Conical functions of purely imaginary order and argument.
T. M. Dunster

Abstract. Associated Legendre functions are studied ferddse where the degree is in conical
form ! %+i” (! real), and the ordep and argumenix are purely imaginaryi{ andx real).
Conical functions in this form have applications to Fourier expansions of the eigenfunctions on a
closed geodesic. Reahlued numerically satisfactory solutions are introduced which are
continuous forall realx. Uniform asymptotic approximations and expansions are then derived

for the cases where one, or bothuand! are large, and the results (which involve elementary,

Airy, Bessel and modified Weber functions) and are uniformly valid for urdeaxn

1. Introduction and definition of solutions.

We consider conical functions, which are solutions of the associated Legendre equation

d?y, . dy | m? %
1! Z2) =21 222 +gn(n+1)! 'y=0, 1.1
( )d22 dz ﬁq( ) 1! zz&y (1.1

for the case where the degreess complex, of the forrm =! %+i" with ! real. Solutions for the

degree in this form are usually referred as conical funct@osicalfunctions have applications

in problems involving the solution of Laplace's equation, for instance when it is expressed in
toroidal coordinates (see [14, Chap. 7, ©4]). They also appear in the kernels of-Roekler
transforms (see, for example [1] arddl] Chap. 7]).

In this study we focus on conical functions, which have both the argunsem ordem
purely imaginaryThe main motivation for a study of these functions is that they appear naturally
in the Fourier expansions of the eigenfunctions closed geodesic (see [6], [12] and [13]). In
the study of analytic properties of Laplacian eigenfunction on hyperbolic surfaces which are non
compact and of finite volume, if one expands in rectangular coordinates, one gets modified

Bessel functions of #h second kind with purely imaginary order. However, if one chooses
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geodesic polar coordinates, then one gets conical functions for the expansion of the form studied
here.

Although understanding the behavior of the eigenfunctions on a geodesic is apriassin
regarding hyperbolic surfaces, very few results beyond what also hold for general Riemann
surfaces are known. There are conjectures expected to be true only for hyperbolic surfaces, as
opposed to Riemann surfaces; see for instance Conjecture [B3JofIn this context, the

asymptotics of Legendre functions of imaginary order could aid in quantifying the restticted

norm on the closed geodesic of tife normalized eigenfunction.

Returning to the ifferential equation(1.1), standard solutions are given lfy'”‘(z) and

Qv(2), where

Q' (2)==——=0.(2)- (1.2)

P,"(2) and Q. (z) are real forz, m andn real, providedz > 1. For complexz they are analytic
in the plane having a cut alon@—oo,l], and their principal branches form a numerically
satisfactory pair (in the sense of [7]) in the half pl®ez >0, for Ren! % andReu! 0. See

[8, Chap. 5] for more details.

Since we are considering purely imaginary argument, let us writix (x real). We then
observe thatP,f’”(ix) and Q (ix) are complesvalued functions, and moreover the principal

branches of both suffer from being discontinuouxatO. Thus we first define a continuous
solution as follows. Using

Qr (1+(z—1)e2’”) = emerT(Z)_l“(n—L:n-l-l)P”m(z)’ (1.3)
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we define QT (Z) to be the analytic continuation of the principal branch of Q' (Z) from the

upper half-plane across the cut along ! " <z#1. Specifically, we define

" o (2) | (Imz! 0)
” (Z):f‘e“m#iqgﬂ(z) " —$(nf:n+1) P™(z) (Imz<0)’ 19

with principal branches applying fdp, ™ (z) and Q7'(z) here.Thus Q'(2) is analytic in the
plane having cuts alonge~<z<-1 and 1! z<" , and in particular(br',“(ix) IS continuous

(indeed infinitely differentiable) for" <x<" .

We next define an even (continuous) solutiofldl), for the casez =ix (—eo <x <), by

)= OF (ix)+ O (1 ix)
207'(0) (1.5)

— 2\ M2 1 1nt1 lmlnt 1 1.1.9 42
=1+ F(! = = = —m+2-2-l
(1 X) ( 2n. 2|n,2n. 2III 2,2,.X ),

with the propertye’ (0) =1.

Similarly, an odd solution is defined by

_ () - A (-ix)
21 (0) (1.6)

= x(1+ xz)_m/2 F(l—ln—lm ln—lm+l'§;—xz),

on' ()

with the propertyo™ (0) =1.

The denominators d¢fL.5) and(1.6) have the explicit representations
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Ie' n"i/2n
m(0)=! , 1.7
Qn( ) 2”“#(%n! %m+1)#(%n+%m+1) (1.9
and
" n#il2
Qr (o i (18)

()= 2"$(in" im+H)$(in+im+d)

Next, for purely imaginary order, we write=iu (u real),and so fom =—%+ir (! real) we

have from(1.5) and(1.6)

. Viul2
oy ()= (147) T F (G0 20 S g it Jimdit®). (19)
and
. lipl2 . . . .
Gy (9 =x(102) PR (20 21 ing e S g ). (1ao)

These functions are solutions(@fl) in the form

2 # 2 &
(1+X2)d_y+2)(y+%2+1,, H_(y=o0. (1.11)
dx? dx ¢ 4 1+x*

This equation has coefficients which are all real, and has no finite singularities f@'r#,#).

Now, the solutionelf, ,;.(x) has the propertglf, , ;. (0)=1 and €, ,.,."{0) =1, and hence

it is seen by induction that all the coefficients in its Maclaurin series, when derive@lfdd)y

are real.We concludethat eilfl/z)m (x) is real for all real x Similarly, the odd solution

(7 .
O (w2 (x) is also real for all real x

From(1.9) and(1.10) we have ax! 0



ey (¥) =1+ 2 (4071 4721 1) % +0(x7), (1.12)
Oi—‘(11/2)+ir (x)= X+2—l4(4[,l2 —47° - 9) x3 +O(x5) , (1.13)

and, moreover, their Wronskian is given by

o O ]y
From
Q'(2)! - i — (z# $. nu8$,83,82" ). (1.15)
(n+2)(22)
and
cos(n/ )R, " (2) =" Q' (2 + Qrs(2) (1.16)

#(m" n) #(m+n+1)’
(see [8, Chap. 5, Egs. (12.09) and (12.12)]), and the defin{tloh)s(1.5) and(1.6), we have

(1.17)

_ 2 1/21_, . —1/2+it
el—l(11/2)+ir(x)! Re .7T -(IT)|X| - - ’
C(3+3it+dig) (5 +3it-1in)

and

l. 220 (it V2
0_‘(11/2)4_“_()6)! iRe{F(Z’ . . ) > (1.18)

1,741 341;- 1
+211+21/,I)F(4+211 SiH

as X —> too,
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We next introduce solutions ¢1.11) which are characterized by their behavior at infinity.

Specifically we define, for any redl
RI("X) = (21 #)" 72 Re[ 74" 2" o1 +i1 ) .00 (1)} (1.19)

From(1.4) and(1.15) we observe that this solution has the property

RY(",X) ~x*?cos !/ In(x)+"} (x$ %9). (1.20)

We note the Wronskian

©{RE(X).RE(#E8 X)) =

(1.21)
x2+1

and henceR'(",x) and R_,“(”#%$,x) form a numerically satisfactory pair for the interval

[0,00).

For x=0, we note fron(1.7), (1.8) and(1.19), that

RI(",0)=(2/#) e** Re[ """ 2" A1 +i! ) &l .., (0)}
§L #1/20/((1“,) §_ (1.22)
(O T + TR 31 SR

along with

RI"(#,0) = (21 8)"* 52 Re{ ****2" &(1+i! ) & ., (0)]

—ymel 26" $V2&(1+il ) f (1.23)
)&(l+%i! +%iu)&(%+%i/ %%ill)j '

4

From(1.12), (1.13) and(1.21) the following results are easily verified.



Connection formulas.

7€ 0yuic (¥) = RE (6 -3 7.0) RE(6,X) - R (6.0) R (6~ 3 7.x). (1.24)
Lol oy (X) =" RE(#" $8.0)RY () + RY (#.0) RE (#" 5 8.x). (1.25)
R’”( ) Ru (” 0) i ]J2 +|/ R’u%” | 1/2 +i! )’ (1~26)

and

PRI () ={ R (7 0) R #3.960) + RIS, 0) RY (" # 9%0)} RY ()
(1.27)
#2R! (", 0) RIY(" ,0) RH (" #5 96x)..

The plan of this paper is as follows. In =&2ve consider large, and obtain asymptotic
approximations for the above defined functions, which when taken together are valid for

0! u/""' B<#, uniformly for 0< x<e. Specifically, in 82 we treat the cae< u/71<1-0

(0<! <1), and apply LiouvilleGreen (WKBJ) asymptotic expansions involving elementary
functions, which are unifonly valid for —eoc<x<oeo. In ©3 the casel! "#u/$#1+"

(0<! <1) is tackled, and for this parameter range two turning points of the differential equation
can coalesce at=0. The gpropriate theory is given by [11], which furnishes approximations

in terms of modified Weber functions, which also are uniformly validH#eK x <eo. In 84 we
considerl+! " u/#" B<$ with 0! x<" . This time there is one simple turning point in the
interval, and classic Airy function expansions are derived (see [8, Chap. 11]). These results are
unified in 85 in whichO! u/"! B<#, but with x restricted to lying in the interval

%e B2 1+ #) (6>0). Due to this restriction oxthere are no turning points in the interval,

and this allows the construction of simpler LiouviBeeen (WKBJ) asymptotic expansions.
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In oa6-8 we considey large. In &6 we assunteis bounded, and apply the theory of [3] to
obtain asymptotic expansions involving modified Bessel functions with purely imaginary order.
The differential equation in this case is characterized by the dominant term having a simple pole,
with solutions osdliatory in its neighborhood. Asymptotic expansions of a similar form, but with
a more complicated transformation of independent variables, are derived in &7 from the theory in

[2], and these are valid fdd! "/u! 1#$ (0<! <1). In this case the appropriate transformed

differential equation has a simple pole and coalescing turning point, with solutions being
oscillatory in behavior in between the two critical points. The expansions in both cases/of a6
are uniformly vald for 0! x<" . Finally, in a8, we considef! "/u! A (0<A<1), and

obtain simpler expansions Li¢uville-Green/WKBJ) by making the restriction

I AL A%+ # x# AIE A2 (1>0) i this interval there is no turning point.

We remark thap large with1! "# $/u#B<% (0<o6<1) is equivalent to the parameter
regimes of @34 combined; hence we have covered all possible unbounded nonnegative values of
X, 4 and/, with one or both of the parameters being large. Explicit error bounds are available for

all our approximations, via the various general rigorous asymptotic results which we shall use,

but we do not include them in this paper.

For economy of otation, we shall use various symbols in different contexts from one section

to another. For example, we shall #sand$ as certain transformed independent variables, and

these would vary from section to section: see for exa(@# and(8.3) below. Consistency is

maintained within any one given section.

Regarding earlier results in tHeerature, the most powerful asymptotic approximations

previously derived for conical functions are given in [4]. In that paper real, the degree is
!%+i" (/" 0), the argument is real or complex, and theases/ , u, or both large are
considered. A9 " # expansions are furnished which involve Bessel functions of pdsmnd

are valid for 0! u! A" (A an arbitrary positive constant). These are uniformly valid for

Re(z)! 0 in the complex argument case, ambnnegative in the real argument case. The case
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u'! " was also considered, and expansions were furnished which are valid fog Bu (B
an arbitrary psitive constant) uniformly foRe(z) I 0; in the cases whemeis complex, as well
as real withz! (L" ) the given expansions involve Bessel functions of purely imaginary order

i/, and in the realariable case wheree [0,1) the expansions involve elementary functions.

In [10] uniform asymptotic approximations are derived for the conical functions of purely

imaginary orderP'¥ (x) and QlH (x), wherex is realand !/ " # . These approximations

L3 Uit
involve Weber functions, and are uniformly valid forl<x<1 and 1! "#u/$#1+"

(0<!<1).

We also note that, in [2], asymptotic expansions wemgvete for associated Legendre
functions of large real degree purely imaginary ordei, and real or complex argument. These

expansions are uniformly valid for unbounded argument, Withu/n! A<" .
For a summary of other asymptotic résudbr associated Legendre functions, see [5].

2. Large!, 0! u/"! 1#$ ($>0),and!" <x<"

As usual for the asymptotic study of linear second order differential equations, we first
remove the first derivative ifiL.11), which in this case is achieved by the following change of
dependent variable

y(x)=(1+ xz)! 1lzw(x). (2.1)

We thus obtain

2 §j "2 2 |y 2 ;y
dw_$? P 3! x ((\)/v

=% . 2.2
dx’ %01+X2 (1+x2)2 4(1+x2)23%) 22
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Here we conder ! " # , and to do so we introduce
u="!", (2.3)

yielding

dz\;\/:?}b "2(1! #2-|;x2)+ 31 %2 2)&\,\,‘ o
dx & (1+x2) 4(1+X2) &

For large! this equation has turning points (zeros ofdbeninate term) at =+y// 2" 1, and

these can be real or imaginary in our parameter range. Let us consider the situation where they
are purely imaginary, so that

0! "1 1#$ ($>0). (2.5)

Consequently there is no turning point in (or close) to the intérvat x <" . This allows us to
apply the LiouvilleGreenexpansions given by [8, Chap. 10]. We next make the Liouville
transformation of idependent variable (see [8, Chap. 10, Eq. (2.02)])

(1" 2 +p7)" %o )

I = $ —— dp = arctanh&—zm* ! #arctanh&ﬁ* . (2.6)
+ 1 " 1 1 n 1
p ((1 #2+X ) + ((1 #2 +x ) +

The lower limit of integration in the integral was chosen to ensureftean odd function of.
As x! O
12
! :(1" #2) x+0(x3), 2.7)

and asx!

I =In(2x)" #arctanh(#) +O(x?). (2.8)
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Then, with newdependent variable defined by

1/4

W = " x2)1/2 w, (2.9)
we obtain
C(';V;’ ={"#+$()w, (2.10)
where

W(§)=(l+xz)( P X —4fx ) 2.11)
4(1-p )

We apply [8, Chapl0, Theorem 3.1], withu =i/ in the solution (3.02) of that theorem, and
defining

Wansi (T’é) = %Re{Wn,l (if’é’) +Wo (iT’_é)} ) (2.12)

and

Waaa (1, ") =2Im{W, , (i, ") # W, (il #")} (2.13)

we obtain the fdébwing even asymptotic solution ¢2.10)

Waa(1,7) =005 (072 L sn(r)$ P o017y, e

| 25t

s=0 s=0

and odd asymptotic solution



-12-

) ) n SA ) " ) n#l SA ) " )
Wapra () =sn()$ (1) 2 ) woos(17)§ ey 22N g1, 0,7). 219
s=0 : s=0 '

where Ay (/) =1, and
A (D) =3{Ar(0)#A ()} +1 &_&: WA, (Nd% (s=0,1,2) ). (2.16)

Note we have chosen the integration constan{g.i6) so thatAS(O) =0 for s=1,2,3,---,

and consequently, sinde(") is an even function &£ it can be shown by induction that
A(M)=(11)°A(") (s=0.1,2,+). (2.17)

In (2.14) and (2.15) the error terms,,,, ; (".#) have explicitoounds, and aré)(!”zn"l)

uniformly for !'" <#<" (I" <x<" ). Moreover they, and their first derivatives, vanish at
I'=0 (x=0)if we take! , =0 in the j =1 bound of [8, Chap. 10;heorem 3.1]As a result we
find by uniquenessf even and odd solutions, along withl), (2.7) and(2.9) that

4
i 1-
e—I‘(11/2)+i‘t' (X) [1 ﬂ ﬁ+x J‘/ W2n+l,l(T’§) > (218)

and

n! ' !
o & (1 g A (0) ([ 2 2+ Wopro (). 219)

O!UZUZ)H” (x)= ((Q 'S () s
s=0

+' >(-\J/

for Ol u/"1'1#% (6>0), uniformly for !" <x<" . The corresponding expansions for

R (",£x) are derivable fron{l.26).

Returning to the original variables, and takimg O, we have



. # n2 | 2 é/4* #1&
| —_ l"l "
&) (X)_g‘f'zxz 2 Hz,( ’+COS( ))+09 ,(7, (2.20)
and
iy —_ n2 | 2\[(n2,2 112| 2 11/4* : " +O$1'- 2 21
O (1/2)+i” (X)_{( P H )( S )} +S|n( ) ,2/ ) (2.21)
where

1/2
nyt (722 4 2 4y g‘
=i ) ) #E actann®%— KX )" (2.22)

& (..2#u2)1/2 & " &("ZXZ"‘"Z#IJZ) &

3. Large!, 1! "#u/$#1+" (">0),and!" <x<"

Again we consider the equation in the forrf2.4), but now assume that
1V "#$#H1+" (”>0). Let us break this into two subcasés, 1 and/ " 1. We first consider

the former, namely

1 "#$#1. (3.1)

As such the turning points ¢2.4) are purely imaginary, located at=+i,/1! "2, and coalesce
at x=0 when! " 1. The appropriate theory is given by [11]. To do so, we ntakéibuville

transformation (see [9, ©2])

il
2 "2
p°+1! 12

2
o e o)

where ! is defined by
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g (e
H PR #o5°+®) ds. (3.3)

Upon explicit integration we find fra (3.3) that

P=|2(1" 1", (3.4)
and from(3.2)

In{x+(x2 +1—ﬁ2)1/2}+ﬁln{(x2 +1—ﬁ2)1/2 —ﬁx}—%ﬁln(x2 +1)
_%([ﬂl)ln(l— /32) :%g(gz +§2)1/2+%/§?2arcsinh[/%j.

(3.5)

We use the absolute sign(®4) to take into account that later we will consider the ¢azd..

The x interval (1",")is mapped 4 to the § interval (—e,e0), with the points

x=0, +iy1! "2, +# mapped to! =0, +i0 +# respectively. We observe thétis an odd
function d x, and{ — +eo as x —*eo, such that
"y +1(%l +1)/2

=g P ol 1 {1r0(0) 5

Next we introduce the dependent variable

W= (X2 T ”2)1/4 w, 3.7)

R

which in conjunction with(3.2) recastg2.4) in the form
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d2W:{,,#2(!z+\%z)+%(§;’!)}W, (3.8)

where

. 320 (O ssiies]
4(#2 + 02) 4(X2 +1$ ,,2)

(3.9)

Note that from(3.6) that

! (Q#)=0(#$2), (3.10)
as{ — teo.

Equation(3.8) has turning points at =+® which coalesce at =0 as /" 1 (_ﬁ" 0).

The dominant term therefore is of a similar forn{zag), but is simpler.
We apply the Theorem of [11] to equati@8) to obtain to asymptotic solutions
w(T,B,iC) =W(u—1,i \/ﬁ)+e(r,ﬁ,¢ ) (3.11)

whereW (b,x) is a ¢eatvalued)modified Weber fuationdefined by

W (b,x) ={1k(b)} " &'>*{&" U (ib,xe" ") + €U (#ib,xe' 4} (3.12)
where
k(b)=vi+e®'P " e'®, (3.13)
I(by=%"+11,(b 3.14
'1( ) 8 2 2( )’ ( . )

and
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!,(b)=arg" (%+ib),

(3.15)

the latter being defined such tha$(0) =0, and to be continuous for all rezluedb. Here

b=u! "#0.

We remark thawv (u! ",i#\/Z") are solutions of the comparison equatio(3.8), namely

IR

From [9] we note that as! "

2K(b)

W (b,x) ={_}U2 cos{ 232 ~bIn(x) + 19, (b) + 1} +o(i2j,

X X

and

\ /2
$ 2 §°

W (b,! X)z%(b)XQS

4

The error term ir{3.11) satisfies

I (;9$) = ean(u %”,$\/7)0("%|”("))’

as! " # ,uniformly for!" <#<" | where

0/{’\NZ (b, X) +K'2 (b)WZ (b,! X)}1/2 (! "<x#1$ (b))

envW (b, X) = &/2W (b,x) (18 (0) #x#$ (b)),

AW? (b.x)+ K2 (b)W?(b! W (8()#x<")

sn{2x?! bIn(x)+%)2(b)+%*}+Oj—i25).
» X

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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in which ! (b) denotes the smallest positive root of the equaid(b,x) =k(b)W(b,! x).

Furthermore

I(n#8)=0($"") (s& ). (321)

We now can match standard solutions with the asymptotic ones, starting with solutions
whose behavior is characterized at infinity. Fr@dn20), (2.1), (3.6), (3.13), (3.17) and(3.21) we
deduce that, with the choide=";, where

=)+ (YR () ) # e (2D
2 2 2 & ) 4

that
22820 .
R ("t =K( @M w(!, %) (3.23)
(x2+1$ 0/5)
where
o 21 4 )
K—%& { l+e +e } . (3.24)

The identification of the even and odd functions is also straightforwardinBjueness of

these functions, we have
1/4

g (0 =C 28 (w(A) v 514) 329

and

0Hyayeic (X) = CO(W—_ZI}T {w(r, 2] g) = W(T,ﬁ’,—éj)} , (3.26)

X2 +1— ﬁZ
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where the proportionality consta@t® can be found by #ing x=! =0 in (3.25), and likewise

C° can be determined in tigdifferentiated form o{3.26). Thus

14
ce-__ 1 (ﬁ +1J1 , (3.27)
2w(r,/9’,0) 2

ard, on referring td3.2),

C°= 1 (3.28)

2{2(1 +1} " 2", B0)

Remark W (b,0) andW!(b,0) are norvanishing for all reab (see [9, Eq. (8.3)])and hence the

same is true ofv(r,ﬁ,o) and w!(",/Q,O) for sufficiently large’.

We now turn out attention to the second subcase

10 "1 1+ 4. (3.29)

This time the turning points dR.4) are real, located at=+//?" 1, and again have the

property that they coalescexat0 when! " 1.

In place of(3.2) we prescribe

) !2" 1" 2 1/2 -
( p) dp=#|P" 2 "as (oaxe12 1), (3.30)
% p2+1 #

and

2, w2\V2 )
7+'§T!1(1+ p:)z!+1) dp=1:1§($2! .62)1/2d$ ( 2] 1 gx< ) (331)
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with 0 again given by3.4). Explicit integration yields

Bx _ X
,Barctan{(ﬁ2 - Xz)m} arctan ([32—1— Xz)m} .

__é@(ﬁﬂ 4& ”z_lﬁ’zarcco{p +4

_é;

for 0<x<4/B?-1, and

In[x+(x2+1! "2)1/2}+"In[ "1 (x2+l! "2)1/2]! %"In(x2+1)

(3.33)
! ; +1In 2 1 z?(#’zl )ﬂzl 1marccosh§%,
0
for /2" 1#x<$ . Note that in3.30) - (3.33), and below,/ 2 =2/ " 2.
Now, with
W:j_ (x +11 ”2)1/4
- (x R 1)1/2 (7792 ! 02)1/4 w, (3.34)
we obtain
Zzlyg ={"2(;$f2 $f2)+%(;$f,f)}v§/, (3.35)
where
, (A;&) _ A2 40 R2 X (ﬁ‘z $ ’A’z)(x2 +1)(x2 +1$4"*%* $ "4) | 336

a(#s ™) a(x+1872)
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We again apply Theorem of [1d obtain the solutions
vi@(r,ﬁ,i@) :W(u— r,i@@) " g‘i(r,ﬁ,i@) . (3.37)
These are of the same form(8<.1), but sinceu—7 >0 the error term now satisfies
",;v?,@)zenvw(u %",ﬁ/?)o(""@’?’ln(")), (3.38)
uniformly for ! " <#<" .

From (3.33) we find that(3.6) still applies whenx! " with $ replaced by!b. The

identification of asymptotic solutions is therefore the same, and €y28) - (3.28) hold, with $

replaced b){’, andw(! , ’A’,i#) replaced byv?()(! , 01;9)
4. Large!,1+! " u/#" B<$,and 0! x<" .

Here we cosider! " # , with %again defined by{2.3), satisfying

1+5<B<B<co. 4.1

The turning points of2.4) are located at =+,// " 1, ard arebounded, and also bounded away

from one another. The appropriate asymptotic theory is that of a fixed simple turning point ([8,
Chap. 11]), which furnished asymptotic expansions in terms of Airy functions.

The appropriate Liouville transformation &s follows. Firstly, we use the Liouville
transformation defined by [8, Chap. 11, Egs. (3.02) and (3.03)], except we replace §merOs

—{ . Thus we have, on referring {2.4), the new independent variable given by

( p?1 #2 +1)1/2

2 3/2
= | 7] —
3( ) $/<#2!1 p2+1

dp (xo/ # 1), (4.2)
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and

("2#1#192)1'2

p2+1

%_/3/2:$" " dp (xfy "2#1). (4.3)

On explicit integration, fox ! +/ "2#1 we have the relationship

E(! ”)3/2:In{x+(x2+1! #2)1/2}+#In{#x! (x2+1! #2)1/2}

31 . 4.4)
2
!E#In(x +1)! E(,z;f+1)|n(,z;f2! 1),
and forx! /"2 #1
5 3 "2#1#x2)1'2§ 3 "2#1#x2)”2§
Z1¥2 =" arctan 98— ) #arctan98 : (4.5)
3 & X & & X &
From(4.4) we find that! " #$ asx! " , such that
27 =In(2x) +4(" #)In(" #1) #1(" +1)In(" +1)+O(x"). (4.6)

Note that the turning poink:\/ﬁz—l is mapped to! =0, and x=0 corresponds to

I'=1,, where
3 2/3
%o ={—(ﬁ—1)} : (4.7)
4
Next, with

(2 1/2 é’ o
W—(x +1) Foi w, (4.8)
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we obtain the desired equation

hd ={"2r#()w, (4.9)

where

5 +(x2+1)(4#2x2$x2+#4$1)”
16" 42 +13#2)

(4.10)

()=
From(4.6) it is evident that
w(§)=0(L?) ((——). (4.11)

Applying [8, Chap. 11, Theorem 7.1] to the transformed equdddd we obtain the
asymptoticsolutions

2/31\ noa
W2n+11( ) BI(IZ/S )# As BIS(, )# 2 ( ) &Zn+ll( )’ (4.12)

I4/3 IZS
: s=0

and

e e s 1 BPTRO RS
where Ay (!) =1, and fors=0,1,2,3

(1)=11"% @; 2 J(#)" A%} ax (! >0), (4.14)

Bo(1) =1l &l {8 (#) A (%) A} (¢ <0), (4.15)

and



-23
A (1)="1B#!)+108(/)B(!)d! . (4.16)

The error terms satisfy explicit error bounds ([8, Chap. 11, Theorem 7.1]), and from these

Eone11(7,8) = ENVBI (12’34:)0(1‘2”‘1) , (4.17)

and

Lania.2 (1) = @A ("2%#)O( 5191 | (4.18)

as! " #,uniformly for0<x<e (1" <#$#,). Here

Y (q+8i2 ()" (- <xic) o)
&/21 (x) (c#x<")

envf(x)=

where x=c=10.36605-- is the negative root of the equatié(x) = Bi(x).

Moreover, witha =— in [8, Chap. 11, Eq. (7.12)] we have, by virtug®1 1),

ean11(7.) =0(|¢ ). (420)

as! " #$ . Also, by choosing =", in [8, Chap. 11, Eq. (7.13)] we have

!2n+1’2(",#0)20. (4.21)

Similarly for the derivatives of these error terms.

We now identify the asymptotic solution given @%12) with the solutions defined in =&l
whose characteristic behavior is given at infinity. Specifically, taking into ac¢g2®@)tand

(4.8), we seek constants,,; (/) and; ,(!) such that
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1/4
NP s1$x3(C
W2n+l,l(' , )— * T

| o O R (g e (OR (85 . 422)

To this end, it can be shown frqgh11l), (4.14) - (4.16), and by induction, that ds" #$
-3/
A(£)=k+O(g 7). (4.23)

and

By(!)=1sJ![ " +O(|1[ 7). (4.24)

for some constantk; and l; (s=0,1,2! ). Thus, from the welknown behavior of Airy

functions of large negative argument ([8, Chap. 11, =1]) we find {rkbh?2) that

1 , 312 4
W2n+1,1(f1§) ! W{—Sn(%ﬂﬂ —%n’)z%

1 s=0 (4.25)
312 < |
+cos{37[¢ —%n)zrz—gﬂ},
s=0
as!" #$.
Now, in comparison, fror{iL..20), we observehat
R,”("z#%$'x)! x#l’zcos(! In(x)+”2#%$), (4.26)
and
R (1, + 12,x)1 —xY2sin(zin(x) + 7, ~ 7). (4.27)

asx! " . Thus if we choose



25
L= (" #In(u” #" L(u+#In(u+#)+#n(24) (4.28)
we have fron(4.6)
Hn(x)+ 7 #1§ =21 |0/{33/2#%$+O(exp{#%(#%3/2}). (4.29)

It follows from (4.22) - (4.29) that

n — 1 n kS
n(!)‘,,yz,ue#ﬁ’ (4.30)
| 77 !
and
i 1 n#l I
%)= w172, 176 $ B (4.31)
I !

therdoy completing the identificatiof.22).

Next, we identify the asymptotic solutions with the standard even and odd functions, by

seeking the coefficient§s, ; ;(!) andC3,.,;(!) in the relations

" ?/%2 $1$ X2 (1/4 e i 0 i -
Woner (4 ):&—;’t TC2n+l.j (/ )e$lEl/2)+i! () + Cana, (!)Os;lzllz)m (¥, “.32)

for j=1andj=2.

Firstly, settingx=0 (/! =/,) in these, and referring (@.12), yields

4
C2en+l,j (T) = [%Jv W2n+1,j (T’go) (J :1:2) . (4~33)
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Similarly, differentiating(4.32) with respect teh, and referring t¢1.13) and(4.3), yields

% Wonar; (1.%)0 .
co ., (1)="1 £ W, (!, SR =1,2). 434
e (1) o & ; i i (1.%) + 48, Q(J ) (4.34)
We observe fron4.3), (4.13) and(4.21) that
. n " A| !2/3"0 n%B "
Wanea2 (1,"0) = Ai(12/%) # Af(zf)+ S(, 5 )# 7(2;’), (4.35)
s=0 - : s=0 -
and
A DOAL(#)+# B (#
W2In+1,2(”’#0):A1( 2/3#0)$ AS( O) ,,250 S( 0)
) =0 | (4.36)
Ln2/3 Ai!(”2/3#0)$ As(#o):"'zz’s% (#0).
s=0

Similar expressions hold fan, ., (! 0) andWJ,,4(",#%), but we note thathe error terms

for this function and its derivative do not vanish &t/ .

Conversely, fron{4.32) - (4.34), we arrive at

e!”(ll/z)ﬂ" (x) ; (4.37)

% # £1/4 C§n+1,1W2n+1,2 ("’#) ! an+1,2W2n+l,1 (”’#)
)
|

TREI O X {W2n+l,l’W2n+l,2}(#0)

and

Oiy ( ) — [ C jl/‘l C§n+1,2W2n+1,1(T’C) - C29n+1,1\N2n+1,2 (T,g) ) (4.38)

+iT X "
I -w2) B?—1-x° {W2n+l,1’W2n+l,2} (go)

Note, from using the weknown Wronskian
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¢ {Ai(x).Bi(x)} =1/, (4.39)

we find from(4.12), (4.13), (4.17) and(4.21) that

{W2n+11’W2n+12}( ) #2/3%% ( )% (0)+B§‘1(-’0)

#2s #s
(4.40)
n"1 ! ! * 0
5ol el Al o L/z
! #s # LAk
in which B’;(£,) is understood to be zero.
5.Large!,0! u/"! B (B<#),andRe B2l 1+"#x<$.
We canextend the results of a2 to the case
0! "1 B (B<#), (5.1

provided we restrick to lie in the intervalReyB? —1+8< x < in this case the turning points

Xx=+4//2"1 are bounded, can be real or imaginary, and indeed can coalesce at the origin.

However, the stated interval is such that these critical points aw®ided, which allows us to

apply the simpler Liouvill&Green theory of [8, Chap. 10].

Proceeding as in 82, Eq2.6) - (2.15) still apply, but in place of2.16) we choose
Au(!)=3{A#)S AL 84" QA (@ag (s=012! ). (52)

so that

A (1)=0 (s=1,2,3) ). (5.3)
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The error terms ir{2.14) and(2.15) can also be chosen to vanish/at" (x=! ). Thus

from (2.14)
Wone11(7.€) ! cos(z€) (& —e0), (5.4)
and from(2.15)

Wongo(1,") 1 sin(1") ("# $). (5.5)

Remark Although of a similar form, the asymptotic solutions,,., ; (1,5) here differ from the

corresponding ones in &2, and in particular there is no longer reason to suppose that they are
either even { =1) or odd (j = 2).

Now, from(2.8), we have
& =7In(x)+ 13 +0(x?) (x—e), (5.6)
where
¥s =7In(2) - parctanh(u/ 1) . (5.7)
Thus from(2.1), (2.9), (1.20), and(5.4) we arrive at
R = (1= B +2) " Wop, (2.8). (5.8)
Likewise, from(5.5), we have

RE(ys—27m,%) = (1— B+ x2)_1/4W2n+L2 (7,8). (5.9

The corresponding asymptotic results fe_}f{llz)ﬂ,, (x) and o

Yz () are now readily

derivable from(1.22) - (1.25) (with / =" in the latter two equations).
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6. Large i, bounded/, and 0! x<" .

We now consider the cage large. The form(2.2) of the differential eqation is not

appropriate to obtain asymptotic solutions which are uniformly valid for unbounddubrefore
it is necessary to redefine the independent variable. There are several ways of doing this, and we

choose the following. Let

s=11 — % (6.1)

so thatO! x<" is mapped 4l toO0<s! 1. If we further define
13/4
V() =(x*+1) 7 w(x), (6.2)

then(2.2) is transformed to

dv _% 2 2s1 §214"21 4%

=% V. 6.3
ds® gs(2!'s)  48’(219)’ §/0 €

In the interval(O,l] this equation is characterized by having a regular singularity=dt,

and for largeu the dominant term on the righaind side has a simple pole. There are no turning

points in this cae, and the other end poist1 (corresponding tox=0) is an ordinary point of

the differential equation.

The exponent of the pole &=0 is complex, and as such solutions are ogojain its
neighborhood, ando the theory in [3, a7] is applicable. From this reference we make the

following transformation of independent variables

1 b .
g% = Js—dp:——arcsn(l— s). 6.4)
0 p1/2 (2_ p)1/2 2
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Thuss=0 (x=! ) corresponds td =0, with

C=2$+%SZ+O(SS) (s—0),

4 =x2 —%x_A' +0(x_6) (x —>oo) .

We also notex=0 (s=1) corresponds td =/, where

o
ENTE

With the change of dependent variable

;&

#
et

we obtain the following equation

where

. _(4#2+1)(25$52$")
()= 16"s(2$s) '

(6.5)

(6.6)

(6.7)

(6.8)

6.9)

(6.10)

From (6.5) and (6.10) we see that if we definé (0)=lim! (") then! (") is analytic at

"#0

! =0, and in particular

2
/("):#4528”+o(") (" %0).

6.11)
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We now apply [3, Theorem 1] to obtain the asymptotic solutions

(1) ! "D (!
Wanea () =1 2K; (M-’ 1/2)# #*E@ (F"' 1/2)# %”&ZMJ(N’-’)’ (6.12)
s=0 s=0

and
n n-1
Wonea2 (1,6) = &L, (u?”Z)Z CSESC) +£Li,r (/151/2)2 DSZ(SC) +&xni12 (1,0) . (6.13)
s=0 H H s=0 H
where

Li, (x):m{li, (X) + Ly (X)} - (6.14)

In (6.12) and(6.13) C, (! ) =1, with the other coefficients satisfying the recursion formulas
Dy(!)="Cg(!)+! V2" $2[94$)C,($)" 1C¥($)+&DE,(9)}d.  (6.15)
and
Coua(!)="1D#!)+ 9g(!)Ds(!)d! , (6.16)
for s=0,,2,! .
The error terms are explicitly bounded, and satisfy

Lonea(1,") =" enVKi#(ﬂ"ﬂz)o(H$2n$l) (6.17)

and

Loz (") = "2 env Ly (uV2) O (6.18)
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aspu! " ,uniformly forO! x<" (0<!"!,). Here
B2 2 ( MY2 qn
envf(X):8IK"' (i (9 (07 x" #)
(V21 (%) (# " x<8)

wherex=!. is the largest positive root of the equatién (x) = L;, (x).

Moreover

Lo (147) = V2K, (1 V2)O(" 8%0) ("9 ).
and
Laman (1) = L (022)0(") ("8 7).
Similarly to(4.22), we seek constants,, /' (1) and," ,(u) such that
Wanaao (101) = 1486, (L) RY (#,$2 %x) + 7 (u)Rk‘(#4+%%x)5

To doso we note from [3] that

1/2
L (x)—g(;/ :]§3 sglln*zﬂo .(+O(x2)g
g Enh(1) 20 & e 0 ’

and

asx! 0", where

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)
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g = arg#(l+i”). (6.25)

Thus from(6.13) and(6.21)

by ] ool 558
)

(6.26)
+’L’S|I’1{T|n( } nz 7572 ]
S=0
as!" 0.
Now from (1.20) and(6.6)
R ("4 #18,)! %/400521 In(u/zy }+,,’Oé, (6.27)
and
R (s +1#,x)! $%’4snfbl |n(u/2u22r+, | 0% (6.28)
asx—e and!/ " 0", provided we choose
ly=1"#38In(Lu)+9,. (6.29)

Consequently, with this choice d¢§, on comparing6.22) and(6.26) with (6.27) and(6.28),

we arrive at

% 1 % ) (o)
g'snh("/ )y _, u*S

(1) =

) (6.30)
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and

" n(u)=—{i)} HZ_IDg—S@, 6.31)

| sinh (‘m’
as desired.

Results compardd to (4.32) - (4.36) are derived similar to those (we therefore omit details),
and reads follows:

Wonerj (1) = ”M%Sfﬂj (1) e:iqf(luz)m (%) + Cannj (1) 0;;(11/2)”! (X)& (6.32)
where
C§n+l,j (‘LL) = (2 / ”)ﬂ2W2n+1,j (T’%ﬁz) ’ (6~33)
and
CO () =(2/ 73" Wors i (1.2 7%) = (222 W5, (7,272 34
2n+1,j (‘U) _( ’s ) 2n+1, j (T’ 4 T ) ( 77") 2n+1, (Ta 4 T ) . (6.34)

In (6.34), for the casg =1, we find from(6.12) that

" "2 w2 w2 "2 "o o
Wy (12 72) = Ki#é(lénu )0”/0 4c,(17?)+2"%cy(3"2)+ - D,(1"2)$ 442D, (1"?)
. 2 2 ’ 2 2 (6.35)
) g 1720 ) ol 1)
4 <=0 “25 .

7.Largep, O! "/u! 1#$ ($>0),and 0! x<" .

We extend the results of the previoest®on to the case wherds no longer restricted to be

bounded. We thus define



'="u, (7.1)
to recas(6.3) in the form

dv (25117 o 2149

= . 72
ds? g/p 52(2!3)2 452(2!5)2% 72

This equation has two simple turning points locates=at++/1! "2 . We assume that

0! "11#% ($>0), (7.3)

so that they cannot coalesce (which happens whef), but one of themg=1++/1! “?) can
coalesce with the doubple ats=0 (when! " 0). Again we consides lying in the interval

(0.1] (which corresponds tB! x<" ).

Equation(7.2) is characterized by having a coalescing turning point and double pole with
complex exponent, and the appropriate theory is given by [2]. Thus,(#@mand [2, EQs.
(2.2a,b)], we introduce a new independent variable by

2p! pZ! w2\1/2 (81 L o\12
#S!x/u "2( p(2! p)) dp:#ﬁ%d$, (7.4)

for 1! V1! "2 #s#1, and

1/2
I2II

o

dp=# L dg, 75
s p(2" p) P=7, g (7.5)

for 0<s! 1" 1" #2.

Integration of these yields



[0) 1| B % 17 #/0 2112 I 1 2%

Bl " %)s(2!s) 1 %

L N %*!..2)1/2A) _
=(*17?) " actangt———( (1! V1! +s+1),

and

In{l! st (21 23+52)1/2}! %In(u )

. ?ng"{"! (1 9)("2! 28+52)1/2} 1_'_..2'8/

I —In$ —(
2 o (1! ”2)3(2! s) A
& yo

" gjé ("2' *)1/2;)/0 o \U2 5
_—|nzLj | ( ; *)1,2({; ( ! *) (0<s+1! Vi )

Note x=0 (s=1) caresponds td =/, where

*

(1o #2) #arctan%e#l—(!o " #2)1/2; =21 #).

We find from(7.7) and(7.8) that

e2

=gt )+ol) 0 o

"2

ol ) s )
2(1! "

and

(7.6)

(7.7)

(7.8)

(7.9)

(7.10)



-37-

"2 4
4%
| = 2 4P 6 0
lo=—#8 #or +o($ ) ($%0). (7.11)
Furthermore, frong6.1) and(7.9) we seex! " as{ — 0", such that
12
1-o? /(20)
e l-o

Analogous td6.8) we next define (see [2, Egs. (2.1a,b)])

# ! é/Z# s" S 2&“"
W = 8/n i (7.13)

to obtain
2wy Y% g ou2 #,1))
W _ gl 12+$( Ny (7.14)
s ¢ M4 o+

where

#+4"? $(#$"Z)S(2$S)(2s$s2+4"2(1$s)2$"4).

F(".#)= (7.15)
16(#$ " 2)2 16#(2s $s2$" 2)3
Applying [2, Theorem 1] we obtain the solutions
n , ’"
Wi (ll,-’ ,"): ,,1,2¢i#(u,,1/2)$ Aslszs )
s=0 (7.16)

né&l
B , Y
ﬁé(ﬂ 1/2) s ) "n+ld (Ha-’a ),

and
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n ! ’u
Wapaa 2 (1! ,"):"llzKi#(ll"llZ)$ AS(ZS )
) =0 H (7.17)
" w2\ Bs(!,") ;
+_Ki#(ﬂ )$ —25+&2n+1,2(/~1’!’ ),
H s=0
where
b (X)="€"" {1, (X) + L, (X} 5 (7.18)
(c.f. (6.14)).

In (7.16) and(7.17) Ay(/,")=1, and fors=0,1,2,!

#1/2 -

!'z ($#! 2)

#1/2

By(!.")=("#!7) {94! $)A(! .9)#SA&! )#AL! $)}d$. (7.19)

" #12 12

' (!2#..)#1’2{$(!,%AS(_/,%#O/A&!,%#A&!,%}d%,(7.20)

Aa(l ") =B ")+ "L 9! &)B,(! &) d&+ (. (7.21)
where 4,, are arbitrary constants.

The error terms satisfy

eanna (.8) = EV2H,. (EV2)O (™) (7.22)

and
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Lono (10,") = "llzKi#(.U"llz)o(ll$2n$l) , (7.23)

as u! " ,uniformly forO<a<1-6 (6>0) and0! x<" (0<!"!,), except near the zeros
H 0

of each Bessel function. Moreover
N TOE Fi#(u"l’z)o(") ( $ 0*) , (7.24)
and
Laniaa (17) ="K (1 2)0(" $70) ("% ") (7.25)

uniformly for0! " ! 1#$ ($>0).

An identification similar to(6.22) now follows. Using(1.20), (2.1), (6.2), (6.14), (6.23),
(6.24), (7.12), (7.13), (7.16), (7.18), and(7.24) we arrive at

W (:000) =4[ (1) RY (15— L 2)+# , () RE (5 + 7). (7.26)

where
I SRR 7 £ R (P PP\ B +
.’5 = #Eulnwz #E |n{z(l,l # )} + "0 +Z’ (7.27)
s YBsinh(#8) (V2 va+y+ 2. 0 A (1,0)
o 46 20 2\V4 , 7.28
| n(/’l ) eu# * (,Ll ) ,Ll" #P s:|=-0 HZS ( )
and

= L (1.29)

R (10) =267 { s ZZ(M) }1/2 (HZ ~ 1'2)1/4 (H +7 ]W(M) < Bs(.0)



Similarly to (6.32), we likewise obtain

B2 (1 #2422 QM
W2n+1,j (IJ’! ) =% ( w 2 ))
& I # &

'-C2en+l,j (“) ei'lZl/z)H + (X) + C§n+1,j ('u) Qi'71/2)+i + (X)/ > (7.30)

where
14
Cs5 = % fo" #° w. / 7.31
2n+1, j (H)_&W)& 2n+1, j (H,.o), (7.31)
and

anﬂ,j (H) _ %(Co - 20‘2)W2n+1,j (IJ’ Co) - 28, (50 - az)Wén+1,j (ll, Co) ‘ (732)

vz (Co ~ a2)5/4 (1_ a2)3/4

8.Largep, 0! "/u! A (0<A<1), and-AW1-A*+5<x<AWI-A’-§ (6>0).

We can simplify the results of the previous two sections ifegtrictx to be bounded. In

this case we can forgo the preliminary transformg(tol), and considef2.4) in the form

?:\2,:%#2(1! ”2x22! "2)+ 3! X z%""’ (8.1)
X% (1) 4(1+x7) §6

where& is again given by7.1).

The turning points of8.1) are located ak=+/ "'\/1" / > . In this sedbn we assume that

0! "1 A (0<A<1), (8.2)
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so that the turning points are real, with thee lying in(O,! ) being bounded away from the
origin. Moreover, we assume tha\' 'v1! A> + " #x# A''\11 A2 1 ", so that this variable lies

in an interval that excludes any turning points, and as such must be bounded.

Similarly to ea2 ad 5 the LiouvilleGreen expansions of [8, Chap. 10] are applicable. This

time thetransformation of idependent variable is given by

0 0
(1 e pz)”z % « ) ) % i )

I = $ > dp=arctan & —* " #arctan & T (8.3)
1 ' n 2n 2,2 ! 1 n 2n 2,2 !
p°+ (1 a2 e ) Yy (1 a2 #) 7y

It is important to note thatis an odd function af. We also observe frof8.3) that
1/2
! :(1" #2) x+o(x3) : (8.4)

as x! 0.

Next, setting

(1+ x2)1/2

(1! ) ”2X2)U4W, (8.5)

W=

we obtain

C('j;’;’ =+ y(@)w, (8.6)

where

(1+ xz)(l# $* +4%$2%° #$4x2)
41482 #$2x2)3 : (8.7)

I(")=#
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Applying OlverOs Liouvilk&reen theory [8, Chap. 10, Theorem 3.1], and denoting

Woners (18) = H{Wh s (U.8) + W, (u.=E)} (8.8)

and

Woer (117) = 3{Woo (u") Wy (0 7)) 39)

we obtain the following two asymptotic solutiong(8i6) of the form

"n A2s (,) i A2s+l (,)

W2n+1,1(/ul,!)=cosh(/,l!)szo o +sinh(u!);':0 o +%,.0,(0!),  (8.10)
and
Woner2 (1! ) =sinh(u! )io AZSZ(S" ) + cosn (u! ): AZ;*(; ) +$,02(1), (81D
where Ay(!)=1, and
Aa(l)=HAO)#A( )+ &S (DA (Ha% (s=0121 ).  ©.12)
Note for s=1,2,3
AS(0)=0, A[(-&)=(-1)° A (&). (8.13)

In (8.10) and(8.11) the error termg .4 ; (#) have explicit bounds, with th@operties
Lanvaa (K ) = cosh(u") O (™™, (8.14)

and
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Lo,z (14, ) =Sinh(u) O (17", (8.15)

as [ — oo, uniformly for ! A''V11 A% + " #x# A'IV1I A% 1 " (1 >0).

Now from (8.8) and(8.9) it is evident that, regarded as functionsxoW,,, ;4 (1,!) is even
and W,,.,;,(u,!) is odd.It follows by uniquenessf solutions having these properties, along

with (2.1), (8.4), (8.5), (8.10), (8.11) and(8.13), that

” 1 -2 V"
apeic (X) = Wopaga (4:€) . 8.16
67(1/2)+|r (X) 1+82n+1,1 (,Ll,O) 1— 0 — 022 2n+1,1 (IJ 5) ( )
and
o A, (0 S_ 2y 2o
(1/2 g N+$ e + % (1 0( 1' - 1' -0h-0X )} W, (1), (8.17)

for 0! "/u! A<1,uniformly for ! A"V A2+ #x# A1 A2 1 " (1 >0).

Returning to the original variables, and takimg O, we have

A ARG
%(1/2)+i'-(X)-é;:l2! ] cosh(u))+1+0%r( (8.18)
and
. 11/4 |
0wz (x)={(y2! "2)(u2! "2 "sz)} sinh(/,l#){1+0(/,rl)}, (8.19)

where



! =arctan% HX )" farctan% x

A I J N (T #ZXZ)”ZE&'

(8.20)

Acknowledgement.l am grateful taJunehyukJung for bringing to my attention the applications
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