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1 Abstract

Dendritic spines are small, mushroom-like protrusions from the arbor of a neuron in the central nervous
system. Interdependent changes in the morphology, biochemistry, and activity of spines have been associated
with learning and memory. Moreover, post-mortem cortices from patients with Alzheimer’s or Parkinson’s
disease exhibit biochemical and physical alterations within their dendritic arbors and a reduction in the
number of dendritic spines. For over a decade, experimentalists have observed perforations in postsynaptic
densities on dendritic spines after induction of long-term potentiation, a sustained enhancement of response
to a brief electrical or chemical stimulus, associated with learning and memory. In more recent work, various
experimentalists suggest that activity-dependent intraspine calcium may regulate the surface area of the
spine head, and reorganization of postsynaptic densities on the surface.

In this paper, we develop a model of a dendritic spine with the ability to split its transmission and
receptor zones, as well as the entire spine head. Simulations are initially performed with fixed parameters for
morphology to study the electrical properties of these configurations and identify parameters that increase
efficacy of the synaptic connection. Equations are then introduced to incorporate calcium as a second
messenger in regulating morphology. Activity affects compartmental calcium, which regulates spine head
morphology. Conversely, spine head morphology affects the level of local activity, whether the spines are
modeled with passive membrane properties, or excitable membrane using Hodgkin-Huxley kinetics. Results
indicate that merely splitting the postsynaptic receptors on the surface of the spine may add to the diversity
of circuitry, but does not change the efficacy of the synapse. However, when the surface area of the spine is
a dynamic variable, efficacy of the synapse can change continuously over time.
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2 Introduction

A spine is a mushroom-like protrusion from the surface of a dendrite in the central nervous system (CNS),
with stem length of order 1.0um, stem diameter of order 0.1um, and head surface area of order 1.0um?.
A dendritic tree may be populated with hundreds to thousands of spines of different sizes, shapes and
configurations. (reviewed in Segev and Rall, 1998, Segev and London, 2000, Sorra et al., 1999). Unlike
electrical current in a transmission line, the CNS makes use of structural change in response to ionic potential,
rather than magnetic properties, to progagate waves of communication between neurons (Johnston and Miao-
Sin Wu, 1995). For many years, it was thought that axons were responsible for transmission of all information,
while the dendritic arbors were merely receivers, passing the information along to the soma by integrating
impulse frequencies and/or magnitudes. However, recent advances in measuring electrical potential and
enhanced electron and confocal microscopy indicate that communication between axon and dendrite is a
two-way street. Variations in the morphology of protrusions from the dendrite modulate transmitted or
received signals, and there are active channels present in dendritic spines (Segev and Rall, 1998, Barinaga,
2000, Hausser et al., 2000, Araya et al., 2007).



Dendritic spines are abundant in brain regions involved with learning and memory. Their structure has
been linked to cellular mechanisms that mediate the induction, associativity, specificity and endurance of long
term potentiation (LTP). A basic assumption in electrophysiology is that memories are stored as changes in
the strength of synaptic connections, and changes in the structure of dendritic spines is intrinsically linked to
changes in synaptic activity (Geinisman et al., 1993, Edwards, 1995). Conversely, cortices from patients with
Alzheimer’s or Parkinson’s disease exhibit biochemical and physical alterations within their dendritic arbors.
Post-mortem cortices from Alzheimer’s patients exhibit reduced levels of drebin, an F-actin binding protein
of dendritic spines and shafts, and may reflect an alteration in the transfer of synaptic molecules within the
spines, and contribute to the decline of synaptic function and plasticity. (Mahadomrongkul et. a., 2005).
The density of dendritic spines has been found to be reduced by 27% on spiny neurons in basal ganglia
regions for Parkinson’s patients, along with a reduction in their dendritic arbors in the cuadate nucleus.
(Stephens et al., 2005). An enhanced understanding of the interdependence of activity, biochemistry and
morphology of dendritic spines will increase our knowledge of these complex and devastating diseases.

Postsynaptic densities (PSDs) are electron-dense regions on the surface of a dendrite or spine, made up
of proteins, such as glutamate receptors. Luscher et al. (2000) confirm an association between LTP and an
increase in the number of spines with discontinuous (perforated) and larger PSD surface areas. They report
that perforated (bifurcated) synapses express more AMPA (amino-3-hydroxy-5-methylisoxazole-4-proprionic
acid) receptors, and a higher proportion of smooth endoplasmic reticulum and spine apparatus, thought
to be involved in membrane synthesis and calcium storage. They conjecture an increase in the number of
AMPA receptors may initiate growth, discontinuity, and eventual splitting of PSDs. Release of calcium may
be required for AMPA receptor transport to the surface of the spine, and insertion of these receptors into
the PSD may increase PSD size and efficacy of the circuit, and eventually lead to spine branching.

Neuhoff et al. (1999) endorse the notion that perforated synapses are an early morphological consequence
of synaptic activation, closely associated with LTP, and correlated to enhanced synaptic efficacy. They
report that perforated synapses have discontinuous PSDs which are larger, suggesting that perforations could
function to increase perimeter length of receptor areas and total surface area on the spine for the location of
active channels. They also conjecture that perforated synapses may be more efficient, or more specialized if
released transmitters act exclusively on a given segment of the PSD, and note that a perforated postsynaptic
band is correlated with a perforated presynaptic grid, which must also be involved with changes in synaptic
strength. Even a short-term increase in synaptic activity connected to NMDA (N-methyl-D-aspartic acid)
receptors induces an increase in perforated synaptic structures. Their results point to activity-dependent
Ca?* from intracellular stores as a second messenger for delivering the variety of spine head shapes and
connections observed in recent experiments (Neuhoff et al., 1999). Perforated synapses, perforated PSDs, and
spine branching are hot topics in the literature, and conjectures about how these morphological adaptations
affect efficacy and diversity of circuitry invites theoretical modeling.

The purpose of this paper is to introduce a limited, but tractable model for a spine that can incorporate
these effects, and to study various physical configurations in simulation. In Methods, the three-compartment
spine head is first developed with fixed morphology. Dynamic equations are then introduced to incorporate



calcium as a second messenger in regulating continuous morphological adaptation. Activity affects compart-
mental calcium, which regulates spine head morphology. Conversely, spine head morphology affects the level
of local activity, whether the spines are modeled with passive membrane properties, or excitable membrane
using Hodgkin-Huxley (HH) kinetics. In Results, simulations for single-cycle activations identify morpholo-
gies that increase efficacy of the synapse, and those that do not, for active spines. Then a simulation over
many cycles of activation with dynamic morphology leads to a periodic orbit for interdependent calcium and
spine branching in passive spines. The last section is Discussion. Tables of parameters and variables, as well

as a summary of equations and stability analysis are presented in the Appendix.

3 Methods

In 1988, Segev and Rall formulated a model for a single spine attached to a dendrite, using HH kinetics
to generate excitable membrane properties in the spine head. Contemporary models continue to utilize
HH, or more tractable versions for their kinetics, validating their output by comparison to the HH model
(Gurkiewics and Korngree, 2007, Schmid and Hanggi, 2006). Moreover, recent experimental results indicate
spines exhibit back-propagating a.p., driven by sodium channel currents, the predominant spiking mechanism
in HH (Araya et al., 2007, Rose and Konnerth, 2001, Rose et al., 1999). We are predominantly interested in
the interdependence of morphology and activity, mediated locally by calcium released from internal stores.
Therefore, we do not concern ourselves here with recent models for slow and fast calcium currents. Rather,
we build on the work of Segev and Rall (1988) to construct a single spine attached to a dendrite, with the
capability of splitting its transmission and receptor zones, as well as the entire spine head, resulting in two
distinct (branched) spine heads that are attached to the dendrite through a common compartment and a
single spine stem. Our goal is to study the electrical properties of these morphologies, and conversely to
consider how local activity may influence the development of observed configurations.

Consider an active spine with two PSD compartments (Comp. 1 and Comp. 2) available for synaptic
reception and electrically /chemically connected to each other by a resistor. These regions are also individually
connected to a common, active region of the spine head (Comp. 3) that, likewise, connects to the dendrite
through the spine stem (See spine schematic in Fig. 1). Each comp. of the spine is assumed to be isopotential,
and we utilize HH kinetics to simulate excitable membrane properties. The spine stem is modeled as a
lumped ohmic resistor (Rss) in the same manner as Segev and Rall (1988), as are the resistors between spine
head comps. (r12,713,7r23). The dendrite is modeled as a cable with passive membrane properties, using a
compartmental version of the cable equation (Baer and Rinzel, 1991).

3.1 Dynamic Activity

We model the spine head as three isopotential cylinders with surface area A; (um?) and specific membrane
capacitance C,, (uF/cm?). Each compartment has a capacitance of C; = 4;C,, (uF). An equation for the
membrane potential in the PSD comps. is obtained from a current balance relation for the capacitive, ionic,



inter-compartment, and synaptic currents, given by
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Current flowing between two compartments is computed as an Ohm’s law voltage drop over the resistor
between them (r;;). Resistors between comps. are set to resting values as the average resistance of the
comps. they connect (r;; = (r; + r;)/2, where r; represents internal resistance for Comp. i). These values
(r;; may be increased from rest to simulate varying degrees of comp. isolation. The terms Iy, _; represent
synaptic current, and the terms I;,, ; represent ionic currents passing through the head membrane. We
simulate synaptic activation of the spine by applying to Comps. 1-2

Tognei = gye B Vi = Vi), i =1,2 (3)
where Vy,, is the synaptic reversal potential, and g, is the maximum applied conductance, occurring at time
t,. Equation (3) models a chemical synapse and is similar to applied current used in other models (Baer
and Rinzel, 1991, Segev and Rall, 1988). The parameter K in Egs. (1)-(2) may be varied to change the
amount of current received in each receptor comp., where K is a number between 0 and 1. In simulations
over long periods of time, Eq. (3) is repeated every 10ms, allowing the system to come to full rest between
activations.

The remaining area of the spine (Comp. 3) is also modeled as a cylinder. Comp. 3 integrates the
signal from the PSD comps., and is connected to the dendrite through the spine stem. An equation for
the membrane potential in this comp. is obtained from a current balance relation for the capacitive, ionic,
inter-compartment, and spine stem currents, given by
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Terms containing the resistor r15 in Eq. (1-2) is a source for Comp. 1 and a leak for Comp. 2 if V; > V5.
The opposite situation occurs if Vo > V. If V, = V3, there is no flux through the resistor. Likewise, Comp.
3 receives current from Comps. 1 and 2 and leaks current to the dendrite when current is flowing from spine
head to base (see spine schematic in Fig. 1).
In simulations where the spine membrane is assumed passive,
Vi .
_Z7 i=1- 37 (5)
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but for simulations where the membrane is assumed excitable, we use HH for voltage-dependent ionic channel

currents:
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The activation/inactivation variables m, n and h in Eq. (6) satisfy first-order rate equations with V;-
dependent time constants and steady-state functions, set to a temperature of 22° C' (Hodgkin and Huxley,
1952). The parameters Vn,, Vk and V}, are synaptic reversal potentials for sodium, potassium and leakage
currents with maximal conductances gy,, 9x and gr, respectively. The parameter vy sets channel density
(see Appendix for HH details). Spine heads with excitable membrane properties can boost the signal with
an action potential (a.p.) should voltage reach threshold for HH kinetics in any of Comps. 1, 2 or 3, and
this a.p. may propagate to adjacent comps. and increase current delivered to the dendrite. The last term
in Eq. (4) represents the spine stem current, once again as an Ohm’s law voltage drop across the resistor:
(Va — Vi)
Lia = "5 (7)
The dendrite, here, is considered a distal branch. Potential is modeled with a compartmentalization of
the cable equation (Baer and Rinzel, 1991). It is a passive cylinder of diameter d (pm) and unit electrotonic
length (A = 180um physical length). The cable is composed of ten comps. connected by resistors, each
representing the average internal resistance of connecting comps. The spine stem is connected to one end of
the dendrite (V) and the distal end (V33) is sealed. This is computationally equivalent to a spine attached
to the midpoint of a dendrite of the same diameter with dimensionless length 2 (Segev and Rall, 1988).
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Here, 7,, = R,,C}, represents the membrane time constant, where R, is the resistance across a unit area
of passive membrane (- em), and C,, is the specific membrane capacitance (muF/cm?). The parameter
R, = R,,/w\d represents the cable’s input resistance. For a detailed derivation of the cable equation, see

Baer and Rinzel (1991). Parameter values for dynamic activity are identified in the Appendix.

3.2 Dynamic Spine Branching

Recent experiments implicate intraspine calcium as a mediator for changes in dendritic spine structure. In
one experiment, release of calcium from internal stores, in response to pulse applications of caffeine, induced
a small transient rise in C2% (200 — 400nM), and an increase in the length of spine stems (Korkotian and
Segal, 1999). Conversely, a second experiment (Halpain et al., 1998) induced a rapid collapse of dendritic
spine stems by stimulating cultured neurons with glutamate. This caused maximal calcium influx, raising
intraspine calcium to much high levels. Harris conjectured (1999a) that a small amount of electrical /chemical

activity may increase a spine’s level of free calcium within the cytosol, initiating synapse restructuring



through actin polymerization. However, a higher level of activity may cause calcium influx and induce a
breakdown in circuitry, perhaps due to actin depolymerization.

An earlier paper (Verzi and Baer, 2004) theoretically explored the hypothesis that activity-dependent
free intraspine calcium levels regulate spine/dendrite connectivity, utilizing dynamic stem resistance as a
measure for spine stem geometry. Since the surface area of the spine head affects its capacitance, as well
as the amount of available receptor channels, it is of interest to explore how free intraspine calcium levels
may regulate spine head branching, and ultimately the signal delivered to the dendrite, utilizing dynamic
total spine head surface area as a measure. While the internal cross-sectional area of spine compartments
or the spine stem is inversely proportional to the unit’s conductance, that spine surface area is considered
proportional to the surface area covered by PSDs, and therefore directly proportional to the number of
channels available for ionic transfer (see Fig. 2).

Suppose the exposed surface area of the spine head is not fixed, but instead a dynamic variable (Ag, =
Ay + Ay + Aj), changing in response to the amount of free calcium within the cytosol of the spine. The
work by Luscher et al. (2000) indicates that morphological remodeling of the postsynaptic membrane and
functional changes in synaptic strength are related: That induction of LTP through a rise in postsynaptic
calcium concentration and activation of signaling cascades enhances actin-dependent dynamics and promotes
endo/exocytotic mechanisms in receptor channels. We propose a phenomenological model, wherein activity-
dependent total instraspine calcium (C,) serves as a second messenger for the surface area of the spine head:
A moderate level of local activity, over time, increases intraspine free calcium and induces spine branching,
but very large and sustained levels of local activity may ramp-up calcium to a critical level (Cy.s), inducing
the branches to coalesce, decreasing the available surface area and ionic transfer through channels. With
a reduction in exposed channels, synaptic potential is reduced for passive spines, and the probability for
a.p.-generation (bursting) decreases for active spines, thereby decreasing the amount of current delivered to
the dendrite. These assumptions are similar to those proposed in Verzi and Baer (2004) for calcium mediated
spine stem restructuring. However, the Verzi-Baer model (2004) suggested that spines may retract into the
dendrite to re-emerge to create two new synapses, while the model for spine branching presented here merely
suggests structural change within a single spine to modulate signal transduction.

We view the spine stem current given in Eq. (7) as an important measure, over time (minutes to hours),
of local electrical/chemical activity, regardless of whether the current is flowing from dendrite to spine head,
or spine head to dendrite. The following subsystem, appended to the model for dynamic activity explores
the possibility that this interaction controls slow, local changes in free instraspine calcium, that regulates
spine branching:

dC,
dt €0 (U‘Iss‘ - P) (Ca - szn) (11)

dAsh
dt = —€ (Ca - Ccrit) (Amaz - Ash) (Ash - Amln): (12)
(13)

where Agp, represents the dynamic sum of surface areas for Comps. 1-3 above.



Free intraspine calcium (nM) changes proportional to activity (regardless of direction), relative to a
minimal level (p), increasing when |I;5| > p/n and leaking away slowly when |I,4| < p/n. The magnitude of
|I55| is related to the total spine head area (A;p(t)), imposing a kinetic upper bound for calcium when the
sum crosses a threshold that changes the sign of 7|Iss| — p. The lower bound for calcium assures a minimal
calcium level required to maintain the spine (Luscher et al., 2000). Equations (12)-(12) model slow, bounded
changes in spine head structure as measured by compartmental surface area. Activity-dependent calcium
regulates a change in surface area, and a critical intraspine calcium level (C.,;;) controls the direction of
change, decreasing for C;, > C.,;, simulating branch reabsorption, and increasing for C, < C¢,;, simulating
spine branching. The lower bound (4,,;,) assures a minimal spine with total surface area > 1.0um?, and
the upper bound (A,,,.) assures a total surface area < an average spine head that has been split down the
middle (see Fig. 2). Initial conditions and parameter values for dynamic spine branching may be found in
the Appendix.

The parameters ¢; << 1 for i = 0—1 deliver slow, biochemically-mediated changes in spine head morphol-
ogy (minutes to hours), relative to the rapid changes in dynamic activity (ms). Therefore, stimulation with
Iyn is repeated every 10ms, allowing the system to come to rest between activations. Since spine branching
has been observed over minutes to hours, and ions flow on a time scale of milliseconds (ms), the computation
time for a single simulation could be on the order of hours. For simulations involving dynamic morphology,
synaptic input is repeated every 10ms, long enough to allow potentials in the head and dendrite to return
to resting values. We seek values for €;, i = 0 — 1, that reduces computation time, but preserves the basic
dynamics of the system as ¢; — 0. Using a computer animation program, we choose an initial values for ¢;
and animate the time course over 60 cycles of synaptic activation. Next, we halve €;, compute results over
120 cycles, and superimpose the animation of every-other cycle over the 60-cycle run. As we successively
halve €;, the animations converge. We repeat this process for i = 0 — 1, and choose €; = €}, sufficiently small

and computationally efficient, without compromising the integrity of the dynamics for ¢; < €}, i =0 — 1.

4 Results

Equations for dynamic activity were resolved using a FORTRAN program with a GEAR solver on a Sun
V880, running Solaris 9. To validate the model, we initially ran two simulations for a spine with excitable
membrane properties, one with Ry, = 780MS) (below threshold for a.p.) and the other with Rss = 830MQ2
(above threshold for a.p.), with all other resistances set to resting values. This simulates a single spine head
receiving transmission from a single presynaptic grid. Results were similar to those shown in Segev and Rall
(1988).

Segev and Rall identified spine stem resistance as an important parameter in attaining threshold for
a.p. generation in the spine head (Segev and Rall, 1988). In the simulations that follow, we model varying
connections between the spine and the dendrite, as well as between distinct comps. within the spine. Lower
values of resistance model well-connected comps., where connecting stems are assumed to be shorter and
broader (or non-existent). Long and thin stems, or an occusion such as a spine apparatus, may significantly



increase resistance to current flow (Harris, 1999b, Miller et al., 1985). Luscher et al. (2000) report that
perforated synapses express a higher proportion of spine apparatus, and experiments preferentially locate
synaptopodin in hippocampal spine necks, closely associated with the spine apparatus. Synaptopodin may
be involved in actin filament bundling for spine motility, or linked to intracellular calcium stores (Deller et
al., 2000).

We report on simulations for dynamic activity in the three-comp. spine, varying stem resistance, re-
sistance between comps., the portion of synaptic input received by PSD comps., and finally the surface
areas of Comps. 1 and 2. The same spine membrane exhibits no variation in electrical properties for some
geometric configurations, while others alter the efficacy of the synapse. After comparing results for dynamic
activity with two different values for PSD surface areas, when spines are modeled with excitable membrane
properties, we run a long simulation with dynamic activity and dynamic morphology, this time modeling the

spines with passive membrane properties.

4.1 Dynamic activity with fixed morphology for active spines

In this section, we simulate acitivity for the observations made by Geinisman et al. (1993, 1996) of a single
spine head with perforated PSDs and a spine with two heads, both apposing a multiple transmission zone,
utilizing equations developed in the Dynamic Activity section. The three-comp. spine is modeled for different
activation, geometry and resistance parameters, with excitable membrane properties using Eq. (6).

In Fig. 3a, we compare potential in a single spine head, observing results for connected and perforated
PSDs. Comps. 1 and 2 are activated symmetrically, with K = 0.5 in Eq. (3), and results are graphed for
potential in Comp. 1. There are four simulations shown here, with two pairs of superimposed results. For
the upper/lower graphs, Rss was set above/below threshold for a.p. generation. In each of the superimposed
results, one simulation set all internal resistors to rest, modeling a single spine apposing a single transmission
zone. For the other simulation in each pair of superimposed results, r15 is increased to eliminate direct flow
between Comps. 1-2 (with other internal resistors at rest), to model splitting the PSDs and transmission
zone, without splitting the spine head, since there is no change in the surface area of the spine. Results are
identical for these configurations whether the spine responds with or without an a.p.

In Fig. 3b, two sets of 350 activations are applied as in Fig. 3a, varying only Ry within the sets, and
graphing maximum potential in an activation cycle for each value of spine stem resistance. In one set, all
resistors are fixed at rest, while for the second set, ri5 is, again, set to eliminate a direct connection between
Comps. 1-2, with the other internal resistors set to rest. The two sets of results are, again, superimposed,
so the same value for Ry is identified as the bifurcation point for a.p. generation, regardless of whether the
PSDs are connected or perforated. Likewise, the maximum potential reached during a single activation cycle
was not affected by splitting the PSDs on the surface of the spine head, since the graphs are superimposed.

In Fig. 3c, we consider potential in a spine with two transmission and receptor zones, comparing results
for a symmetric versus an asymmetric synapse. In this simulation, R, is above threshold, and r15 blocks
direct current between Comps. 1-2, with remaining resistors at rest, to model PSDs perforated on the surface

10



of the spine. Results shown here are for two different simulations. In one simulation, Comp. 1 receives all
of the synaptic input, (K = 1.0), while the second simulation models symmetric activation (K = 0.5).
The upper curve graphs potential over time in Comp. 1 for both simulations, while the lower curve shows
potential in the dendrite at the base of the spine (Comp. 4) for both simulations. The two sets of results are
superimposed, so that there is no difference here in the spine head’s response, nor in the amount of current
delivered to the dendrite, for symmetric or asymmetric input when the PSDs are separated on the surface
of a single spine head. We repeated this simulation for other values of K (not shown here), also with no
difference in postsynaptic response.

We next consider the three-comp. spine for electrical isolation of one part of the spine in Figs. 4a-b, and
changes in spine surface area in Figs. 4c-d, to observe how these geometric configurations alter excitable
membrane response to symmetric activation (K = 0.5 in Eq. (3)). In Fig. 4a, we activate the three-comp.
spine symmetrically as in Fig. 3. The spine stem resistance is set above threshold to generate and a.p.,
and the resistor between Comps. 1-2 is set to prevent direct current flow. This time, however, the resistor
between Comps. 1-3 is increased to 1100MQ2 so that Comp. 1 is somewhat isolated from the remainder
of the spine, effectively, creating a spine atop a spine. Comps. 2 and 3 remain well-connected. Results
graph potential in all comps. of the spine head, as well as in the dendrite at the base of the spine stem.
Observe that an a.p. is initiated in Comp. 1 that elevates potential (with a slight time-delay) in Comps.
2 and 3 above threshold to initiate an a.p. in those comps. as well. Since Comps. 1 and 2 are electrically
isolated, the propagated wave travels from Comp. 1 to Comp. 3, and then into Comp. 2, but there is no
time-delay or decrease in magnitude between Comps. 2 and 3. Note the minor attenuation in response time
and magnitude between Comp. 1 and Comps. 2-3, but the major attenuation between the spine and the
dendrite. Comparing response here to Fig. 3, there is a slight elevation in Comp. 1 response and also in the
amount of current reaching the dendrite for this configuration when compared to the simulation in Fig. 2c
which did not increase rq3, but rather set Ry, higher.

Figure 4b graphs peak potentials achieved in Comp. 1 when we repeat the simulation in Fig. 4a for
two sets of 350 activations each, varying Rgs, with Comps. 1-2 prevented from direct current flow, and the
remaining spine resistors set to rest for all activations on the lower curve. However, current flow between
Comps. 1-3 is gradually reduced as 713 increases with R4 for all activations on the upper curve. The two
curves are superimposed until the bifurcation occurs slightly sooner for higher values of r13. Continued
isolation of Comp. 1 raises the magnitude of the spine’s response, and may increase the amount of current
delivered to the dendrite, if it is not attenuated by increased stem resistance (Rgs).

In Fig. 4c, we compare results for two different surface areas in Comps. 1-2, keeping the surface area
for Comp. 3 fixed. Comps. 1-2 are symetrically activated, and stem resistance is fixed for both simulations.
The resistor between Comps. 1-2 prevents direct current flow, with the remaining intraspine resistors set
to rest. This configuration is below threshold for reduced surface areas in Comps. 1-2. However, an a.p.
is generated for the simulation when the surface area in the PSD comps. are increased. This enhanced
response occurs because the larger surface area reveals more channels for ion transfer. Increasing only the

resistor value r15 models perforated PSDs, as in Fig. 3a-b, but increasing both the surface areas for Comp.
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1-2 and the resistor between them models splitting the spine head (branching).

In Fig. 4d, peak potentials achieved in Comp. 1 are graphed when we repeat the geometric configurations
in Fig. 4c for two sets of 350 activations each, varying Rs. For both sets of activations, the resistor between
Comps. 1-2 prevents direct current flow, while remaining intraspine resistors are set to rest. Threshold
for stem resistance to generate an a.p. occurs significantly sooner for the set of simulations with the larger
surface area for PSD comps. Notice, however, that maximum potential is lower for the increased surface area
simulations below threshold. Peak potentials at the right side of the graphs is comparable in Fig. 4d and
Fig. 4b, but these peaks rise more quickly over Ry, after threshold for simulations with increased surface

area (Fig. 4d) than for simulations with increased isolation for one part of the spine (Fig. 4b).

4.2 Interdependent activity and spine branching

Simulations in Fig. 4c-d with fixed morphology (above) indicate that increasing spine surface area while
separating the PSDs on the surface of the spine enhances postsynaptic response to input for spines with
excitable membrane properties. Likewise, simulations in Fig. 3a-b indicate that increasing one internal
resistor while the others remain at rest does not impede current flow, and therefore does not affect efficacy.
We now seek to demonstrate a continuous change in surface area exposed to the synaptic cleft for a spine with
passive membrane properties. In this section, we utilize equations developed in both Dynamic Activity and
Dynamic Spine Branching sections. Since the spines are considered to have passive membrane properties,
ionic current is modeled by Eq. (5), and synaptic parameters are reset in Eq. (3) (see fig. legend). The
system is numerically integrated over 500 cycles of symmetric activation, repeating the stimulus every 10ms,
allowing activity to come to full rest between activations. The surface area of the spine Ag,(t) is now a
dynamic variable, and we assume that increases in this surface area correspond to an increase in PSDs on
the suface of the spine (see Fig. 2), so that Aj is fixed, and Az, (t) = A (t) + A2(t) + As. Figures 5a-b
graph voltage in the integrator compartment of the spine head (Comp. 3) and in the dendrite at the base of
the spine (Comp. 4), respectively. Figure 5c is a state portrait for the slow variables calcium C, and total
spine surface area (Ag,(t)) over the same 500 cycles of activation. In this interdependent system, calcium
is mediated by activity, as measured by the spine stem current, and mediates spine surface area, which in
turn affect the level of activity. There is a subtle difference in the magnitude of |V — V4|, when the larger
spine surface area causes an increase in stem current, but it is sufficient to change the sign of our measure
for activity, relative to a minimal amount (7|lss| — p.) This may be observed by comparing differences in the
height of potential in the spine head (Fig. 5a) to the stem base comp. (Fig. 5b) during periods of high and
low voltage.

The reader may divide the results in Fig. 5c into four quadrants, separated vertically by C.,;; = 600nM
in Eq. (12), and horizontally by the total surface area that produces n|lss| = p in Eq. (11). The cycle
begins just above the left end turning point in the orbit, and proceeds clockwise. With C, < Cgp;y and
1|lss| > p, surface area and calcium both increase until C, = C..;;, then the spine comps. begin to coalesce,

driving down the level of activity, as calcium continues to increase to the right end of the orbit, where
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n|1ss| = p. The lower half of the orbit proceeds with a reduced level of activity that decreases calcium as
surface area continues to decrease, until calcium falls below critical concentration, and the spine begins to
split again, which increases the level of activity. In this way, we model a continuous, biochemically-mediated,
interdependence between activity and morphology.

The parameters 7 was selected here so that n|l;s| — p was negative for passive spines with smaller
surface area, and positive for passive spines with larger exposed membrane. By changing these parameters,
one could similarly define a periodic orbit for active spine branching, to cover a wide range of dendritic
activity. Rusakov et. al (1996) suggests that spine branching may serve as a mechanism for controlling
synaptic efficacy in active dendritic spines. A similar cycle for calcium mediated spine stem restructuring
was demonstrated in Verzi and Baer (2004), modeling spines with excitable membrane properties. Analysis
of the slow subsystem for calcium-mediated spine branching indicates that the cycle in Fig. 5c is stable for
spines under synaptic activation, regardless of membrane properties, so that robustness of results should not

be affected by low levels of noise in the slow subsystem.

5 Discussion

In this paper, we simulate dynamic activity in a spine head composed of three separate comps., testing several
geometric configurations to identify parameters that enhance the postsynaptic response to synaptic input.
When the PSD was perforated on the surface of the spine, it did not change efficacy of the circuit. This is
similar to Rall’'s (1953) theoretical result for spherical soma, where he showed that synaptic potentials sum
independent of where they are located on the surface of the soma. However, separating the PSDs may add to
diversity of the circuitry, permitting multiple neuron communication at a single synapse. Injecting varying
percentages of total input into each part of a perforated PSD also did not affect the postsynaptic membrane
potential, an indication of conservation of channels for an asymmetric synapse. However, asymmetric input
into a spine with two electrically isolated heads may alter the postsynaptic response if one of the heads is
more isolated from the integrator comp.

Isolating one part of the spine by increasing resistors between comps. effectively creates a new spine stem,
or a spine atop a spine, adding diversity of circuitry. We found that isolating one comp. from the remainder
of the spine enhanced efficacy by decreasing threshold stem resistance to initiate an a.p., and increased the
level of potential within the spine head, much like water in a garden hose that has an obstruction. However,
this heightened potential may not be delivered to the dendrite due to resistor attenuation, particularly if a
resistor between receptor and integrator comps. is so high that it precludes a.p. propagation. On the other
hand, increasing the postsynaptic response by increasing spine surface area may induce LTP in excitable
spines, since this change increases head potential and also decreases resistance threshold to generate an a.p.,
thereby promoting wave propagation, and raising dendritic potential.

The interdependent system of activity and spine branching qualitatively captures observed phenomena
for spine splitting (Geinisman et al., 1993, Luscher et al., 2000, Neuhoff et al., 1999), and presents an initial
hypothesis by which calcium may continually mediate spine head restructuring to regulate activity. We do
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not imply here that calcium and surface area cycle on a time-dependent basis, but rather to demonstrate
that the continuum of postsynaptic responses observed in Fig. 4c-d may be mediated by calcium-induced
changes in spine surface area. Calcium oscillations within each cycle of activation are more pronounced, for
this model, when C, > C,;;;. These oscillations would be reduced for smaller values of ¢; for i = 0 — 1,
but this would increase computation time. Since morphology is relatively stable for each activation cycle,
one could also model the slower subsystem on a different time scale, changing only once in each cycle of
activation (suggested in analysis of the cycle for spine branching in the Appendix). Simulations within this
paper demonstrate the range of results that may be captured with the model, consistent with experimental
observations (Harris 1999a, Segev and Rall, 1998). The range for calcium concentration recovered in Fig. 5
(400n M) is consistent with observed experimental results for calcium released from internal stores (Korkotian
and Segal, 1999). Since spine surface area is dynamic only for comps. containing PSDs, an increase in surface
area in the model is consistent with observed increases in PSD diameter (Luscher et al., 2000). The length
of time for structural transition in the model depends on the magnitudes of €;, i = 0 — 1, selected here for
computational efficiency and convergence of results as we decrease the rate of structural change. To achieve
the structural changes shown in this paper over 13 days, as observed by Geinisman et al. (1996), one would
need to set the rate of change in spine structure on the order of ¢; = 1072 for i = 0 — 1.

The phenomenological model presented here kinetically limits the time period for sustained higher levels
of activity, particularly for bursting in spines with excitable membrane, and prevents calcium from reaching
a toxic level for compact areas of the neuron. Decreasing surface area causes comps. in the spine to become
more electrically connected, since resistance is proportional to surface area, thereby reducing activity and
calcium levels in an isolated part of the cell. The simple relationship between calcium and activity, presented
here as a first step in the modeling process, cannot capture all of the dynamic processes involved in a sys-
tem with activity-dependent morphology. We expect this model to evolve, over time, with communication
between theoretical and experimental biologists. Nevertheless, the strength of this model is that, like exper-
imental studies, it helps to dissect complex phenomena. The model looks at restructuring the geometry of
spine heads (branching), rather than the creation of an entirely new spine (splitting) with its own connection
to the dendrite, resulting from spine splitting. Neuroscientists (Fiala et al., 2002) have recently observed
mature axons between same dendrite multiple synaptic boutons (sdMSBs) and conclude that spines do not
split during Hippocampal LTP, but rather that sdMSBs may, in fact, be more closely associated with spine
density, rather than strengthening an existing synaptic contact.

The spatial distribution of channels in the CNS are believed to contribute to temporal filtering for
information processing. Timofeeva et al. (2000) has examined the role of spines in spatio-temporal filtering
using the spike-diffuse-spike model. It would be interesting to extend their work to consider the role of
sdMSBs contacting more than one axon (Fiala et al., 2000). Alternatively, one could use a continuum
model (Baer and Rinzel, 1991) to look at how spine branching may affect a population of spines along
the dendrite. The equation for ionic current (Eq. (6)) could include voltage-dependent calcium currents,
and calcium-dependent potassium currents (Aradi and Holmes, 1999), and the formulation could include

a spatio-temporal profile for Ca?t in the spines and the dendritic shaft, addressing calcium diffusion and
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the influx of calcium through spine stems. This work could then be combined with our previous modeling
for calcium-mediated spine stem restructuring (Verzi and Baer, 2005) for a more complete look at calcium
regulated dendritic morphology.

A second line of theoretical work could consider a calcium-dependent, dynamic peak synaptic conductance
(g9p in Eq. (3)), modeling AMPA receptor activation for low levels of presynaptic input, and NMDA receptor
activation for higher levels, since entry of Ca?t through activated NMDA receptor channels is required
to depolymerize postsynaptic actin, a basic building block for the spine (Luscher et al., 2000, Neuhoff et
al., 1999). Recent work connects NMDA receptor dependent LTP and LTD (long-term depression) with
the redistribution of AMPA receptors into and out of the postsynaptic plasma membrane. Luscher et al.
(2000) conjecture a mobile pool of AMPA receptors that cycle between cytoplasm and surface membrane
comps. of the spine on a scale of tens of minutes, via exo- and endocytotic pathways. They suggest a
model for sequentially occurring expression mechanisms. One might also include inhibitory currents since
depolarization is required to release NMDA channels from M g+ block and allow them to respond to synaptic
input from their innervating axons (Holmes and Levy, 1997). In a similar manner, synaptic dysfunction
from beta-amyloid channel blockade is viewed as an early manifestation of Alzheimer’s disease, but the
cellular mechanisms remain unclear. A reduction in PSD-95, a protein involved in recruiting and anchoring
glutamate receptor subunits to the PSD, along with an early reduction in surface expression of glutamate
receptor subunits GluR1 in APP mutant transgenic mice implicate these changes in biochemistry to reduced
levels of synaptic activity (Almeida et al., 2005).

And finally, one might consider actin-dependent structural modifications for spine shape to accommo-
date AMPA insertion. Electron microscopy suggests a relationship between changes in spine shape and the
redistribution of AMPA receptors, and adhesion molecules have been found in PSDs (Neuhoff et al., 1999,
Matus, 2000). We have previously worked on mechanical models for cell extension, adhesion and contrac-
tion to effect morphology and motility, based on the reconfiguration of proteins, to build or break down a
cytoskeleton in response to cues from the extracellular environment (Mogilner and Verzi, 2003). Growth of
the leading edge of these cells depends on polymerization of proteins to extend filopodia, and adhesion to
regulate direction. One may similarly consider the extension of dendritic spines from networked actin as the
leading edge of the neuron cell, extending, contracting and morphing in response to changes in the synaptic

cleft environment.
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7 Appendix

internal resistance for Comp. i
resistance between Comps. 1-2

(varies by geometry)
resting value 42.03M(2

7.1 Table of Model Parameters

Ay, Ay surface area Comps. 1-2 (see fig. legends)
As surface area Comp. 3 0.5pm?
Anae PSD-comp. surface upper bound 0.73pum?
Anin PSD-comp. surface lower bound 0.25m?
Cnm specific membrane capacitance 1pFem?
C; 1 =1— 3, spine comp. capacitance CmA;
Clorit critical intraspine calcium level 600nM
Cn specific membrane capacitance 1uF/em?
Chin critical intraspine calcium level 100nM
d diameter of the dendrite 0.63pum
€0 rate of change in calcium 1074
€1, €9 rate of change in surface area Comp. 1 0.1
n scaling parameter for stem current 10°
Ina maximal sodium conductance 120mS/cm?
Ik maximal potassium conductance 36mS/cm?
gL maximal leakage conductance 0.3mS/cm?
¥ channel density 2.5
r parameter to shift ri2(t) 3.54
9p peak synaptic conductance (see fig. legends)
A dendrite length constant R,,d/4R;
M scaling parameter for 712 (f) 10°
1) HH kinetic temperature control 5.6115(C)
i) rate of change for r15(t) 5.612
p measure of minimal local activity 1.0
ri

T12

T13

‘/;yn

resistance between Comps. 1-3
resistance between Comps. 2-3
dendrite specific cytoplasmic resistivity
dendrite passive membrane resistance
spine stem resistance
time to peak in each activation cycle
sodium reversal potential
potassium reversal potential
leakage reversal potential
synaptic reversal potential

resting value 23.64M()
resting value 23.64M()
70Q-cm

14009-cm?

(see fig. legends)

(see fig. legends)
115mV

-12mV

10.56mV

100mV
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7.2 Table of Model Variables

A (D)

I (1)

Tyyn—i(t), i=1-2
Lion_i(t), i=1-3
mi(t), i=1-3
hi(t), i=1-3

’I’Ll(t), i=1-—3
T]Q(t)

Vi(t), i=1-3
Vi(t), i—4—13
Vsn(t)
Va(t)

dynamic total spine surface area
spine stem current
synaptically applied currents
spine membrane ionic currents
rate for opening sodium channels
rate for closing sodium channels
rate for opening potassium channels
resistor between Comps. 1 and 2
potential in comps. of the spine
potential in comps. of the dendrite
potential in spine head for continuum model
potential in dendrite for continuum model

7.3 Summary of Equations

Dynamic Activity

The spine head is modeled with two PSD comps. receiving input from the axon, and one integrator comp.:

C]% = _Allionfl - Klsynfl - (Vl — VZ) - (‘/] — V3)
t r12 713
dVs Vi —=Va) (Vo —Vs)
— = A Lipn—2 — (1 — K) Iy -
2Tt 2 2= ( Moyn—2 + r12 r23
dV- i =V Vo, — V-
3—3 - _ASIionf?) + ( ! 3) + ( 2 3) _Iss
dt r13 723
where
(Va —Va)
I, = ———=
R,
t (1,L) .
Isynfi(‘/zﬁt) = gpt_e tr (V; - ‘/;yn)7 1= 172: t> 0
p

For spines with passive membrane, ionic currents in the spine head are modeled using

V.
Iionfi(‘/i: t) = _Z:

T

i=1-3,

and with HH kinetics for spines with excitable membrane properties:

(14)
(15)

(16)

(19)

Lion—i(Vi, t) = vAi (Vi = VNa)Gna (m(Vi, £) h(Vi, 1) + (Vi = V)G i (n(Vi, 1) + (Vi = Vi)gr), i = 1-3. (20)

We follow Baer and Rinzel (1991) and set v = 2.5 for increased channel densities. The functions m,n, h
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consider voltage and time dependent probability that sodium and potassium channels are open with

dml-

dt = Qm, (1 - ml) - 6mimi (21)
dh;
= (1= hi) — B, hi 22
= on (1 h) — B, (22)
dn; .
(Z an, (1 —mn;) — Bp,ni, i=1-3. (23)
where a;;, and §;, incoporate variable conductances for j =m,n,h :
do(25 - V;
= 0.1¢(25 — V;) (24)
exp0.1(25-V;) — 1
-V
m; = 4 —_— 2
B gexp —2 (25)
-V
ap, = 0.7¢exp 2OZ (26)
¢
.= 27
Pn exp0.1(30 — V;) + 1 (27)
do(10 - V;
= 10 V) (28)
exp0.1(10 - V;) — 1
-V
Bn, = 0.125¢exp 8—0’., i=1-3. (29)

Here ¢ adjusts the kinetics for membrane temperature at 22° C' (Hodgkin and Huxley, 1952).
The dendrite is modeled as a distal branch of the neuron, of unit dimensionless length, with both ends

sealed (no flux). A compartmentalization of the cable equation (Baer and Rinzel, 1991) yields:

v, —9(Vi — Vs) 2R
_ = _— — —I
Ewn (dr)? Vit =g Tss (30)
dv; (Vier — 2Vi+Viy) .
4V A VW, i=5-12 31
Tt (dz)? o (31)
dV13 *2(V13 - Vl?)
- - 12) oy 2
™ (dz)? Vis (32)

The parameters 7, and R, represent the dendrite’s membrane time constant and input resistance, respec-
tively. The cable models a distal dendritic branch, sealed at both ends (no flux), with an initial and uniform
resting potential of zero in all comps. of the cable and the spine head (V;(X,0) = 0.0, =1 — 13).
Dynamic Spine Branching

For the interdependent system of dynamic activity and calcium-mediated dynamic morphology, append to

the above:
dC,
W = € (U‘Iss‘ - P) (Ca - szn) (33)
dAsh
dt = —€1 (Ca - Ccrit) (Amaz - Ash) (Ash - Amzn): (34)
(35)
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with initial conditions C,(0) = 350nM, and A,;(0) = 1.31um?>.

7.4 Analysis of the cycle for dynamic spine branching

)

The equations for changes in calcium and spine surface area (Eq. (11)-(12)) constitute a slow subsytem
to the model for activity-dependent spine branching. Insight may be obtained into the stability of stationary
points in this system for the spine under periodic synaptic activation by considering the average contribution
of the fast (activity) variables to the measure for change in the slow system (I55 in Eq. (7) over each activation
cycle of length T'. Let .

T T (36)

JTi_4
Numerical simulations indicate that |I,,|*"9 is approximately piecewise constant. We may, therefore, average
over the fast variables since the slow variables are relatively constant are relatively constant within activation
cycles. Insights into the dynamics of the slow system may be obtained by averaging over the fast system to

obtain the following system of ordinary differential equations for dynamic spine branching:

dcC, |Vsn, — V|9

= el = ) (Co o) (37)
dA;
dTh = *Ea(ca - Ccrit)(Ash - Amin)(Amaz - Ash)- (38)

This system has three viable critical points at (C;‘, A;h) = (Omin:Amaw) (Crin, Amin) and (Cepge, A%, —
n|lss| = p). To first order, the stability of these points in the non-linear system is related to the eigenvalues
of the operator matrix (Jacobian) for the corresponding linearized system, evaluated at the fixed points

(Waltman, 1986). The generalized Jacobian for the above system is

€c (n‘Iss ‘avg - p) 0 . (39)
726(1(14:}1 - Amin)(Amaz - A:h) 26(1(0(*)(1, - Ccrit)(2A;h - Amin - Amaz)

Evaluating the Jacobian at the point (Cmm, Amm)7 yields

e (1Ll — p) 0 (40)
0 26(1(Cmin - Ccrit)(Amaz - Amzn) B

with eignevalues along the diagonal. The sign of (a11) is positive since 7|Is5]|*"9 > p under synaptic activation
when Az, = Anaz, and the sign of (agq) is negative since Cerit > Chin and Ay > Apmin. Therefore, the
matrix has one positive and one negative eigenvalue, and the fixed point is unstable in both the linearized
and the nonlinear systems. A similar analysis for the critical point (Cpin, Amin) indicates that (a11) < 0
and (ag2) > 0 so that the matrix again has real eigenvalues with opposite signs, and the fixed point is

unstable in both the linearized and the nonlinear system (Waltman, 1986).
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For the fixed point C* = C,s+ and A%, that delivers |I;; = p/n, the Jacobian equals

0 0

(41)
726@(Azh — Amzn)(Amaz - A:h) 0

The trace and determinants of this matrix are both zero, so that the eigenvalues are both zero. Regretablym
this indeterminant form yields little information about the stability of the critical point for the nonlinear
system (Waltman, 1986). However, the state variables in the slow subsystem ae bounded since A, <
Asn < Apazs Cmin < Cq, and calcium is kinetically bounded above for our periodically activated synapse.
In a neighborhood of the central critical, all eigenvalues are non-positive, so that every solution that srarts
nearby will stay nearby (Brauer and Nohel, 1969). If we remove the last critical point from the plane, the
Poincare-Bendixson theorem (Waltman, 1986) allows us to conclude that trajectories in this region would be
either periodic, or have an omega limit set that is periodic. This suggests that the periodic orbit observed in
Fig. 5c is stable for spines under synaptic activation, for properly selected parameters 5 and p, whether ionic
current models excitable or passive membrane, so that small amounts of noise within the system should not
affect the robustness of results.
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Fig. 1. Schematic of a synapse with the ability to split its tramission and receptor zones, as
well as the entire spine head. The spine head consists of three comps., with Comps. 1 and 2 receiving
input from the presynaptic bouton, and Comp. 3 connecting to the dendrite. The axon delivers varying
levels of input to the spine through Iy, 1 and Isy,—», modeled as time-dependent a-functions. The receptor
areas containing PSDs (Comps. 1 and 2) are modeled by two cylinders. Their surface areas (4;, i =1 — 2)
equal 0.5pum? and diameters equal 0.15um, with cylinder-lengths of 1.06x10~*cm and an internal resistance
of r; = 42.03MQ, for i = 1 — 2. Comp. 3 is also modeled as a cylinder, with surface area (4z) 0.5um?, but
with diameter 0.3um, for a cylinder-length 0.53x10~%cm, and an internal resistance r; = 5.25M(). Resistors
between comps. are set to resting values as the average resistance of connecting comps. (Appendix). Comp.
3 is connected to the dendrite by the spine stem, modeled here as a lumped ohmic resistor (Rss). The
dendrite is modeled as a passive cylinder of diameter 0.63um, with membrane resistance R,, = 14001 - cm?
and cytoplasmic resistance R; = 702 - em. The cylinder is of unit electrotonic length, composed of ten
comps. connected by resistors set as the average of resistance in the comps. they connect. The spine stem is
connected to one end of the dendrite and the distal end is sealed, equivalent to a spine in the center of a cable

with electrotonic length 2. Voltage in each comp. of the model is assumed isopotential (V; for i =1 — 13.)
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Fig. 2. Drawing of a branching spine head. The spine head is now considered as one unit with
total surface area exposed to the synaptic cleft Ay, = A; + Ay + A3, when all internal resistors are at rest.
The spine receives input from the presynamptic bouton Isy, = Isyn—1 + Isyn—2. (a) The spine has not
branched, so that total surface area is minimal with respect to the fixed volume of the spine head. (b)
As the spine head branches, the total surface area exposed to ionic transfer is increased. If the number of
PSDs is proportional to this surface area, then the number of channels available for ionic transfer has also
increased, while maintaining a fixed volume for this new geometry of the spine head.
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Fig. 3. Parameters that do not affect synaptic efficacy for the three-comp. spine with excitable
membrane properties. The three-comp. spine is modeled with excitable membrane properties (I;,, as
in Eq. (6)) for different activation and resistance parameters. Comps. 1 and 2 are activated with Eq. (3),
with g, = 0.074nS and ¢, = 0.035ms. (a) Potential in Comp. 1 is shown here for four different simulations,
with Comps. 1 and 2 receiving equal amounts of synaptic input. In two simulations (superimposed lower
curve), Rss = 1000M(2 is below threshold to generate an a.p. One of these lower curves shows results when
all internal spine head resistors are at rest (ri2,r13,723 - Appendix). The other lower curve shows results
when r12 = 3000M(2, splitting the PSDs on the surface of the spine, leaving r13 and ry3 at rest. In the
remaining two simulations, (superimposed upper curve), Rss = 1100MSQ is above threshold to generate an
a.p. Once again, there are two (superimposed) simulations on the upper curve, showing results for one when
all internal spine head resistors are at rest, and for the other when r15 = 3000M( and 73,723 are set to
rest. (b) Peak potential achieved in Comp. 1 is shown here when we repeat the simulation in Fig. 2a
(above) for two sets of 350 activations each, with Rs ranging from 1M( to 1600M(2. The graphs are (again)
superimposed. In one of the curves, all spine head resistors (r12,713,723) are set to rest, and in the other
curve, 719 = 3000MQ, while 713, 723 are set at rest. (c) Results are shown here for two different simulations
when Rgs = 1200MS2, 715 = 3000MS2, and ry3, 723 are set at rest. In one simulation, Comp. 1 receives all of
the synaptic input (K = 1.0 in Eq. (3)), and in the other simulation Comps. 1 and 2 each receive half of
the synaptic input (K = 0.5). The upper curve graphs potential over time in Comp. 1 for both simulations,

while the lower curve shows potential in the dendrite at the base of the spine for both simulations.
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Fig. 4. Parameters that affect synaptic efficacy for the three-comp. spine with excitable
membrane properties. The three-comp. spine is modeled with excitabe membrane properties (I, as in
Eq. (6)). Comps. 1 and 2 are activated with Eq. (3), with g, = 0.074nS and ¢, = 0.035ms. Resistance and
geometric parameters are varied to study electrical isolation for one part of the spine in 3a-b, and increasing
spine surface area through branching in 3c-d. (a) Potentials are shown here for a single activation, with
potentials in all three comps. of the spine, and in the dendrite at the base of the spine. Comps. 1 and 2 are
stimulated symmetrically (K = 0.5 in Eq. (3)). Resistors are set to rj3 = Rss = 1100MQ, r12 = 3000M(2,
and ro3 at rest (Appendix), partially isolating Comp. 1 from the remainder of the spine. An a.p. is initiated
in Comp. 1 that travels to Comps. 2 and 3, but the magnitude of response is greater than in the previous
slide (c.p. Fig. 2(a)). (b) Peak potentials achieved in Comp. 1 during each cycle are shown here when we
repeat the simulation in Fig. 3a (left) for two sets of 350 activations each, with Rss ranging from 1MQ to
1600MSQ2. The resistor r1o = 3000M(2, and ro3 is at rest for both sets of activations. The resistor ry3 is set to
rest for all activations on the lower curve, but 113 = R, for all activations on the upper curve. (c¢) The results
from two simulations are shown here for variations in PSD surface area (Comp. 1-2), graphing potential in
Comp. 1. Stem resistance Rgs = 1000MS(2, and r12 = 3000M(2, with remaining internal resistors at rest. For
the lower curve, A; = Ay = 0.405um? and Az = 0.5um?. For the upper curve, A; = A; = 0.73um? and
Az = 0.5um?. (d) Peak potential achieved in Comp. 1 durng each cycle is shown here when we repeat the
simulation in Fig. 3c (left) for two sets of 350 activations each, with Ry ranging from 1MQ to 1600M.
For both sets of activations, r1o = 3000M(), with remaining internal resistors at rest (Appendix) in both
graphs. Total spine surface area is fixed at 1.31um? for all activations on the lower curve, and 1.96um? for

all activations on the upper curve.
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Fig. 5. A cycle of calcium-mediated spine branching with passive membrane properties. The
interdependent systems of dynamic morphology and activity are stimulated symmetrically for 500 cycles
of activation, occurring every 10ms, so that the system comes to full rest between applications. In this
simulation, the spines are modeled with passive membrane properties so that ionic current is modeled by
Eq. (5), and synaptic parameters are reset to g, = 0.37nS, ¢, = 0.2ms, and K = 0.5 in Eq. (3). Resistors
are set at Rss = 950MQ), with r135 and ro3 at rest. The resistor r15(¢) is now computed algebraically from
the average of the dynamic variables A;(t) and As(t), but the parameter A3 remains fixed at 0.5um?. (a)
Voltage in Comp. 3, the integrator comp. for the spine, is graphed over 500 synaptic activation cycles of
length 10ms. Higher/lower levels of potential occur during periods of elevated/reduced total surface area,
resulting from dynamic PSD comp. surface areas. (b) Voltage in Comp. 4, in the dendrite at the base of
the spine, is graphed for the same 500 synaptic activation cycles. The dendrite receives an elevated /reduced
signal from the spine when total surface area is increased/decreased. (c¢) A state portrait is shown here for
the slow variables calcium and total spine head surface area (A4; (t) + A2 (t) + A3z) over the same 500 cycles of
activation. Initial conditions for this simulation set C,(0) = 350nM, and A; (0) = A»(0) = 0.4um?, so that
the cycle begins just above the left-end point on the graph.
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