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Abstract

We study multivariate time-series generated by coupled map lattices exhibiting spatio-temporal chaos and investigate to
what extent we are able to estimate various intensive measures of the underlying system without explicit knowledge of the
system dynamics. Using the rescaling and interleaving properties of the Lyapunov spectrum of systems in a spatio-temporally
chaotic regime and paying careful attention to errors introduced by sub-system boundary effects, we develop algorithms that
are capable of estimating the Lyapunov spectrum from time-series. We analyse the performance of these and find that the
choice of basis used to fit the dynamics is crucial: when the local dynamics at a lattice site is well approximated by this basis
we are able to accurately determine the full Lyapunov spectrum. However, as the local dynamics moves away from the space
spanned by this basis, the performance of our algorithm deteriorates. © 2000 Elsevier Science B.V. All rights reserved.

Keywords:Spatio-temporal; Time-series; Lyapunov spectrum; Interleaving; Rescaling

1. Introduction

Spatio-temporal dynamical systems occur in many
shapes and forms and are currently the subject of con-
siderable interest. Typical everyday examples include
the climate, ocean dynamics, biological systems such
as the heart and the brain, road and telecommunica-
tion traffic, economic and social systems and many
others. Such systems can be thought of as collections
of many identical or similar sub-systems that interact
(locally or globally) with each other. Many different
approaches to the study of spatio-temporal systems
exist. These can broadly be classified by whether or
not one assumes that the dynamics of the system is
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known. In the latter category fall time-series based
techniques that attempt to categorise, predict or ma-
nipulate spatio-temporal systems purely on the basis
of a time-series of repeated measurements of one or
more observables (e.g. [1–7]).

In low-dimensional systems there is a well devel-
oped framework for the study of time-series gener-
ated by nonlinear dynamical systems (e.g. [8]). The
first step is often the characterisation of the corre-
sponding attractor using invariants such as the corre-
lation dimension [9] and the Lyapunov spectrum (LS)
[10]. These indicate the degree of complexity of the
system, and can for instance be used to discriminate
between time-series generated by different dynami-
cal systems. They can thus often be used to eliminate
potential mechanisms generating the data, and nar-
row the focus to models consistent with the measured
quantities.
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In approaching multivariate time-series generated
by spatio-temporal systems, it is a natural first step
to attempt to compute analogous quantities. These
can for instance indicate whether the system is in
a spatio-temporally chaotic regime, or is better de-
scribed by a model with only a few independent modes
(and hence is exhibiting low-dimensional chaos). The
computation of such invariants for spatio-temporal
systems is, however, problematic. Such systems of-
ten have very high-dimensional attractors, with the
dimension growing with the system’s spatial extent.
Since algorithms for the estimation of fractal dimen-
sions and Lyapunov exponents require the available
data to increase exponentially with the dimension
of the attractor [11] it is not clear how they can be
utilised in the context of spatially extended systems.
One approach, suggested in [12,13] and further inves-
tigated in [14,15], is to use the correlation dimension
algorithm to calculate dimension densities. However,
Torcini et al. [16] have questioned the ability of
this method to distinguish between chaos and noise.
Furthermore, even a small truncated lattice driven
stochastically at its boundaries can model exponen-
tially closely, the dynamics of a large (and even po-
tentially infinite) lattice [17]. This suggests that one
should not expect to be able to extract large fractal
dimensions from localised time-series generated by
such spatio-temporal systems.

An alternative approach, first suggested by Kaneko
[18], is to estimate the Lyapunov spectrum. This relies
on the rescaling property of the Lyapunov spectrum:
it has been observed that for many systems exhibiting
spatio-temporal chaos, the spectrum of a sub-system,
when suitably rescaled, can give a good approximation
of the spectrum of the whole spatio-temporal system
[18–21]. Once the Lyapunov spectrum has been com-
puted, other related quantities such as the Lyapunov
dimension density and Kolmogorov–Sinai (KS) en-
tropy density can also be determined. Unfortunately,
there are a number of shortcomings to this method
as it was described in [18]. Firstly, the method relies
on a local approximation of the tangent map, which
involves finding close neighbours in a reconstructed
state space. Since even with a sub-system we have to
work in embedding dimensions of least 20, it is not

clear how such neighbours can be found with realistic
amounts of data. Furthermore, Kaneko was not able to
estimate the negative part of the Lyapunov spectrum
accurately enough to be able to calculate the Lyapunov
dimension density.

The aim of this paper is to address these short-
comings and suggest possible ways in which they
may be overcome. Our starting point is the rescaling
property described above, making use of the modified
scaling introduced in [21] to significantly improve
the accuracy of our estimates. In addition we use the
interleaving property of successive sub-systems, first
observed in [21], as a diagnostic tool. By interleaving
we mean that the exponents of a system of sizeN

andN + 1 are interlaced, that is the exponents of the
smaller sub-system appear between the exponents of
the larger ([21] and Fig. 1). This is reminiscent of
the well known behaviour of the eigenvalues of sym-
metric matrices (e.g. [22]), where such interlacing
can be rigorously proved (unlike in the case of ex-
ponents of spatio-temporal systems, where it remains
an intriguing numerical observation).

Hitherto, rescaling and interleaving have been stud-
ied under the assumption that the dynamics of the
system is known. We, therefore, carry out a syste-
matic investigation of these properties when the sys-
tem is estimated from time-series data. We find that
interleaving is a robust property, and can be used as
a diagnostic tool. We discuss how to carry out the
rescaling (particularly in view of the more accurate
rescaling introduced in [21]), and note that when the
size of the whole system is not known a priori we
cannot determine the actual spectrum of the whole
system, but only its density.

It turns out that the boundary conditions at the edges
of the sub-system can have a major influence on the
accuracy of the estimated sub-system spectrum. In par-
ticular, in fitting elements of the Jacobian correspond-
ing to sites at the boundary of a sub-system, the lack
of data from outside the sub-system will bias our esti-
mates. Essentially, the fitting algorithm compensates
for this lack by introducing apparently random errors
into the estimated Jacobian. We can overcome this by
discarding the entries in the Jacobian corresponding
to boundary sites. In effect, what we are doing is using
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data from a larger sub-system to obtain an unbiased
estimate of the Jacobian for a smaller sub-system.
Such truncation leads to a dramatic improvement
in the accuracy of our estimates of the sub-system
LS.

We also explore the effects of using higher order fits
in estimating the Jacobian, and as in low-dimensional
systems find that using these represents a worthwhile
improvement over linear ones. Finally, we investigate
a number of different choices of local dynamics in the
spatio-temporal system, and conclude that the rela-
tionship between this and the space of functions used
to fit the dynamics plays an important role in deter-
mining the accuracy of the final estimate. In particular,
using restricted quadratic fits gives excellent results
for a system where the local dynamics is given by the
logistic map, but the estimates deteriorate as we skew
this map, or replace it by an exponential one.

Our emphasis on interleaving, truncation and choice
of basis extends the recent results of Bünner and Heg-
ger [23], who present an algorithm to estimate the
Lyapunov spectrum of spatio-temporal systems using
a previously developed specific modelling approach
[24]. Bünner and Hegger restrict themselves to the
case of standard logistic map local dynamics, which
as we shall see below is a relatively easy system for
which to estimate the spectrum. They only consider
local linear fits and do not investigate the effect of
the fitting basis. Additionally, they use the whole of
the estimated Jacobian in computing the sub-system
Lyapunov spectrum, and as indicated above we have
found that truncating this Jacobian leads to a major
improvement in the accuracy of the resulting spec-
trum. We are currently developing a method that
combines the best features of all of these approaches
[25].

Our numerical work is carried out using coupled
map lattices (CMLs), which are widely used as simple
examples of spatio-temporal systems. Despite their
simplicity, CMLs display a full range of complex
spatio-temporal behaviour (e.g. [26]) and in particular
as far we are aware can duplicate all of the behaviour
(e.g. spatio-temporal chaos) of partial differential
equations that is relevant to the present work. Further-
more, even though many models in physics are more

naturally expressed using continuous space and time,
when we sample observed data, or integrate a system
numerically, we necessarily do so using discrete time
and space, and hence effectively end up working with
something resembling a CML.

Coupled map lattices can be thought of as a col-
lection of local maps arranged on a spatial lattice and
coupled together. The coupling is usually (but not al-
ways) restricted to some finite neighbourhood. More
specifically, we focus on a one-dimensional CML with
symmetric nearest neighbour coupling

xn+1
i = (1 − ε)f (xn

i ) + 1
2ε[f (xn

i−1) + f (xn
i+1)], (1)

wherexn
i (i = 1, . . . , N) is the state of theith site at

discrete timen, N the size of the system,ε the cou-
pling strength, and we use periodic boundary condi-
tions (i.e.xn

i+N = xn
i ). We shall present results using

three different choices of the local mapf .
We should emphasise that throughout we work in

parameter regions where the CML is believed to ex-
hibit spatio-temporal chaos, or informally where it is
fully turbulent. Situations where the system displays
other kinds of dynamics, for instance low-dimensional
chaos, travelling waves, various kinds of defects or
similar are likely to need quite different approaches. In
particular, one would not expect the Lyapunov spec-
trum or fractal dimensions to scale with system vol-
ume, and hence there would be no interleaving. This
observation suggests that rescaling and interleaving
can provide valuable diagnostic indications that the
system is indeed spatio-temporally chaotic.

Although coupled map lattices are an ideal
paradigm for the initial investigation of spatio-temporal
phenomena, the framework adopted here is still some
way from real data sets, say obtained from turbulent
fluid flows or EEG recordings. We assume that we
directly observe a one-dimensional dynamical vari-
able at each site, with no noise, and restrict ourselves
to nearest neighbour coupling and one spatial dimen-
sion. However, we feel that the work described here is
a necessary first step towards tackling more realistic
models, and it is preferable to develop and evaluate
algorithms in the well controlled setting used here,
rather than tackling all the complexities of real data.
This sort of approach has worked well in time-series
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generated by low-dimensional systems [8]. Since
rescaling and interleaving have also been observed
for lattices with longer range coupling and two spatial
dimensions [21], we are confident that the underlying
ideas developed here will be relevant to more realistic
systems.

2. Lyapunov spectrum and related densities

One invariant that one frequently wants to estimate
from data generated by a spatio-temporal system is the
spectrum of Lyapunov exponents [10]. This gives the
average rate of exponential separation or convergence
of two infinitesimally close initial conditions in phase
space. InN -degrees of freedom system there areN

such exponentsλi, i = 1, . . . , N , labelled such that
λi ≥ λi+1 which together form the LS. One or more
positive exponents are taken as evidence that the dy-
namics of the system is chaotic. More specifically the
Lyapunov exponentsλi are given by the logarithms of
the eigenvalues of the matrix

Γ = lim
n→∞[P T

n Pn]1/2n, (2)

wherePn = JnJn−1 · · · J2J1 and Jk is the Jacobian
matrix along the trajectory at timek. The existence of
the limit in Eq. (2) for almost every orbit (with respect
to any given invariant measure) is guaranteed by the
multiplicative ergodic theorem [27].

There is a close relationship between the LS and
the fractal dimension of the system. The Lyapunov
dimensiondL is given by [28]

dL = j +
∑

i≤j λi

|λj+1| , (3)

wherej is the greatest integer such that
∑

j λj > 0.
Although strictly not a dimension,dL is usually a good
numerical estimate of the fractal dimension. Another
quantity that can be derived from the LS is the KS
entropy. This quantifies the mean rate of information
production in the system, or alternatively the mean
rate of growth of uncertainty in a system subjected to
small perturbations. An upper bound, and frequently
a good estimate [10], for the KS entropy is given by

the sum of the positive Lyapunov exponents, i.e.

h =
N∑

i=1

λ+
i , (4)

whereλ+
i = max{λi, 0}.

In the case of spatially extended systems, e.g. in
the case of a turbulent flow, it has been pointed out
that sub-systems should be weakly correlated and
thus the Lyapunov spectrum of the whole system
should be approximately equal to the union of ex-
ponents from each non-interacting sub-system [19].
This implies that the LS should be intensive in that
λi = F(i/V ) is a function of an intensive indexi/V ,
whereV is the volume of the system. As a conse-
quence, the Lyapunov dimension and KS entropy are
extensive quantities that grow linearly with increasing
system sizeV . Thus we can define the corresponding
Lyapunov dimension densityρd as

ρd(V ) = lim
V →∞

dL

V
, (5)

and entropy densityρh as

ρh(V ) = lim
V →∞

h

V
. (6)

The densities defined in Eqs. (5) and (6) are intensive
quantities that do not vary with system size. These
quantities were first estimated from experimental data
in [29].

Extensive studies have shown that for spatially
extended systems, and in particular for coupled
map lattices, the so-called sub-system LS converges
rapidly towards the LS of the whole system for in-
creasing sub-system size [18–21]. Instead of using
all the N variables of the system to build the Ja-
cobian we only take a subsetNs of these variables
(from Ns neighbouring sites) and build the Jacobian
for this Ns-dimensional sub-system without changing
the underlying dynamics for the whole original sys-
tem. As previously reported [21], when calculating
the sub-system LS for increasingNs, one finds that
Lyapunov exponents for two consecutive sizes are
interleaved and that the sub-system LS converges to
the LS for the whole system when rescaled suitably.
More specifically, by interleaving we mean that the
ith Lyapunov exponent for the sub-systemNs lies
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between theith and(i + 1)th Lyapunov exponent of
the sub-systemNs + 1. The interleaving property is
discussed in some detail in [21]. The convergence to
a limiting LS suggests that the Lyapunov dimension
and KS entropy scale with sub-system size and this
gives us the opportunity to estimateρd andρh as

ρd(N) = lim
Ns→N

dL(Ns)

Ns
, (7)

Fig. 1. Properties of the Lyapunov spectrum of a coupled map lattice as in Eq. (1) of sizeN = 100 withf (x) = 4x(1−x) andε = 0.45. The
spectrum has been calculated assuming full knowledge of the true dynamics. (a) Interleaving of sub-system LS for increasing sub-system
sizes,Ns = 1, . . . , 40. (b) Convergence to the limit curve using the new rescaling. The real LS is super-imposed as a continuous curve.
The areaA equals the KS entropy density and the value ofβ that makes areaA equal to areaB is an estimate of the Lyapunov dimension
density. (c) Estimates of largest Lyapunov exponent (+), Lyapunov dimension density (×) and KS entropy density (∗).

ρh(N) = lim
Ns→N

h(Ns)

Ns
, (8)

respectively for large enoughNs.
As an example of these properties we depict in

Fig. 1a, the interleaving of the LS for a coupled logistic
lattice as in Eq. (1) of sizeN = 100 with f (x) =
4x(1 − x) using sub-system sizesNs = 1, . . . , 40.
This has been calculated assuming full knowledge of
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the true dynamics. It is clear from this figure that in
this case the Lyapunov exponents are perfectly inter-
leaved. This suggests that there is convergence to a
limit curve (the LS of the whole system) as seen in
Fig. 1b. The usual method to rescale the sub-system
LS is by plottingλi againstr × i, wherer = 1/Ns

[18]. Here we have used a new rescaling introduced
in [21] with

r = N + 1

N(Ns + 1)
. (9)

This rescaling gives a better convergence to the real
LS for small sub-system sizes. We see from Fig. 1b
that the LS for the whole lattice is indeed well ap-
proximated. This convergence means that we are able
to estimate the Lyapunov dimension and KS entropy.
There are two ways of doing this from sub-system
information. Firstly, one could use Eqs. (7) and (8)
and plotρd(Ns) andρh(Ns) for increasingNs. In the
thermodynamic limit (infinite number of lattice sites)
these densities are intensive quantities (they do not
depend on sub-system size). One can then estimate the
Lyapunov dimension and KS entropy by multiplying
by N . The second method, as suggested in [21], is to
take the sub-system LS, rescale it, and then extrapolate
a curve through it to obtain an approximation of the
whole LS. A simple choice of extrapolation method
is to use piece-wise linear fits. Thus, take the rescaled
LS λi(Ns), and consider the polygonP through all
the points(i, λi(Ns)). To estimate a Lyapunov ex-
ponent of the whole LS lying betweenλ1(Ns) and
λNs(Ns) one uses the fit given by the polygonP. For
Lyapunov exponents lying to the left (right) of the
polygon use linear extrapolation from the first (last)
two points of the rescaled LS. In this way the whole
LS can be approximated and one can extract estimates
of the largest Lyapunov exponentλ1 and use Eqs. (5)
and (6) to get the Lyapunov dimensiondL and the
KS entropydh. This second method, together with
the new rescaling has been found to give improved
results [21]. In the example above, the estimates of
Lyapunov dimension and KS entropy using the sec-
ond method are seen (Fig. 1c) to converge rapidly to
the exact values (70.7 and 8.46, respectively).

We now consider the case where only one or more
time-series sampled from the system are available. Is it
possible to get the same information as in the above ex-
ample without knowing the dynamical equations gov-
erning the system? Ideally, we would like to be able
to calculate Lyapunov exponents for sub-systems di-
rectly from time-series with some accuracy and one
would hope that they converge to some limit curve for
increasing sub-system size. It is clear that in this case
we do not in general know the size of the full system,
N . Hence we cannot use the rescaling in Eq. (9) to
produce the limit curve that approximates the whole
LS. However, since typicallyN is large, we can as-
sume(N +1)/N ≈ 1 and therefore it seems plausible
to use the approximate rescaling

r = 1

Ns + 1
, (10)

when the system sizeN is unknown. On the other
hand, not knowingN means that we are only able
to estimate densities (and not the extensive quantities
Lyapunov dimension and LS entropy for the whole
system). We could choose to plotρd and ρh for
increasingNs using Eqs. (7) and (8) and hope to ob-
serve convergence forNs sufficiently large. Again, an
alternative approach is to use the polygon method but
modified as follows. The polygon can be considered
as an approximation of the functionF(i/N), i.e. the
whole LS. In the thermodynamic limit we can define
ρh as

ρh = lim
N→∞

∫ α

i=1
F

(
i

N

)
, (11)

such thatF(α) = 0. Note that the value of this inte-
gral corresponds to the areaA in Fig. 1b. Thus to get
an approximation ofρh, ρh(Ns), from sub-system LS
estimated from time-series, we calculate the areaA

as given by the polygon. Similarly, we can findρd by
solving forβ,
∫ β

i=0
F

(
i

N

)
= 0. (12)

This is equivalent to findingβ such that the areasA
andB in Fig. 1b satisfyA = B. The corresponding
β is then an estimate ofρd . We will refer to this way
of computingρh and ρd from areas as the polygon
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method and call the estimation ofρd and ρh from
Eqs. (7) and (8) as the direct method.

3. Sub-system Lyapunov spectrum from
time-series

In the previous section the Lyapunov spectrum den-
sity and the related quantitiesρd andρh were calcu-
lated in the situation, where the equations governing
the dynamics of the system are fully known. In the
rest of this paper we examine to what extent we are
able to reproduce these results when the only informa-
tion available to us is some time-series sampled from
different spatial locations. We have already discussed
how to utilise sub-system Lyapunov spectra to esti-
mate the various densities. We, therefore, now focus
on how to find the sub-system Lyapunov exponents
themselves from a time-series.

Usually the LS is calculated from an observed
time-series using the method of time delays [10].
Given a scalar time-seriesui one aims to reconstruct
the dynamics of the original system by forming time
delay vectorsUi = {ui, ui−1, . . . , ui−d+1}, where
d is the embedding dimension. If we use a suffi-
ciently larged then {Ui} is a reconstruction of the
original dynamics. We can then use this to estimate
the Jacobians and subsequently the LS. However,
using the method of delays to obtain good estimates
of the LS is known to be difficult in practice, even
for low-dimensional systems. Spatially extended sys-
tems, which we are interested in here, are typically
high-dimensional and thus the extraction of the LS is
even more difficult. Takens theorem [30] requires us
to work in dimensions larger than 2M, whereM is
the dimension of the state space of the system. Since
the method involves finding neighbouring points in
high dimensions, this means that we require an enor-
mous amount of data to have any hope of decently
reconstructing the dynamics.

Here we consider the case whereNs time-series
are observed atNs different neighbouring spatial
locations simultaneously. Space delay vectors are
built up using data from neighbouring sites as en-
tries. If we have measurementsxm

i taken at sites

i = 1, . . . , Ns and time m, we build the vectors
V m

i = {xm
i , xm

i+1, . . . , x
m
i+d−1}. Intuitively one would

expect that the added information included by utilis-
ing several sites at once would increase our ability to
estimate the LS.

Consider space delay vectors of sized. We can treat
these as sub-systems of sizeNs = d as above and
aim to estimate the densities from the corresponding
reconstruction. It should be emphasised that when us-
ing time-series we assume that the size of the original
system is unknown. Therefore, only densities can be
approximated since they do not depend on the system
size. Their extensive counterpartsdL andh obviously
cannot be estimated without knowingN .

The Lyapunov exponents can be extracted from
time-series by applying the algorithm introduced
in [10]. The method consists of estimating the Ja-
cobians along a trajectory and reorthogonalizing
using QR decomposition. From the data we con-
struct d-dimensional space delay vectorsvn =
(xm

1 , xm
2 , . . . , xm

d ). Note that this is a pure spatial de-
lay reconstruction; we are not including any temporal
information. Let us denote byvm

j , j = 1, . . . , k, k is
the nearest neighbours ofvm, using thel2-norm as
distance metric. We can then definek distance vec-
torszm

j = vm − vm
j . The neighbourhood matrixBm at

time m is then defined by

Bm = (zm
1 , zm

2 , . . . , zm
k )T,

where(·)T denotes transpose. The image of this matrix
is simply given by

Bm+1 = (zm+1
1 , zm+1

2 , . . . , zm+1
k )T,

and the JacobianJ (m) at timem is then estimated by

Jm = B+
m+1Bm,

where(·)+ denotes the pseudo-inverse. This is equiv-
alent to findingJm by using least squares.

Now, in order to find the Lyapunov exponents re-
call that we look at the growth ofd-volumes under
the action ofJm(v0). Let Q0 be a unitd-cube (ma-
trix) defined by orthogonal vectors{q1, . . . , qd}. The
Lyapunov exponents are then given by the logarithms
of the eigenvalues ofJm(v0)Q0 asm → ∞. A seri-
ous problem when using this limit is that this matrix is
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ill-conditioned. To avoid this we use the approach sug-
gested in [10] and reorthogonalize at each step. This
can be achieved using Gram–Schmidt, Householder
or Givens based techniques. Here, we use an efficient
Householder method, where only the terms required
for the computation of the Lyapunov exponents are
calculated [31].

In the case discussed above, the Jacobian can be
estimated by a local linear fit. It is also possible to in-
clude higher order terms in the neighbourhood matrix,
e.g. by considering second-order terms. The hope is
that by including these, the estimate of the Jacobian
will improve, hence giving us a better approximation
of the Lyapunov exponents. As a special case let us
choose the space delay vectors as

vm = (x1, x2, . . . , xd, (x1)
2, (x2)

2, . . . , (xd)2), (13)

where all entries are evaluated at timem. This choice is
a reasonable compromise between a linear fit and a full
quadratic fit, which would include all the cross-terms
of the formxixj . The difficulty with the latter is that it
substantially increases the number of parameters that
we need to fit, and hence the number of nearby data
points that we require. Since in our particular system
the diffusive coupling acts linearly, it is reasonable to
expect that cross-terms will be relatively insignificant,
and a basis of the form (13) gives a reasonable ap-
proximation to a full quadratic fit.

The neighbours and neighbourhood matrices are
now found using these vectors and the Jacobian is
given by the upper-leftd × d sub-matrix ofTm. The
problem with including higher order terms is that the
number of neighbours needed to fit the Jacobian grows
rapidly for increasing embedding dimensiond and the
data requirements soon get too large. In fact, the mini-
mal number of neighbours required to fit the Jacobian
(including cross-terms) with an embedding dimension
d is

∏d
k=1[(d + k)/k] − 1.

A further significant improvement in the calculation
of the sub-system LS can be made by consideration
of the boundary conditions of the sub-system, and the
effect of this has on the Jacobian. When a sub-system
Jacobian is estimated from observed data, the input at
the edges of the sub-system acts as noise and inter-
feres with the accurate determination of the Jacobian.

In particular, consider a site at the boundary of the
sub-system. Its dynamics depends on a neighbouring
site which is not explicitly contained in the measure-
ment window. As a consequence, when we estimate
the dynamics at this site as a function of the observed
data, the fitting algorithm will attempt to compensate
for the missing data by spuriously adjusting the esti-
mated values at other sites. Thus for instance, the fit-
ting procedure for the first row of the Jacobian will
offset the lack of information from the neighbouring
site on the left (which is outside of the measurement
window) by assigning biased values to the sites within
the window. Such a ‘noisy’ Jacobian leads to a loss of
accuracy in estimating the sub-system LS.

We can overcome this by discarding the outer layer
of the Jacobian (i.e. the first and last row and column)
once it has been fitted. This ensures that the entries in
the Jacobian that is used to compute the LS are free
of the bias caused by the boundaries. Such truncation
produces a(d −2)×(d −2) matrix and hence we only
computed −2 Lyapunov exponents. This, however, is
of no consequence, since we rescale these exponents
to estimate the spectrum density of the whole system
as described above. If the coupling is over more than
one site, one needs to discard an appropriate number
of rows and columns [25].

In effect we can think of this procedure as using
data from a window of sized to obtain an accurate
estimate of the Jacobian of a sub-system of sized − 2
(or d − 2q if the coupling has rangeq). This point
of view shows why it reasonable to expect the Lya-
punov exponents computed from the truncated Jaco-
bians to give a reasonable estimate of the Lyapunov
density of the whole system. Although this argument
is largely heuristic, our numerical results below sug-
gest that our procedure is very effective in removing
boundary artefacts, and that it leads to dramatically
improved estimates for the sub-system LS.

4. Numerical results for the estimation of the LS
from time-series

In this section we present the numerical results
when the LS is determined from a time-series. Let us
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first compare the results obtained in Section 2 for the
known dynamics of the coupled logistic lattice with
their reconstructed counterpart. The local dynamics
for this example is the fully chaotic logistic map
f (x) = 4x(1− x) with couplingε = 0.45 and lattice
size N = 100. The evolution for these parameters
is known to be in the fully chaotic spatio-temporal
regime, i.e. the temporal evolution at each local site is
chaotic and spatial correlations decay exponentially.
We sample 20 neighbouring sites after discarding
transient behaviour and keep 11 000 time steps. Our
sample set is thus 20× 11 000 long. It is important to
note that we are using the local state variables them-
selves as observables. In general the observables may
be non-trivially dependent on the state variables.

Using spatial delay reconstructionsd = 1, . . . , 20
we calculated sub-system LS using either linear fits
(L-fit) or linear-quadratic fit (LQ-fit) as in Eq. (13)
and in each case with and without discarding the outer
layer of the Jacobians. In all these cases we used data
from 10 000 time steps to fit the dynamics,d+20 near-
est neighbours in the L-fits and 2d +20 nearest neigh-
bours in the LQ-fits. These parameters were chosen
after considerable preliminary exploration and ap-
peared to give robust and repeatable results. We used
1000 time steps to estimate the sub-system LS from
the estimated Jacobians. Our experience with comput-
ing the spectrum when the dynamics is known [21] in-
dicates that this is sufficient to ensure convergence. Of
course, estimating Lyapunov exponents from data, and
in particular negative exponents, is known to be a diffi-
cult task, and it is thus reasonable to ask how accurate
and reliable our results are. We address this by com-
paring to computations carried out by assuming full
knowledge of the dynamics, both in Fig. 1, and in [21].

Thus, in Fig. 2 we depict the interleaving properties
for the different ways of calculating the Jacobians. The
interleaving works better for the LQ-fit (Fig. 2c and
d) than for the L-fit (Fig. 2a and b) and even better
when using discarded outer layers in the Jacobians
(Fig. 2d). This is especially clear for the most negative
exponents.

In Fig. 3 we have plotted the corresponding conver-
gence to the limit curve for the four possible meth-
ods using the rescaling in Eq. (10). The limit curve

is computed using full knowledge of the dynamics, as
in Fig. 1b. In all the cases the upper part of the spec-
trum is well approximated whend is large enough. It
is clear though, that using discarded Jacobians gives
a much faster convergence for the upper part of the
sub-system LS (compare Fig. 3b and d to Fig. 3a and
c). Using the LQ-fit with discarded Jacobians leads to
a very good approximation to the whole LS even for
smalld (Fig. 3d).

Now we use these approximations of the limit curve
to extract estimates of the largest Lyapunov exponent,
Lyapunov dimension density and KS entropy density
using both the direct method and the polygon method
discussed earlier.

In Fig. 4 we have plotted estimates of the largest
Lyapunov exponent using (a) the direct method and
(b) the polygon method. We see that the largest Lya-
punov exponent is well approximated using both ap-
proaches. Both L-fits and LQ-fits work well in these
cases. The success of the direct method in low di-
mensions can be explained by considering the fits
that we are actually performing when approximat-
ing the Jacobians. Whend is low we are able to
find true nearest neighbours, and are indeed doing
a local approximation of the dynamics, hence find-
ing Jacobians in some reconstructed space. Whend

is higher this is no longer possible. However, if the
map can be approximatedglobally in the chosen ba-
sis, the Jacobians are still well approximated in high
dimensions.

The fact that the largest Lyapunov exponent can
be approximated well in low dimensions by local fits
suggests that we can use these estimates as an upper
bound for the estimates of the whole LS from the
global fit.

Similarly we compare the efficiency of different ap-
proaches in the estimation of the Lyapunov dimension
density as depicted in Fig. 5. We see that only when
using the polygon method as in Fig. 5b are we able to
get a good estimate ofρd and the estimate is improved
further by discarding the edges of the Jacobians. The
failure of the direct method to estimateρd comes from
the second term in Eq. (3) which is used in Eq. (7). A
small error in the denominator in Eq. (3) amplifies the
error in the estimate ofρd . This implies that the poly-
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Fig. 2. Interleaving properties for sub-system sizesd = 1, . . . , 20 using spatial delay reconstructions and different methods of estimating
the Jacobians for the same coupled map lattice as in Fig. 1. (a) L-fit without discarding the edges of the Jacobians. (b) LQ-fit without
discarding. (c) L-fit with discarding. (d) LQ-fit with discarding.

gon method is preferable to the direct method when
estimatingρd from time-series.

In the case of KS entropy density (see Fig. 6), the
polygon method works best, but in this case the di-
rect method also gives good estimates. The discarded
edges in the Jacobians improve the estimate for both
methods.

The results suggest that when trying to approximate
the whole LS we should consider the fitting as global,

and therefore it becomes important to disregard the
outer layer of the approximated Jacobian and use the
polygon method.

Typically, the underlying system will not be con-
tained in the chosen basis. To investigate this further
we looked at time-series taken from two other spa-
tially extended systems, where the local map is not
contained in the fitting basis. First, we used Eq. (1)
with the skewed logistic map as the local dynamics,
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Fig. 3. Estimated sub-system LS for sub-system sizesd = 1, . . . , 20 using spatial delay reconstructions and different ways of estimating the
Jacobians for the same coupled map lattice as in Fig. 1. (a) L-fit without discarding the edges of the Jacobians. (b) LQ-fit without discarding.
(c) L-fit with discarding. (d) LQ-fit with discarding. The limit curve is computed the real dynamics, and hence is the same as in Fig. 1b.

i.e.

f (x) = −1+ab(2x − 1)+
√

(1 + ab)2 − 4abx

2ab2
, (14)

wherea is a nonlinearity parameter (it comes from
thea in ax(1−x)) andb a skewness parameter. When
b = 0 we recover the familiar logistic map studied
above and asb is moved away from this value, the

map is then skewed to one side. The parameter is
bounded by−1/a < b < 1/a as in these limits the
derivative becomes infinite at 0 and 1. We study here
the caseb = 0.2 corresponding to a high degree of
skewness, still witha = 4.

As a further example we also study the following
local map

f (x) = x er(1−x), (15)
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Fig. 4. Estimated largest Lyapunov exponent for the same coupled map lattice as in Fig. 1 using (a) the direct method; (b) the polygon
method. Different methods of approximating the Jacobian are indicated by: (+) L-fit without discarded edges, (×) L-fit with discarded
edges, (∗) LQ-fit without discarded edges, (h) LQ-fit with discarded edges.

using r = 4.5. In both cases we used the coupling
parameterε = 0.40.

We sampled 20 neighbouring sites as before and
repeated the calculations to obtain approximations

Fig. 5. Estimated Lyapunov dimension density for the same coupled map lattice as in Fig. 1 using (a) the direct method; (b) the polygon
method. Different methods of approximating the Jacobian are indicated by: (+) L-fit without discarded edges, (×) L-fit with discarded
edges, (∗) LQ-fit without discarded edges, (h) LQ-fit with discarded edges.

of sub-system Lyapunov spectra. From these we
extracted estimates ofλ1, ρd and ρh. We used the
same choice of basis as before (L-fit and LQ-fit).
As previously noted, using the polygon method and
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Fig. 6. Estimated KS entropy density for the same coupled map lattice as in Fig. 1 using (a) the direct method; (b) the polygon method.
Different methods of approximating the Jacobian are indicated by: (+) L-fit without discarded edges, (×) L-fit with discarded edges, (∗)
LQ-fit without discarded edges, (h) LQ-fit with discarded edges.

Jacobians with discarded edges gave consistently bet-
ter results; we thus restrict our next analysis to this
approach.

In Fig. 7 we depict the interleaving and conver-
gence to the limiting LS curve for the CML with

Fig. 7. Estimated sub-system LS from time-series for increasing space delay reconstructions for the coupled map lattice withε = 0.4 using
the skewed logistic map (14) witha = 4, b = 0.2 as local dynamics. (a) Interleaving when using LQ-fit. (b) Convergence for LQ-fit. In
(b) the exact LS for the whole system, calculated assuming knowledge of the true dynamics, is super-imposed as a continuous curve.

local skewed logistic maps. We present results for the
LQ fit; those for the L-fit were somewhat worse and
are not shown. As can be observed from a careful exa-
mination of Fig. 7a interleaving in this case is not
fully satisfied. Moreover, from Fig. 7b we note that
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Fig. 8. Estimation for the same system as in Fig. 7 of (a) largest Lyapunov exponent; (b) Lyapunov dimension density; (c) KS entropy
density for the skewed system. Different fits are indicated by: (4) L-fit with discarded edges, (d) LQ-fit with discarded edges.

the convergence towards the real limit curve of the
LS fails, especially for the most negative Lyapunov
exponents.

The estimates forλ1, ρd and ρh for the skewed
logistic lattice are given in Fig. 8. The estimate for
λ1 is a bit higher than the real value (0.427) and
the LQ-fit does not perform significantly better than
the L-fit (Fig. 8b). The estimates forρd and ρh are
also worse than when using the (un-skewed) logistic

map as the underlying local dynamics. However, the
real value ofρd (0.844) is not too badly approxi-
mated (Fig. 8b). In general, we see that as the
underlying dynamics moves away from the space gen-
erated by the basis used to fit the dynamics (L-fit or
LQ-fit), the results deteriorate. In this particular case,
the results are still acceptable since the skewed logis-
tic map can be reproduced reasonably well by the LQ
basis.
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Fig. 9. Interleaving and estimated sub-system LS from time-series for increasing space delay reconstructions for the coupled map lattice
with ε = 0.4 using the exponential map (15) withr = 4.5 as local dynamics. (a) Interleaving when using L-fit. (b) Convergence for L-fit.
In (b) the exact LS for the whole system, calculated assuming knowledge of the true dynamics, is super-imposed as a continuous curve.

To enhance the effects of the choice of the under-
lying system, we now consider the exponential map
as the local dynamics. We continue using the L-fit
and LQ-fit to estimate Jacobians (discarding the outer
layer as before). In this case it is clear that the basis
is far from being a reasonable representation for the
dynamics.

Again we calculated the sub-system LS for in-
creasing spatial delay reconstructions. The resulting
interleaving and convergence is shown in Fig. 9. The
interleaving (Fig. 9a) is still good for smalld but
starts to fail asd ≈ 10 or greater. This reflects the fact
that in small dimensions, the approximation is local
(so it is good). For larged the approximation is global
and obviously bad for the exponential map. This is
reflected in the convergence plot (Fig. 9b). There is
no convergence for the negative part of the LS. In this
case the L-fit performs much better than the LQ-fit
(not shown) and seems to converge to the whole LS
in the upper part.

As before, we use the convergence plots with
the polygon method to estimateλ1, ρd and ρh as
shown in Fig. 10. Here we clearly see that in all
the three cases the LQ-fit does not give any sensible
results.

5. Discussion

We have developed an algorithm to estimate inten-
sive measures such as the largest Lyapunov exponent,
Lyapunov dimension density and KS entropy den-
sity in spatially extended systems from time-series
sampled from sufficiently large sub-systems. Our
approach is based on the rescaling and interleaving
of the sub-system Lyapunov spectra and a care-
ful consideration of errors introduced by boundary
effects.

The performance of the algorithm is governed by
several factors. Firstly, the estimation of the Jacobians
has to be performed using a global fit, and care must
go into choosing the right basis. Time-delay plots
might be one way of obtaining an idea of a suitable
basis. Further work in this direction is in progress
[32]. Secondly, we find that discarding the outer layer
of the Jacobian at each time step allows us to elimi-
nate what would otherwise be noisy input, and signif-
icantly improves the quality of the resulting spectrum.
Thirdly, care needs to be taken in extracting the in-
tensive quantities from sub-system spectra. We have
presented an optimal rescaling for the sub-system
spectrum and suggested an accompanying polygon
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Fig. 10. Estimation for the same system as in Fig. 9 of (a) largest Lyapunov exponent; (b) Lyapunov dimension density; (c) KS entropy
density for the exponential system. Different fits are indicated by: (4) L-fit with discarded edges, (d) LQ-fit with discarded edges.

interpolation scheme for calculating the Lyapunov
dimension and KS entropy densities.

For choices of local dynamics that are not well ap-
proximated in the chosen basis, we find that estimates
of the Lyapunov dimension density and KS entropy
density are poor. A natural way of addressing this is to
use the near-diagonal structure of the Jacobian to per-

form local estimates in much lower dimensions. Thus,
in particular, for the nearest neighbour coupling used
here, the Jacobian is tri-diagonal, and we only need
estimate three terms in each row, using an embedding
dimension of three. Furthermore, since the system is
spatially homogenous, one can ignore the spatial po-
sition of a sample data point when looking for nearest
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neighbours, thereby dramatically increasing the effec-
tive size of the available data. This allows us to use
genuinely local estimates in low embedding dimen-
sions, and negates the need to find a basis adapted to
the dynamics [25]. This is also the technique adopted
by Bünner and Hegger [23], and as already indicated
we are currently incorporating this idea into the ap-
proach presented here [25].
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