opy indi
ate that 
ommuni
ation between axon and dendrite is atwo-way street. Variations in the morphology of protrusions from the dendrite modulate transmitted orre
eived signals, and there are a
tive 
hannels present in dendriti
 spines (Segev and Rall, 1998, Barinaga,2000, Hausser et al., 2000, Araya et al., 2007). 3



Dendriti
 spines are abundant in brain regions involved with learning and memory. Their stru
ture hasbeen linked to 
ellular me
hanisms that mediate the indu
tion, asso
iativity, spe
i�
ity and enduran
e of longterm potentiation (LTP). A basi
 assumption in ele
trophysiology is that memories are stored as 
hanges inthe strength of synapti
 
onne
tions, and 
hanges in the stru
ture of dendriti
 spines is intrinsi
ally linked to
hanges in synapti
 a
tivity (Geinisman et al., 1993, Edwards, 1995). Conversely, 
orti
es from patients withAlzheimer's or Parkinson's disease exhibit bio
hemi
al and physi
al alterations within their dendriti
 arbors.Post-mortem 
orti
es from Alzheimer's patients exhibit redu
ed levels of drebin, an F-a
tin binding proteinof dendriti
 spines and shafts, and may re
e
t an alteration in the transfer of synapti
 mole
ules within thespines, and 
ontribute to the de
line of synapti
 fun
tion and plasti
ity. (Mahadomrongkul et. a., 2005).The density of dendriti
 spines has been found to be redu
ed by 27% on spiny neurons in basal gangliaregions for Parkinson's patients, along with a redu
tion in their dendriti
 arbors in the 
uadate nu
leus.(Stephens et al., 2005). An enhan
ed understanding of the interdependen
e of a
tivity, bio
hemistry andmorphology of dendriti
 spines will in
rease our knowledge of these 
omplex and devastating diseases.Postsynapti
 densities (PSDs) are ele
tron-dense regions on the surfa
e of a dendrite or spine, made upof proteins, su
h as glutamate re
eptors. Lus
her et al. (2000) 
on�rm an asso
iation between LTP and anin
rease in the number of spines with dis
ontinuous (perforated) and larger PSD surfa
e areas. They reportthat perforated (bifur
ated) synapses express more AMPA (amino-3-hydroxy-5-methylisoxazole-4-proprioni
a
id) re
eptors, and a higher proportion of smooth endoplasmi
 reti
ulum and spine apparatus, thoughtto be involved in membrane synthesis and 
al
ium storage. They 
onje
ture an in
rease in the number ofAMPA re
eptors may initiate growth, dis
ontinuity, and eventual splitting of PSDs. Release of 
al
ium maybe required for AMPA re
eptor transport to the surfa
e of the spine, and insertion of these re
eptors intothe PSD may in
rease PSD size and eÆ
a
y of the 
ir
uit, and eventually lead to spine bran
hing.Neuho� et al. (1999) endorse the notion that perforated synapses are an early morphologi
al 
onsequen
eof synapti
 a
tivation, 
losely asso
iated with LTP, and 
orrelated to enhan
ed synapti
 eÆ
a
y. Theyreport that perforated synapses have dis
ontinuous PSDs whi
h are larger, suggesting that perforations 
ouldfun
tion to in
rease perimeter length of re
eptor areas and total surfa
e area on the spine for the lo
ation ofa
tive 
hannels. They also 
onje
ture that perforated synapses may be more eÆ
ient, or more spe
ialized ifreleased transmitters a
t ex
lusively on a given segment of the PSD, and note that a perforated postsynapti
band is 
orrelated with a perforated presynapti
 grid, whi
h must also be involved with 
hanges in synapti
strength. Even a short-term in
rease in synapti
 a
tivity 
onne
ted to NMDA (N-methyl-D-asparti
 a
id)re
eptors indu
es an in
rease in perforated synapti
 stru
tures. Their results point to a
tivity-dependentCa2+ from intra
ellular stores as a se
ond messenger for delivering the variety of spine head shapes and
onne
tions observed in re
ent experiments (Neuho� et al., 1999). Perforated synapses, perforated PSDs, andspine bran
hing are hot topi
s in the literature, and 
onje
tures about how these morphologi
al adaptationsa�e
t eÆ
a
y and diversity of 
ir
uitry invites theoreti
al modeling.The purpose of this paper is to introdu
e a limited, but tra
table model for a spine that 
an in
orporatethese e�e
ts, and to study various physi
al 
on�gurations in simulation. In Methods, the three-
ompartmentspine head is �rst developed with �xed morphology. Dynami
 equations are then introdu
ed to in
orporate4




al
ium as a se
ond messenger in regulating 
ontinuous morphologi
al adaptation. A
tivity a�e
ts 
ompart-mental 
al
ium, whi
h regulates spine head morphology. Conversely, spine head morphology a�e
ts the levelof lo
al a
tivity, whether the spines are modeled with passive membrane properties, or ex
itable membraneusing Hodgkin-Huxley (HH) kineti
s. In Results, simulations for single-
y
le a
tivations identify morpholo-gies that in
rease eÆ
a
y of the synapse, and those that do not, for a
tive spines. Then a simulation overmany 
y
les of a
tivation with dynami
 morphology leads to a periodi
 orbit for interdependent 
al
ium andspine bran
hing in passive spines. The last se
tion is Dis
ussion. Tables of parameters and variables, as wellas a summary of equations and stability analysis are presented in the Appendix.3 MethodsIn 1988, Segev and Rall formulated a model for a single spine atta
hed to a dendrite, using HH kineti
sto generate ex
itable membrane properties in the spine head. Contemporary models 
ontinue to utilizeHH, or more tra
table versions for their kineti
s, validating their output by 
omparison to the HH model(Gurkiewi
s and Korngree, 2007, S
hmid and Hanggi, 2006). Moreover, re
ent experimental results indi
atespines exhibit ba
k-propagating a.p., driven by sodium 
hannel 
urrents, the predominant spiking me
hanismin HH (Araya et al., 2007, Rose and Konnerth, 2001, Rose et al., 1999). We are predominantly interested inthe interdependen
e of morphology and a
tivity, mediated lo
ally by 
al
ium released from internal stores.Therefore, we do not 
on
ern ourselves here with re
ent models for slow and fast 
al
ium 
urrents. Rather,we build on the work of Segev and Rall (1988) to 
onstru
t a single spine atta
hed to a dendrite, with the
apability of splitting its transmission and re
eptor zones, as well as the entire spine head, resulting in twodistin
t (bran
hed) spine heads that are atta
hed to the dendrite through a 
ommon 
ompartment and asingle spine stem. Our goal is to study the ele
tri
al properties of these morphologies, and 
onversely to
onsider how lo
al a
tivity may in
uen
e the development of observed 
on�gurations.Consider an a
tive spine with two PSD 
ompartments (Comp. 1 and Comp. 2) available for synapti
re
eption and ele
tri
ally/
hemi
ally 
onne
ted to ea
h other by a resistor. These regions are also individually
onne
ted to a 
ommon, a
tive region of the spine head (Comp. 3) that, likewise, 
onne
ts to the dendritethrough the spine stem (See spine s
hemati
 in Fig. 1). Ea
h 
omp. of the spine is assumed to be isopotential,and we utilize HH kineti
s to simulate ex
itable membrane properties. The spine stem is modeled as alumped ohmi
 resistor (Rss) in the same manner as Segev and Rall (1988), as are the resistors between spinehead 
omps. (r12; r13; r23). The dendrite is modeled as a 
able with passive membrane properties, using a
ompartmental version of the 
able equation (Baer and Rinzel, 1991).3.1 Dynami
 A
tivityWe model the spine head as three isopotential 
ylinders with surfa
e area Ai (�m2) and spe
i�
 membrane
apa
itan
e Cm (�F/
m2). Ea
h 
ompartment has a 
apa
itan
e of Ci = AiCm (�F). An equation for themembrane potential in the PSD 
omps. is obtained from a 
urrent balan
e relation for the 
apa
itive, ioni
,5



inter-
ompartment, and synapti
 
urrents, given byC1 dV1dt = �A1Iion�1 �KIsyn � (V1 � V2)r12 � (V1 � V3)r13 (1)C2 dV2dt = �A2Iion�2 � (1�K)Isyn�2 + (V1 � V2)r12 � (V2 � V3)r23 (2)Current 
owing between two 
ompartments is 
omputed as an Ohm's law voltage drop over the resistorbetween them (rij). Resistors between 
omps. are set to resting values as the average resistan
e of the
omps. they 
onne
t (rij = (ri + rj)=2, where ri represents internal resistan
e for Comp. i). These values(rij may be in
reased from rest to simulate varying degrees of 
omp. isolation. The terms Isyn�i representsynapti
 
urrent, and the terms Iion�i represent ioni
 
urrents passing through the head membrane. Wesimulate synapti
 a
tivation of the spine by applying to Comps. 1-2Isyn�i = gp ttp e(1� ttp )(Vi � Vsyn); i = 1; 2 (3)where Vsyn is the synapti
 reversal potential, and gp is the maximum applied 
ondu
tan
e, o

urring at timetp. Equation (3) models a 
hemi
al synapse and is similar to applied 
urrent used in other models (Baerand Rinzel, 1991, Segev and Rall, 1988). The parameter K in Eqs. (1)-(2) may be varied to 
hange theamount of 
urrent re
eived in ea
h re
eptor 
omp., where K is a number between 0 and 1. In simulationsover long periods of time, Eq. (3) is repeated every 10ms, allowing the system to 
ome to full rest betweena
tivations.The remaining area of the spine (Comp. 3) is also modeled as a 
ylinder. Comp. 3 integrates thesignal from the PSD 
omps., and is 
onne
ted to the dendrite through the spine stem. An equation forthe membrane potential in this 
omp. is obtained from a 
urrent balan
e relation for the 
apa
itive, ioni
,inter-
ompartment, and spine stem 
urrents, given byC3 dV3dt = �A3Iion�3 + (V1 � V3)r13 + (V2 � V3)r23 � Iss: (4)Terms 
ontaining the resistor r12 in Eq. (1-2) is a sour
e for Comp. 1 and a leak for Comp. 2 if V1 > V2.The opposite situation o

urs if V2 > V1. If V2 = V1, there is no 
ux through the resistor. Likewise, Comp.3 re
eives 
urrent from Comps. 1 and 2 and leaks 
urrent to the dendrite when 
urrent is 
owing from spinehead to base (see spine s
hemati
 in Fig. 1).In simulations where the spine membrane is assumed passive,Iion�i = Viri ; i = 1� 3; (5)but for simulations where the membrane is assumed ex
itable, we use HH for voltage-dependent ioni
 
hannel
urrents: Iion�i = 
Ai�(Vi � VNa)gNam3h+ (Vi � VK)gKn4 + (Vi � VL)gL�; i = 1� 3: (6)6



The a
tivation/ina
tivation variables m, n and h in Eq. (6) satisfy �rst-order rate equations with Vi-dependent time 
onstants and steady-state fun
tions, set to a temperature of 22o C (Hodgkin and Huxley,1952). The parameters VNa, VK and VL are synapti
 reversal potentials for sodium, potassium and leakage
urrents with maximal 
ondu
tan
es gNa, gK and gL, respe
tively. The parameter 
 sets 
hannel density(see Appendix for HH details). Spine heads with ex
itable membrane properties 
an boost the signal withan a
tion potential (a.p.) should voltage rea
h threshold for HH kineti
s in any of Comps. 1, 2 or 3, andthis a.p. may propagate to adja
ent 
omps. and in
rease 
urrent delivered to the dendrite. The last termin Eq. (4) represents the spine stem 
urrent, on
e again as an Ohm's law voltage drop a
ross the resistor:Iss = (V3 � V4)Rss : (7)The dendrite, here, is 
onsidered a distal bran
h. Potential is modeled with a 
ompartmentalization ofthe 
able equation (Baer and Rinzel, 1991). It is a passive 
ylinder of diameter d (�m) and unit ele
trotoni
length (� = 180�m physi
al length). The 
able is 
omposed of ten 
omps. 
onne
ted by resistors, ea
hrepresenting the average internal resistan
e of 
onne
ting 
omps. The spine stem is 
onne
ted to one end ofthe dendrite (V4) and the distal end (V13) is sealed. This is 
omputationally equivalent to a spine atta
hedto the midpoint of a dendrite of the same diameter with dimensionless length 2 (Segev and Rall, 1988).�m dV4dt = �2(V4 � V5)(dx)2 � V4 + 2R1dx Iss (8)�m dVidt = (Vi+1 � 2Vi + Vi�1)(dx)2 � Vi; i = 5� 12 (9)�m dV13dt = �2(V13 � V12)(dx)2 � V13: (10)Here, �m = RmCm represents the membrane time 
onstant, where Rm is the resistan
e a
ross a unit areaof passive membrane (
 � 
m), and Cm is the spe
i�
 membrane 
apa
itan
e (muF=
m2). The parameterR1 = Rm=��d represents the 
able's input resistan
e. For a detailed derivation of the 
able equation, seeBaer and Rinzel (1991). Parameter values for dynami
 a
tivity are identi�ed in the Appendix.3.2 Dynami
 Spine Bran
hingRe
ent experiments impli
ate intraspine 
al
ium as a mediator for 
hanges in dendriti
 spine stru
ture. Inone experiment, release of 
al
ium from internal stores, in response to pulse appli
ations of 
a�eine, indu
eda small transient rise in C2+a (200� 400nM), and an in
rease in the length of spine stems (Korkotian andSegal, 1999). Conversely, a se
ond experiment (Halpain et al., 1998) indu
ed a rapid 
ollapse of dendriti
spine stems by stimulating 
ultured neurons with glutamate. This 
aused maximal 
al
ium in
ux, raisingintraspine 
al
ium to mu
h high levels. Harris 
onje
tured (1999a) that a small amount of ele
tri
al/
hemi
ala
tivity may in
rease a spine's level of free 
al
ium within the 
ytosol, initiating synapse restru
turing7



through a
tin polymerization. However, a higher level of a
tivity may 
ause 
al
ium in
ux and indu
e abreakdown in 
ir
uitry, perhaps due to a
tin depolymerization.An earlier paper (Verzi and Baer, 2004) theoreti
ally explored the hypothesis that a
tivity-dependentfree intraspine 
al
ium levels regulate spine/dendrite 
onne
tivity, utilizing dynami
 stem resistan
e as ameasure for spine stem geometry. Sin
e the surfa
e area of the spine head a�e
ts its 
apa
itan
e, as wellas the amount of available re
eptor 
hannels, it is of interest to explore how free intraspine 
al
ium levelsmay regulate spine head bran
hing, and ultimately the signal delivered to the dendrite, utilizing dynami
total spine head surfa
e area as a measure. While the internal 
ross-se
tional area of spine 
ompartmentsor the spine stem is inversely proportional to the unit's 
ondu
tan
e, that spine surfa
e area is 
onsideredproportional to the surfa
e area 
overed by PSDs, and therefore dire
tly proportional to the number of
hannels available for ioni
 transfer (see Fig. 2).Suppose the exposed surfa
e area of the spine head is not �xed, but instead a dynami
 variable (Ash =A1 + A2 + A3), 
hanging in response to the amount of free 
al
ium within the 
ytosol of the spine. Thework by Lus
her et al. (2000) indi
ates that morphologi
al remodeling of the postsynapti
 membrane andfun
tional 
hanges in synapti
 strength are related: That indu
tion of LTP through a rise in postsynapti

al
ium 
on
entration and a
tivation of signaling 
as
ades enhan
es a
tin-dependent dynami
s and promotesendo/exo
ytoti
 me
hanisms in re
eptor 
hannels. We propose a phenomenologi
al model, wherein a
tivity-dependent total instraspine 
al
ium (Ca) serves as a se
ond messenger for the surfa
e area of the spine head:A moderate level of lo
al a
tivity, over time, in
reases intraspine free 
al
ium and indu
es spine bran
hing,but very large and sustained levels of lo
al a
tivity may ramp-up 
al
ium to a 
riti
al level (C
rit), indu
ingthe bran
hes to 
oales
e, de
reasing the available surfa
e area and ioni
 transfer through 
hannels. Witha redu
tion in exposed 
hannels, synapti
 potential is redu
ed for passive spines, and the probability fora.p.-generation (bursting) de
reases for a
tive spines, thereby de
reasing the amount of 
urrent delivered tothe dendrite. These assumptions are similar to those proposed in Verzi and Baer (2004) for 
al
ium mediatedspine stem restru
turing. However, the Verzi-Baer model (2004) suggested that spines may retra
t into thedendrite to re-emerge to 
reate two new synapses, while the model for spine bran
hing presented here merelysuggests stru
tural 
hange within a single spine to modulate signal transdu
tion.We view the spine stem 
urrent given in Eq. (7) as an important measure, over time (minutes to hours),of lo
al ele
tri
al/
hemi
al a
tivity, regardless of whether the 
urrent is 
owing from dendrite to spine head,or spine head to dendrite. The following subsystem, appended to the model for dynami
 a
tivity exploresthe possibility that this intera
tion 
ontrols slow, lo
al 
hanges in free instraspine 
al
ium, that regulatesspine bran
hing: dCadt = �0��jIssj � ���Ca � Cmin� (11)dAshdt = ��1�Ca � C
rit��Amax �Ash��Ash �Amin�; (12)(13)where Ash represents the dynami
 sum of surfa
e areas for Comps. 1-3 above.8



Free intraspine 
al
ium (nM) 
hanges proportional to a
tivity (regardless of dire
tion), relative to aminimal level (�), in
reasing when jIssj > �=� and leaking away slowly when jIssj < �=�. The magnitude ofjIssj is related to the total spine head area (Ash(t)), imposing a kineti
 upper bound for 
al
ium when thesum 
rosses a threshold that 
hanges the sign of �jIssj � �. The lower bound for 
al
ium assures a minimal
al
ium level required to maintain the spine (Lus
her et al., 2000). Equations (12)-(12) model slow, bounded
hanges in spine head stru
ture as measured by 
ompartmental surfa
e area. A
tivity-dependent 
al
iumregulates a 
hange in surfa
e area, and a 
riti
al intraspine 
al
ium level (C
rit) 
ontrols the dire
tion of
hange, de
reasing for Ca > C
rit, simulating bran
h reabsorption, and in
reasing for Ca < C
rit, simulatingspine bran
hing. The lower bound (Amin) assures a minimal spine with total surfa
e area > 1:0�m2, andthe upper bound (Amax) assures a total surfa
e area < an average spine head that has been split down themiddle (see Fig. 2). Initial 
onditions and parameter values for dynami
 spine bran
hing may be found inthe Appendix.The parameters �i << 1 for i = 0�1 deliver slow, bio
hemi
ally-mediated 
hanges in spine head morphol-ogy (minutes to hours), relative to the rapid 
hanges in dynami
 a
tivity (ms). Therefore, stimulation withIsyn is repeated every 10ms, allowing the system to 
ome to rest between a
tivations. Sin
e spine bran
hinghas been observed over minutes to hours, and ions 
ow on a time s
ale of millise
onds (ms), the 
omputationtime for a single simulation 
ould be on the order of hours. For simulations involving dynami
 morphology,synapti
 input is repeated every 10ms, long enough to allow potentials in the head and dendrite to returnto resting values. We seek values for �i, i = 0 � 1, that redu
es 
omputation time, but preserves the basi
dynami
s of the system as �i ! 0. Using a 
omputer animation program, we 
hoose an initial values for �iand animate the time 
ourse over 60 
y
les of synapti
 a
tivation. Next, we halve �i, 
ompute results over120 
y
les, and superimpose the animation of every-other 
y
le over the 60-
y
le run. As we su

essivelyhalve �i, the animations 
onverge. We repeat this pro
ess for i = 0� 1, and 
hoose �i = ��i , suÆ
iently smalland 
omputationally eÆ
ient, without 
ompromising the integrity of the dynami
s for �i < ��i , i = 0� 1:4 ResultsEquations for dynami
 a
tivity were resolved using a FORTRAN program with a GEAR solver on a SunV880, running Solaris 9. To validate the model, we initially ran two simulations for a spine with ex
itablemembrane properties, one with Rss = 780M
 (below threshold for a.p.) and the other with Rss = 830M
(above threshold for a.p.), with all other resistan
es set to resting values. This simulates a single spine headre
eiving transmission from a single presynapti
 grid. Results were similar to those shown in Segev and Rall(1988).Segev and Rall identi�ed spine stem resistan
e as an important parameter in attaining threshold fora.p. generation in the spine head (Segev and Rall, 1988). In the simulations that follow, we model varying
onne
tions between the spine and the dendrite, as well as between distin
t 
omps. within the spine. Lowervalues of resistan
e model well-
onne
ted 
omps., where 
onne
ting stems are assumed to be shorter andbroader (or non-existent). Long and thin stems, or an o

usion su
h as a spine apparatus, may signi�
antly9



in
rease resistan
e to 
urrent 
ow (Harris, 1999b, Miller et al., 1985). Lus
her et al. (2000) report thatperforated synapses express a higher proportion of spine apparatus, and experiments preferentially lo
atesynaptopodin in hippo
ampal spine ne
ks, 
losely asso
iated with the spine apparatus. Synaptopodin maybe involved in a
tin �lament bundling for spine motility, or linked to intra
ellular 
al
ium stores (Deller etal., 2000).We report on simulations for dynami
 a
tivity in the three-
omp. spine, varying stem resistan
e, re-sistan
e between 
omps., the portion of synapti
 input re
eived by PSD 
omps., and �nally the surfa
eareas of Comps. 1 and 2. The same spine membrane exhibits no variation in ele
tri
al properties for somegeometri
 
on�gurations, while others alter the eÆ
a
y of the synapse. After 
omparing results for dynami
a
tivity with two di�erent values for PSD surfa
e areas, when spines are modeled with ex
itable membraneproperties, we run a long simulation with dynami
 a
tivity and dynami
 morphology, this time modeling thespines with passive membrane properties.4.1 Dynami
 a
tivity with �xed morphology for a
tive spinesIn this se
tion, we simulate a
itivity for the observations made by Geinisman et al. (1993, 1996) of a singlespine head with perforated PSDs and a spine with two heads, both apposing a multiple transmission zone,utilizing equations developed in the Dynami
 A
tivity se
tion. The three-
omp. spine is modeled for di�erenta
tivation, geometry and resistan
e parameters, with ex
itable membrane properties using Eq. (6).In Fig. 3a, we 
ompare potential in a single spine head, observing results for 
onne
ted and perforatedPSDs. Comps. 1 and 2 are a
tivated symmetri
ally, with K = 0:5 in Eq. (3), and results are graphed forpotential in Comp. 1. There are four simulations shown here, with two pairs of superimposed results. Forthe upper/lower graphs, Rss was set above/below threshold for a.p. generation. In ea
h of the superimposedresults, one simulation set all internal resistors to rest, modeling a single spine apposing a single transmissionzone. For the other simulation in ea
h pair of superimposed results, r12 is in
reased to eliminate dire
t 
owbetween Comps. 1-2 (with other internal resistors at rest), to model splitting the PSDs and transmissionzone, without splitting the spine head, sin
e there is no 
hange in the surfa
e area of the spine. Results areidenti
al for these 
on�gurations whether the spine responds with or without an a.p.In Fig. 3b, two sets of 350 a
tivations are applied as in Fig. 3a, varying only Rss within the sets, andgraphing maximum potential in an a
tivation 
y
le for ea
h value of spine stem resistan
e. In one set, allresistors are �xed at rest, while for the se
ond set, r12 is, again, set to eliminate a dire
t 
onne
tion betweenComps. 1-2, with the other internal resistors set to rest. The two sets of results are, again, superimposed,so the same value for Rss is identi�ed as the bifur
ation point for a.p. generation, regardless of whether thePSDs are 
onne
ted or perforated. Likewise, the maximum potential rea
hed during a single a
tivation 
y
lewas not a�e
ted by splitting the PSDs on the surfa
e of the spine head, sin
e the graphs are superimposed.In Fig. 3
, we 
onsider potential in a spine with two transmission and re
eptor zones, 
omparing resultsfor a symmetri
 versus an asymmetri
 synapse. In this simulation, Rss is above threshold, and r12 blo
ksdire
t 
urrent between Comps. 1-2, with remaining resistors at rest, to model PSDs perforated on the surfa
e10



of the spine. Results shown here are for two di�erent simulations. In one simulation, Comp. 1 re
eives allof the synapti
 input, (K = 1:0), while the se
ond simulation models symmetri
 a
tivation (K = 0:5).The upper 
urve graphs potential over time in Comp. 1 for both simulations, while the lower 
urve showspotential in the dendrite at the base of the spine (Comp. 4) for both simulations. The two sets of results aresuperimposed, so that there is no di�eren
e here in the spine head's response, nor in the amount of 
urrentdelivered to the dendrite, for symmetri
 or asymmetri
 input when the PSDs are separated on the surfa
eof a single spine head. We repeated this simulation for other values of K (not shown here), also with nodi�eren
e in postsynapti
 response.We next 
onsider the three-
omp. spine for ele
tri
al isolation of one part of the spine in Figs. 4a-b, and
hanges in spine surfa
e area in Figs. 4
-d, to observe how these geometri
 
on�gurations alter ex
itablemembrane response to symmetri
 a
tivation (K = 0:5 in Eq. (3)). In Fig. 4a, we a
tivate the three-
omp.spine symmetri
ally as in Fig. 3. The spine stem resistan
e is set above threshold to generate and a.p.,and the resistor between Comps. 1-2 is set to prevent dire
t 
urrent 
ow. This time, however, the resistorbetween Comps. 1-3 is in
reased to 1100M
 so that Comp. 1 is somewhat isolated from the remainderof the spine, e�e
tively, 
reating a spine atop a spine. Comps. 2 and 3 remain well-
onne
ted. Resultsgraph potential in all 
omps. of the spine head, as well as in the dendrite at the base of the spine stem.Observe that an a.p. is initiated in Comp. 1 that elevates potential (with a slight time-delay) in Comps.2 and 3 above threshold to initiate an a.p. in those 
omps. as well. Sin
e Comps. 1 and 2 are ele
tri
allyisolated, the propagated wave travels from Comp. 1 to Comp. 3, and then into Comp. 2, but there is notime-delay or de
rease in magnitude between Comps. 2 and 3. Note the minor attenuation in response timeand magnitude between Comp. 1 and Comps. 2-3, but the major attenuation between the spine and thedendrite. Comparing response here to Fig. 3, there is a slight elevation in Comp. 1 response and also in theamount of 
urrent rea
hing the dendrite for this 
on�guration when 
ompared to the simulation in Fig. 2
whi
h did not in
rease r13, but rather set Rss higher.Figure 4b graphs peak potentials a
hieved in Comp. 1 when we repeat the simulation in Fig. 4a fortwo sets of 350 a
tivations ea
h, varying Rss, with Comps. 1-2 prevented from dire
t 
urrent 
ow, and theremaining spine resistors set to rest for all a
tivations on the lower 
urve. However, 
urrent 
ow betweenComps. 1-3 is gradually redu
ed as r13 in
reases with Rss for all a
tivations on the upper 
urve. The two
urves are superimposed until the bifur
ation o

urs slightly sooner for higher values of r13. Continuedisolation of Comp. 1 raises the magnitude of the spine's response, and may in
rease the amount of 
urrentdelivered to the dendrite, if it is not attenuated by in
reased stem resistan
e (Rss).In Fig. 4
, we 
ompare results for two di�erent surfa
e areas in Comps. 1-2, keeping the surfa
e areafor Comp. 3 �xed. Comps. 1-2 are symetri
ally a
tivated, and stem resistan
e is �xed for both simulations.The resistor between Comps. 1-2 prevents dire
t 
urrent 
ow, with the remaining intraspine resistors setto rest. This 
on�guration is below threshold for redu
ed surfa
e areas in Comps. 1-2. However, an a.p.is generated for the simulation when the surfa
e area in the PSD 
omps. are in
reased. This enhan
edresponse o

urs be
ause the larger surfa
e area reveals more 
hannels for ion transfer. In
reasing only theresistor value r12 models perforated PSDs, as in Fig. 3a-b, but in
reasing both the surfa
e areas for Comp.11



1-2 and the resistor between them models splitting the spine head (bran
hing).In Fig. 4d, peak potentials a
hieved in Comp. 1 are graphed when we repeat the geometri
 
on�gurationsin Fig. 4
 for two sets of 350 a
tivations ea
h, varying Rss. For both sets of a
tivations, the resistor betweenComps. 1-2 prevents dire
t 
urrent 
ow, while remaining intraspine resistors are set to rest. Thresholdfor stem resistan
e to generate an a.p. o

urs signi�
antly sooner for the set of simulations with the largersurfa
e area for PSD 
omps. Noti
e, however, that maximum potential is lower for the in
reased surfa
e areasimulations below threshold. Peak potentials at the right side of the graphs is 
omparable in Fig. 4d andFig. 4b, but these peaks rise more qui
kly over Rss after threshold for simulations with in
reased surfa
earea (Fig. 4d) than for simulations with in
reased isolation for one part of the spine (Fig. 4b).4.2 Interdependent a
tivity and spine bran
hingSimulations in Fig. 4
-d with �xed morphology (above) indi
ate that in
reasing spine surfa
e area whileseparating the PSDs on the surfa
e of the spine enhan
es postsynapti
 response to input for spines withex
itable membrane properties. Likewise, simulations in Fig. 3a-b indi
ate that in
reasing one internalresistor while the others remain at rest does not impede 
urrent 
ow, and therefore does not a�e
t eÆ
a
y.We now seek to demonstrate a 
ontinuous 
hange in surfa
e area exposed to the synapti
 
left for a spine withpassive membrane properties. In this se
tion, we utilize equations developed in both Dynami
 A
tivity andDynami
 Spine Bran
hing se
tions. Sin
e the spines are 
onsidered to have passive membrane properties,ioni
 
urrent is modeled by Eq. (5), and synapti
 parameters are reset in Eq. (3) (see �g. legend). Thesystem is numeri
ally integrated over 500 
y
les of symmetri
 a
tivation, repeating the stimulus every 10ms,allowing a
tivity to 
ome to full rest between a
tivations. The surfa
e area of the spine Ash(t) is now adynami
 variable, and we assume that in
reases in this surfa
e area 
orrespond to an in
rease in PSDs onthe sufa
e of the spine (see Fig. 2), so that A3 is �xed, and Ash(t) = A1(t) + A2(t) + A3. Figures 5a-bgraph voltage in the integrator 
ompartment of the spine head (Comp. 3) and in the dendrite at the base ofthe spine (Comp. 4), respe
tively. Figure 5
 is a state portrait for the slow variables 
al
ium Ca and totalspine surfa
e area (Ash(t)) over the same 500 
y
les of a
tivation. In this interdependent system, 
al
iumis mediated by a
tivity, as measured by the spine stem 
urrent, and mediates spine surfa
e area, whi
h inturn a�e
t the level of a
tivity. There is a subtle di�eren
e in the magnitude of jV3 � V4j, when the largerspine surfa
e area 
auses an in
rease in stem 
urrent, but it is suÆ
ient to 
hange the sign of our measurefor a
tivity, relative to a minimal amount (�jIssj� �:) This may be observed by 
omparing di�eren
es in theheight of potential in the spine head (Fig. 5a) to the stem base 
omp. (Fig. 5b) during periods of high andlow voltage.The reader may divide the results in Fig. 5
 into four quadrants, separated verti
ally by C
rit = 600nMin Eq. (12), and horizontally by the total surfa
e area that produ
es �jIssj = � in Eq. (11). The 
y
lebegins just above the left end turning point in the orbit, and pro
eeds 
lo
kwise. With Ca < C
rit and�jIssj > �, surfa
e area and 
al
ium both in
rease until Ca = C
rit, then the spine 
omps. begin to 
oales
e,driving down the level of a
tivity, as 
al
ium 
ontinues to in
rease to the right end of the orbit, where12



�jIssj = �: The lower half of the orbit pro
eeds with a redu
ed level of a
tivity that de
reases 
al
ium assurfa
e area 
ontinues to de
rease, until 
al
ium falls below 
riti
al 
on
entration, and the spine begins tosplit again, whi
h in
reases the level of a
tivity. In this way, we model a 
ontinuous, bio
hemi
ally-mediated,interdependen
e between a
tivity and morphology.The parameters � was sele
ted here so that �jIssj � � was negative for passive spines with smallersurfa
e area, and positive for passive spines with larger exposed membrane. By 
hanging these parameters,one 
ould similarly de�ne a periodi
 orbit for a
tive spine bran
hing, to 
over a wide range of dendriti
a
tivity. Rusakov et. al (1996) suggests that spine bran
hing may serve as a me
hanism for 
ontrollingsynapti
 eÆ
a
y in a
tive dendriti
 spines. A similar 
y
le for 
al
ium mediated spine stem restru
turingwas demonstrated in Verzi and Baer (2004), modeling spines with ex
itable membrane properties. Analysisof the slow subsystem for 
al
ium-mediated spine bran
hing indi
ates that the 
y
le in Fig. 5
 is stable forspines under synapti
 a
tivation, regardless of membrane properties, so that robustness of results should notbe a�e
ted by low levels of noise in the slow subsystem.5 Dis
ussionIn this paper, we simulate dynami
 a
tivity in a spine head 
omposed of three separate 
omps., testing severalgeometri
 
on�gurations to identify parameters that enhan
e the postsynapti
 response to synapti
 input.When the PSD was perforated on the surfa
e of the spine, it did not 
hange eÆ
a
y of the 
ir
uit. This issimilar to Rall's (1953) theoreti
al result for spheri
al soma, where he showed that synapti
 potentials sumindependent of where they are lo
ated on the surfa
e of the soma. However, separating the PSDs may add todiversity of the 
ir
uitry, permitting multiple neuron 
ommuni
ation at a single synapse. Inje
ting varyingper
entages of total input into ea
h part of a perforated PSD also did not a�e
t the postsynapti
 membranepotential, an indi
ation of 
onservation of 
hannels for an asymmetri
 synapse. However, asymmetri
 inputinto a spine with two ele
tri
ally isolated heads may alter the postsynapti
 response if one of the heads ismore isolated from the integrator 
omp.Isolating one part of the spine by in
reasing resistors between 
omps. e�e
tively 
reates a new spine stem,or a spine atop a spine, adding diversity of 
ir
uitry. We found that isolating one 
omp. from the remainderof the spine enhan
ed eÆ
a
y by de
reasing threshold stem resistan
e to initiate an a.p., and in
reased thelevel of potential within the spine head, mu
h like water in a garden hose that has an obstru
tion. However,this heightened potential may not be delivered to the dendrite due to resistor attenuation, parti
ularly if aresistor between re
eptor and integrator 
omps. is so high that it pre
ludes a.p. propagation. On the otherhand, in
reasing the postsynapti
 response by in
reasing spine surfa
e area may indu
e LTP in ex
itablespines, sin
e this 
hange in
reases head potential and also de
reases resistan
e threshold to generate an a.p.,thereby promoting wave propagation, and raising dendriti
 potential.The interdependent system of a
tivity and spine bran
hing qualitatively 
aptures observed phenomenafor spine splitting (Geinisman et al., 1993, Lus
her et al., 2000, Neuho� et al., 1999), and presents an initialhypothesis by whi
h 
al
ium may 
ontinually mediate spine head restru
turing to regulate a
tivity. We do13



not imply here that 
al
ium and surfa
e area 
y
le on a time-dependent basis, but rather to demonstratethat the 
ontinuum of postsynapti
 responses observed in Fig. 4
-d may be mediated by 
al
ium-indu
ed
hanges in spine surfa
e area. Cal
ium os
illations within ea
h 
y
le of a
tivation are more pronoun
ed, forthis model, when Ca > C
rit: These os
illations would be redu
ed for smaller values of �i for i = 0 � 1,but this would in
rease 
omputation time. Sin
e morphology is relatively stable for ea
h a
tivation 
y
le,one 
ould also model the slower subsystem on a di�erent time s
ale, 
hanging only on
e in ea
h 
y
le ofa
tivation (suggested in analysis of the 
y
le for spine bran
hing in the Appendix). Simulations within thispaper demonstrate the range of results that may be 
aptured with the model, 
onsistent with experimentalobservations (Harris 1999a, Segev and Rall, 1998). The range for 
al
ium 
on
entration re
overed in Fig. 5(400nM) is 
onsistent with observed experimental results for 
al
ium released from internal stores (Korkotianand Segal, 1999). Sin
e spine surfa
e area is dynami
 only for 
omps. 
ontaining PSDs, an in
rease in surfa
earea in the model is 
onsistent with observed in
reases in PSD diameter (Lus
her et al., 2000). The lengthof time for stru
tural transition in the model depends on the magnitudes of �i, i = 0� 1, sele
ted here for
omputational eÆ
ien
y and 
onvergen
e of results as we de
rease the rate of stru
tural 
hange. To a
hievethe stru
tural 
hanges shown in this paper over 13 days, as observed by Geinisman et al. (1996), one wouldneed to set the rate of 
hange in spine stru
ture on the order of �i = 10�12 for i = 0� 1.The phenomenologi
al model presented here kineti
ally limits the time period for sustained higher levelsof a
tivity, parti
ularly for bursting in spines with ex
itable membrane, and prevents 
al
ium from rea
hinga toxi
 level for 
ompa
t areas of the neuron. De
reasing surfa
e area 
auses 
omps. in the spine to be
omemore ele
tri
ally 
onne
ted, sin
e resistan
e is proportional to surfa
e area, thereby redu
ing a
tivity and
al
ium levels in an isolated part of the 
ell. The simple relationship between 
al
ium and a
tivity, presentedhere as a �rst step in the modeling pro
ess, 
annot 
apture all of the dynami
 pro
esses involved in a sys-tem with a
tivity-dependent morphology. We expe
t this model to evolve, over time, with 
ommuni
ationbetween theoreti
al and experimental biologists. Nevertheless, the strength of this model is that, like exper-imental studies, it helps to disse
t 
omplex phenomena. The model looks at restru
turing the geometry ofspine heads (bran
hing), rather than the 
reation of an entirely new spine (splitting) with its own 
onne
tionto the dendrite, resulting from spine splitting. Neuros
ientists (Fiala et al., 2002) have re
ently observedmature axons between same dendrite multiple synapti
 boutons (sdMSBs) and 
on
lude that spines do notsplit during Hippo
ampal LTP, but rather that sdMSBs may, in fa
t, be more 
losely asso
iated with spinedensity, rather than strengthening an existing synapti
 
onta
t.The spatial distribution of 
hannels in the CNS are believed to 
ontribute to temporal �ltering forinformation pro
essing. Timofeeva et al. (2000) has examined the role of spines in spatio-temporal �lteringusing the spike-di�use-spike model. It would be interesting to extend their work to 
onsider the role ofsdMSBs 
onta
ting more than one axon (Fiala et al., 2000). Alternatively, one 
ould use a 
ontinuummodel (Baer and Rinzel, 1991) to look at how spine bran
hing may a�e
t a population of spines alongthe dendrite. The equation for ioni
 
urrent (Eq. (6)) 
ould in
lude voltage-dependent 
al
ium 
urrents,and 
al
ium-dependent potassium 
urrents (Aradi and Holmes, 1999), and the formulation 
ould in
ludea spatio-temporal pro�le for Ca2+ in the spines and the dendriti
 shaft, addressing 
al
ium di�usion and14



the in
ux of 
al
ium through spine stems. This work 
ould then be 
ombined with our previous modelingfor 
al
ium-mediated spine stem restru
turing (Verzi and Baer, 2005) for a more 
omplete look at 
al
iumregulated dendriti
 morphology.A se
ond line of theoreti
al work 
ould 
onsider a 
al
ium-dependent, dynami
 peak synapti
 
ondu
tan
e(gp in Eq. (3)), modeling AMPA re
eptor a
tivation for low levels of presynapti
 input, and NMDA re
eptora
tivation for higher levels, sin
e entry of Ca2+ through a
tivated NMDA re
eptor 
hannels is requiredto depolymerize postsynapti
 a
tin, a basi
 building blo
k for the spine (Lus
her et al., 2000, Neuho� etal., 1999). Re
ent work 
onne
ts NMDA re
eptor dependent LTP and LTD (long-term depression) withthe redistribution of AMPA re
eptors into and out of the postsynapti
 plasma membrane. Lus
her et al.(2000) 
onje
ture a mobile pool of AMPA re
eptors that 
y
le between 
ytoplasm and surfa
e membrane
omps. of the spine on a s
ale of tens of minutes, via exo- and endo
ytoti
 pathways. They suggest amodel for sequentially o

urring expression me
hanisms. One might also in
lude inhibitory 
urrents sin
edepolarization is required to release NMDA 
hannels fromMg++ blo
k and allow them to respond to synapti
input from their innervating axons (Holmes and Levy, 1997). In a similar manner, synapti
 dysfun
tionfrom beta-amyloid 
hannel blo
kade is viewed as an early manifestation of Alzheimer's disease, but the
ellular me
hanisms remain un
lear. A redu
tion in PSD-95, a protein involved in re
ruiting and an
horingglutamate re
eptor subunits to the PSD, along with an early redu
tion in surfa
e expression of glutamatere
eptor subunits GluR1 in APP mutant transgeni
 mi
e impli
ate these 
hanges in bio
hemistry to redu
edlevels of synapti
 a
tivity (Almeida et al., 2005).And �nally, one might 
onsider a
tin-dependent stru
tural modi�
ations for spine shape to a

ommo-date AMPA insertion. Ele
tron mi
ros
opy suggests a relationship between 
hanges in spine shape and theredistribution of AMPA re
eptors, and adhesion mole
ules have been found in PSDs (Neuho� et al., 1999,Matus, 2000). We have previously worked on me
hani
al models for 
ell extension, adhesion and 
ontra
-tion to e�e
t morphology and motility, based on the re
on�guration of proteins, to build or break down a
ytoskeleton in response to 
ues from the extra
ellular environment (Mogilner and Verzi, 2003). Growth ofthe leading edge of these 
ells depends on polymerization of proteins to extend �lopodia, and adhesion toregulate dire
tion. One may similarly 
onsider the extension of dendriti
 spines from networked a
tin as theleading edge of the neuron 
ell, extending, 
ontra
ting and morphing in response to 
hanges in the synapti
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7 Appendix7.1 Table of Model ParametersA1, A2 surfa
e area Comps. 1-2 (see �g. legends)A3 surfa
e area Comp. 3 0:5�m2Amax PSD-
omp. surfa
e upper bound 0:73�m2Amin PSD-
omp. surfa
e lower bound 0:25�m2Cm spe
i�
 membrane 
apa
itan
e 1�F 
m2Ci i = 1� 3, spine 
omp. 
apa
itan
e CmAiC
rit 
riti
al intraspine 
al
ium level 600nMCm spe
i�
 membrane 
apa
itan
e 1�F=
m2Cmin 
riti
al intraspine 
al
ium level 100nMd diameter of the dendrite 0:63�m�0 rate of 
hange in 
al
ium 10�4�1; �2 rate of 
hange in surfa
e area Comp. 1 0.1� s
aling parameter for stem 
urrent 109gNa maximal sodium 
ondu
tan
e 120mS=
m2gK maximal potassium 
ondu
tan
e 36mS=
m2gL maximal leakage 
ondu
tan
e 0:3mS=
m2
 
hannel density 2.5� parameter to shift r12(t) 3.54gp peak synapti
 
ondu
tan
e (see �g. legends)� dendrite length 
onstant Rmd=4RiM s
aling parameter for r12(t) 109� HH kineti
 temperature 
ontrol 5.6115(C)� rate of 
hange for r12(t) 5:612� measure of minimal lo
al a
tivity 1:0ri internal resistan
e for Comp. i (varies by geometry)r12 resistan
e between Comps. 1-2 resting value 42:03M
r13 resistan
e between Comps. 1-3 resting value 23:64M
r23 resistan
e between Comps. 2-3 resting value 23:64M
Ri dendrite spe
i�
 
ytoplasmi
 resistivity 70
�
mRm dendrite passive membrane resistan
e 1400
�
m2Rss spine stem resistan
e (see �g. legends)tp time to peak in ea
h a
tivation 
y
le (see �g. legends)VNa sodium reversal potential 115mVVK potassium reversal potential -12mVVL leakage reversal potential 10.56mVVsyn synapti
 reversal potential 100mV
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7.2 Table of Model VariablesAsh(t) dynami
 total spine surfa
e areaIss(t) spine stem 
urrentIsyn�i(t); i = 1� 2 synapti
ally applied 
urrentsIion�i(t); i = 1� 3 spine membrane ioni
 
urrentsmi(t); i = 1� 3 rate for opening sodium 
hannelshi(t); i = 1� 3 rate for 
losing sodium 
hannelsni(t); i = 1� 3 rate for opening potassium 
hannelsr12(t) resistor between Comps. 1 and 2Vi(t); i = 1� 3 potential in 
omps. of the spineVi(t); i = 4� 13 potential in 
omps. of the dendriteVsh(t) potential in spine head for 
ontinuum modelVd(t) potential in dendrite for 
ontinuum model7.3 Summary of EquationsDynami
 A
tivityThe spine head is modeled with two PSD 
omps. re
eiving input from the axon, and one integrator 
omp.:C1 dV1dt = �A1Iion�1 �KIsyn�1 � (V1 � V2)r12 � (V1 � V3)r13 (14)C2 dV2dt = �A2Iion�2 � (1�K)Isyn�2 + (V1 � V2)r12 � (V2 � V3)r23 (15)C3 dV3dt = �A3Iion�3 + (V1 � V3)r13 + (V2 � V3)r23 � Iss (16)where Iss = (V3 � V4)Rss (17)Isyn�i(Vi; t) = �gp ttp e(1� ttp )��Vi � Vsyn�; i = 1; 2; t > 0: (18)For spines with passive membrane, ioni
 
urrents in the spine head are modeled usingIion�i(Vi; t) = Viri ; i = 1� 3; (19)and with HH kineti
s for spines with ex
itable membrane properties:Iion�i(Vi; t) = 
Ai�(Vi�VNa)gNa(m(Vi; t))3h(Vi; t)+(Vi�VK)gK(n(Vi; t))4+(Vi�VL)gL�; i = 1�3: (20)We follow Baer and Rinzel (1991) and set 
 = 2:5 for in
reased 
hannel densities. The fun
tions m;n; h
20




onsider voltage and time dependent probability that sodium and potassium 
hannels are open withdmidt = �mi(1�mi)� �mimi (21)dhidt = �hi(1� hi)� �hihi (22)dnidt = �ni(1� ni)� �nini; i = 1� 3: (23)where �ji , and �ji in
oporate variable 
ondu
tan
es for j = m;n; h :�mi = 0:1�(25� Vi)exp 0:1(25� Vi)� 1 (24)�mi = 4� exp �Vi18 (25)�hi = 0:7� exp �Vi20 (26)�hi = �exp 0:1(30� Vi) + 1 (27)�ni = 0:1�(10� Vi)exp 0:1(10� Vi)� 1 (28)�ni = 0:125� exp �Vi80 :; i = 1� 3: (29)Here � adjusts the kineti
s for membrane temperature at 220 C (Hodgkin and Huxley, 1952).The dendrite is modeled as a distal bran
h of the neuron, of unit dimensionless length, with both endssealed (no 
ux). A 
ompartmentalization of the 
able equation (Baer and Rinzel, 1991) yields:�m dV4dt = �2(V4 � V5)(dx)2 � V4 + 2R1dx Iss (30)�m dVidt = (Vi+1 � 2Vi + Vi�1)(dx)2 � Vi; i = 5� 12 (31)�m dV13dt = �2(V13 � V12)(dx)2 � V13: (32)The parameters �m and R1 represent the dendrite's membrane time 
onstant and input resistan
e, respe
-tively. The 
able models a distal dendriti
 bran
h, sealed at both ends (no 
ux), with an initial and uniformresting potential of zero in all 
omps. of the 
able and the spine head (Vi(X; 0) = 0:0, i = 1� 13).Dynami
 Spine Bran
hingFor the interdependent system of dynami
 a
tivity and 
al
ium-mediated dynami
 morphology, append tothe above: dCadt = �0��jIssj � ���Ca � Cmin� (33)dAshdt = ��1�Ca � C
rit��Amax �Ash��Ash �Amin�; (34)(35)21



with initial 
onditions Ca(0) = 350nM, and Ash(0) = 1:31�m2.7.4 Analysis of the 
y
le for dynami
 spine bran
hing) The equations for 
hanges in 
al
ium and spine surfa
e area (Eq. (11)-(12)) 
onstitute a slow subsytemto the model for a
tivity-dependent spine bran
hing. Insight may be obtained into the stability of stationarypoints in this system for the spine under periodi
 synapti
 a
tivation by 
onsidering the average 
ontributionof the fast (a
tivity) variables to the measure for 
hange in the slow system (Iss in Eq. (7) over ea
h a
tivation
y
le of length T . Let jIssjavg = 1T Z TiTi�1 jIssjdt: (36)Numeri
al simulations indi
ate that jIssjavg is approximately pie
ewise 
onstant. We may, therefore, averageover the fast variables sin
e the slow variables are relatively 
onstant are relatively 
onstant within a
tivation
y
les. Insights into the dynami
s of the slow system may be obtained by averaging over the fast system toobtain the following system of ordinary di�erential equations for dynami
 spine bran
hing:dCadT = �
�� jVsh � VdjavgRss � ��(Ca � Cmin) (37)dAshdT = ��a(Ca � C
rit)(Ash �Amin)(Amax �Ash): (38)This system has three viable 
riti
al points at �C�a ; A�sh� = �Cmin; Amax), (Cmin; Amin) and (C
rit; A�sh !�jIssj = �). To �rst order, the stability of these points in the non-linear system is related to the eigenvaluesof the operator matrix (Ja
obian) for the 
orresponding linearized system, evaluated at the �xed points(Waltman, 1986). The generalized Ja
obian for the above system is" �
��jIssjavg � �� 0�2�a(A�sh �Amin)(Amax �A�sh) 2�a(C(�)a � C
rit)(2A�sh �Amin �Amax) #: (39)Evaluating the Ja
obian at the point �Cmin; Amax�, yields" �
��jIssjavg � �� 00 2�a(Cmin � C
rit)(Amax �Amin) #:; (40)with eignevalues along the diagonal. The sign of (a11) is positive sin
e �jIssjavg > � under synapti
 a
tivationwhen Ash = Amax, and the sign of (a22) is negative sin
e C
rit > Cmin and Amax > Amin. Therefore, thematrix has one positive and one negative eigenvalue, and the �xed point is unstable in both the linearizedand the nonlinear systems. A similar analysis for the 
riti
al point (Cmin; Amin) indi
ates that (a11) < 0and (a22) > 0 so that the matrix again has real eigenvalues with opposite signs, and the �xed point isunstable in both the linearized and the nonlinear system (Waltman, 1986).22



For the �xed point C� = C
rit and A�sh that delivers jIss = �=�, the Ja
obian equals" 0 0�2�a(A�sh �Amin)(Amax �A�sh) 0 #: (41)The tra
e and determinants of this matrix are both zero, so that the eigenvalues are both zero. Regretablymthis indeterminant form yields little information about the stability of the 
riti
al point for the nonlinearsystem (Waltman, 1986). However, the state variables in the slow subsystem ae bounded sin
e Amin <Ash < Amax, Cmin < Ca, and 
al
ium is kineti
ally bounded above for our periodi
ally a
tivated synapse.In a neighborhood of the 
entral 
riti
al, all eigenvalues are non-positive, so that every solution that srartsnearby will stay nearby (Brauer and Nohel, 1969). If we remove the last 
riti
al point from the plane, thePoin
are-Bendixson theorem (Waltman, 1986) allows us to 
on
lude that traje
tories in this region would beeither periodi
, or have an omega limit set that is periodi
. This suggests that the periodi
 orbit observed inFig. 5
 is stable for spines under synapti
 a
tivation, for properly sele
ted parameters � and �; whether ioni

urrent models ex
itable or passive membrane, so that small amounts of noise within the system should nota�e
t the robustness of results.
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Fig. 1. S
hemati
 of a synapse with the ability to split its tramission and re
eptor zones, aswell as the entire spine head. The spine head 
onsists of three 
omps., with Comps. 1 and 2 re
eivinginput from the presynapti
 bouton, and Comp. 3 
onne
ting to the dendrite. The axon delivers varyinglevels of input to the spine through Isyn�1 and Isyn�2, modeled as time-dependent �-fun
tions. The re
eptorareas 
ontaining PSDs (Comps. 1 and 2) are modeled by two 
ylinders. Their surfa
e areas (Ai, i = 1� 2)equal 0:5�m2 and diameters equal 0:15�m, with 
ylinder-lengths of 1:06x10�4
m and an internal resistan
eof ri = 42:03M
, for i = 1� 2: Comp. 3 is also modeled as a 
ylinder, with surfa
e area (A3) 0:5�m2, butwith diameter 0:3�m, for a 
ylinder-length 0:53x10�4
m, and an internal resistan
e r3 = 5:25M
. Resistorsbetween 
omps. are set to resting values as the average resistan
e of 
onne
ting 
omps. (Appendix). Comp.3 is 
onne
ted to the dendrite by the spine stem, modeled here as a lumped ohmi
 resistor (Rss). Thedendrite is modeled as a passive 
ylinder of diameter 0:63�m, with membrane resistan
e Rm = 1400
 � 
m2and 
ytoplasmi
 resistan
e Ri = 70
 � 
m. The 
ylinder is of unit ele
trotoni
 length, 
omposed of ten
omps. 
onne
ted by resistors set as the average of resistan
e in the 
omps. they 
onne
t. The spine stem is
onne
ted to one end of the dendrite and the distal end is sealed, equivalent to a spine in the 
enter of a 
ablewith ele
trotoni
 length 2. Voltage in ea
h 
omp. of the model is assumed isopotential (Vi for i = 1� 13:)
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Fig. 2. Drawing of a bran
hing spine head. The spine head is now 
onsidered as one unit withtotal surfa
e area exposed to the synapti
 
left Ash = A1 +A2 +A3, when all internal resistors are at rest.The spine re
eives input from the presynampti
 bouton Isyn = Isyn�1 + Isyn�2. (a) The spine has notbran
hed, so that total surfa
e area is minimal with respe
t to the �xed volume of the spine head. (b)As the spine head bran
hes, the total surfa
e area exposed to ioni
 transfer is in
reased. If the number ofPSDs is proportional to this surfa
e area, then the number of 
hannels available for ioni
 transfer has alsoin
reased, while maintaining a �xed volume for this new geometry of the spine head.
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Fig. 3. Parameters that do not a�e
t synapti
 eÆ
a
y for the three-
omp. spine with ex
itablemembrane properties. The three-
omp. spine is modeled with ex
itable membrane properties (Iion asin Eq. (6)) for di�erent a
tivation and resistan
e parameters. Comps. 1 and 2 are a
tivated with Eq. (3),with gp = 0:074nS and tp = 0:035ms. (a) Potential in Comp. 1 is shown here for four di�erent simulations,with Comps. 1 and 2 re
eiving equal amounts of synapti
 input. In two simulations (superimposed lower
urve), Rss = 1000M
 is below threshold to generate an a.p. One of these lower 
urves shows results whenall internal spine head resistors are at rest (r12; r13; r23 - Appendix). The other lower 
urve shows resultswhen r12 = 3000M
, splitting the PSDs on the surfa
e of the spine, leaving r13 and r23 at rest. In theremaining two simulations, (superimposed upper 
urve), Rss = 1100M
 is above threshold to generate ana.p. On
e again, there are two (superimposed) simulations on the upper 
urve, showing results for one whenall internal spine head resistors are at rest, and for the other when r12 = 3000M
 and r13; r23 are set torest. (b) Peak potential a
hieved in Comp. 1 is shown here when we repeat the simulation in Fig. 2a(above) for two sets of 350 a
tivations ea
h, with Rss ranging from 1M
 to 1600M
. The graphs are (again)superimposed. In one of the 
urves, all spine head resistors (r12; r13; r23) are set to rest, and in the other
urve, r12 = 3000M
, while r13; r23 are set at rest. (
) Results are shown here for two di�erent simulationswhen Rss = 1200M
; r12 = 3000M
, and r13; r23 are set at rest. In one simulation, Comp. 1 re
eives all ofthe synapti
 input (K = 1:0 in Eq. (3)), and in the other simulation Comps. 1 and 2 ea
h re
eive half ofthe synapti
 input (K = 0:5). The upper 
urve graphs potential over time in Comp. 1 for both simulations,while the lower 
urve shows potential in the dendrite at the base of the spine for both simulations.
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Fig. 4. Parameters that a�e
t synapti
 eÆ
a
y for the three-
omp. spine with ex
itablemembrane properties. The three-
omp. spine is modeled with ex
itabe membrane properties (Iion as inEq. (6)). Comps. 1 and 2 are a
tivated with Eq. (3), with gp = 0:074nS and tp = 0:035ms. Resistan
e andgeometri
 parameters are varied to study ele
tri
al isolation for one part of the spine in 3a-b, and in
reasingspine surfa
e area through bran
hing in 3
-d. (a) Potentials are shown here for a single a
tivation, withpotentials in all three 
omps. of the spine, and in the dendrite at the base of the spine. Comps. 1 and 2 arestimulated symmetri
ally (K = 0:5 in Eq. (3)). Resistors are set to r13 = Rss = 1100M
; r12 = 3000M
,and r23 at rest (Appendix), partially isolating Comp. 1 from the remainder of the spine. An a.p. is initiatedin Comp. 1 that travels to Comps. 2 and 3, but the magnitude of response is greater than in the previousslide (
.p. Fig. 2(a)). (b) Peak potentials a
hieved in Comp. 1 during ea
h 
y
le are shown here when werepeat the simulation in Fig. 3a (left) for two sets of 350 a
tivations ea
h, with Rss ranging from 1M
 to1600M
. The resistor r12 = 3000M
, and r23 is at rest for both sets of a
tivations. The resistor r13 is set torest for all a
tivations on the lower 
urve, but r13 = Rss for all a
tivations on the upper 
urve. (
) The resultsfrom two simulations are shown here for variations in PSD surfa
e area (Comp. 1-2), graphing potential inComp. 1. Stem resistan
e Rss = 1000M
, and r12 = 3000M
, with remaining internal resistors at rest. Forthe lower 
urve, A1 = A2 = 0:405�m2 and A3 = 0:5�m2. For the upper 
urve, A1 = A2 = 0:73�m2 andA3 = 0:5�m2. (d) Peak potential a
hieved in Comp. 1 durng ea
h 
y
le is shown here when we repeat thesimulation in Fig. 3
 (left) for two sets of 350 a
tivations ea
h, with Rss ranging from 1M
 to 1600M
.For both sets of a
tivations, r12 = 3000M
, with remaining internal resistors at rest (Appendix) in bothgraphs. Total spine surfa
e area is �xed at 1:31�m2 for all a
tivations on the lower 
urve, and 1:96�m2 forall a
tivations on the upper 
urve.
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Fig. 5. A 
y
le of 
al
ium-mediated spine bran
hing with passive membrane properties. Theinterdependent systems of dynami
 morphology and a
tivity are stimulated symmetri
ally for 500 
y
lesof a
tivation, o

urring every 10ms, so that the system 
omes to full rest between appli
ations. In thissimulation, the spines are modeled with passive membrane properties so that ioni
 
urrent is modeled byEq. (5), and synapti
 parameters are reset to gp = 0:37nS, tp = 0:2ms, and K = 0:5 in Eq. (3). Resistorsare set at Rss = 950M
, with r13 and r23 at rest. The resistor r12(t) is now 
omputed algebrai
ally fromthe average of the dynami
 variables A1(t) and A2(t), but the parameter A3 remains �xed at 0:5�m2. (a)Voltage in Comp. 3, the integrator 
omp. for the spine, is graphed over 500 synapti
 a
tivation 
y
les oflength 10ms. Higher/lower levels of potential o

ur during periods of elevated/redu
ed total surfa
e area,resulting from dynami
 PSD 
omp. surfa
e areas. (b) Voltage in Comp. 4, in the dendrite at the base ofthe spine, is graphed for the same 500 synapti
 a
tivation 
y
les. The dendrite re
eives an elevated/redu
edsignal from the spine when total surfa
e area is in
reased/de
reased. (
) A state portrait is shown here forthe slow variables 
al
ium and total spine head surfa
e area (A1(t)+A2(t)+A3) over the same 500 
y
les ofa
tivation. Initial 
onditions for this simulation set Ca(0) = 350nM , and A1(0) = A2(0) = 0:4�m2, so thatthe 
y
le begins just above the left-end point on the graph.
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