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Introduction

Begi icti he cl f h gl ider.
The separation of variables technique solved our various PDEs egin by restricting the class of f(x) that we'll consider

provided we could write: Definition (Piecewise Smooth)

o i i A function f(z) is piecewise smooth on some interval if and only if
f(x) =ao+ Z (a/n cos (7) + by sin (T)) : f(x) is continuous and f’(x) is continuous on a finite collection of
n=1

L . . .
sections of the given interval.

uestions:
Q The only discontinuities allowed are jump discontinuities.

© Does the infinite series converge?

Definition (Jump Discontinuity)

Does it converge to f(x)?
° 51 convers f(@) A function f(z) has a jump discontinuity at a point © = xg, if the

© Is the resulting infinite series really a solution of the PDE (and limit from the right [f(z{)] and the limit from the left [f(z, )] both
its subsidiary conditions)? exist and are not equal.

Mathematically, these are all difficult problems, yet these solutions

have worked well since the early 1800’s. Piecewise smooth allows only a finite number of jump

SDSO discontinuities in the function, f(z), and its derivative, f'(z). S0S0
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Piecewise Smooth Periodic Extension

The Fourier series of f(x) on an interval —L < z < L is periodic

The graph on the left is piecewise smooth with the function being with period 2L.
continuous, but having a jump discontinuity in the derivative at ) ) o
=0 However, the function f(z) itself doesn’t need to be periodic.

0.8

0.6/

0.4 Fourier Series

0.2

-0..

5 -2 -1 0 1 2 3

The graph on the right is not piecewise smooth, as the derivative
becomes unbounded in any neighborhood of z =0 The graph above gives the Fourier series period 2 extension of
SDSJU f(x) = x (along with f(z), not periodic). SO0
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Fourier Series Fourier coefficients

Definition (Fourier coefficients)

Definitions of Fourier coefficients and a Fourier series. We
must distinguish between a function f(x) and its Fourier series over
the interval —L < x < L.

The definition of the Fourier coefficients are:

i,
ay = %/_Lf(x)dx

oo oo
. . nme . (NTT L
— § : § ’ 1
Fourier series = ag + Q. COS ( I ) + by, sin ( T ) . P _/ f(a:) o8 (nm:) d
n=1 n=1 L —L L
. U o . 1 rL
The infinite series may not converge, and if it converges, it may not b, = — / )t (mra:) du
converge to f(z) LJ)_; L

If the series converges, the Fourier coefficients ag, a,,, and b,, use L
certain orthogonality integrals. The coefficients must be defined, e.g., / f(z)dz| < oo for ag to
-L

exist. (No Fourier series for f(x) = 1/22.)

SDSJO
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Fourier convergence

We write the Fourier series
flx) ~ap+ Z Gy, COS (

Theorem (Fourier convergence)

If f(x) is piecewise smooth on the interval

) S i (77

Fourier series of f(x) converges to:

Q The periodic extension of f(x), where the periodic extension is

continuous

Q The average of the two limits, usually 5 [f(zT) + f(z
the periodic extension has a jump discontinuity

—L <x <L, then the

Example

Example: Consider the Heaviside function shifted by 1:
0, r<l,
flz)=H(z—-1) = 1, x> 1.

Find the Fourier series with L = 2.

The Fourier constant coefficient is

1 (2 1 (2 1
- de==> | 1dz=-.
4/_2f<x)x 4/1 Ty

The cosine coeflicients:

=), wh 1 [?
)], where n = / f(x)cos nm:) dr = / oS (@> dx
2/, 2

Proof: The proof of this theorem requires significant techniques = = ———sin
from Mathematical analysis, which is beyond the scope of this course. SDSO
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The sine coefficients:

Fourier Series

Definitions
Convergence Theorem
Example

b, = / f(z)sin mm)dm = ;/2Sin(ngx> dx
1

cos(nm/2) — cos(nm)

nm

= (eos () -0

The function, f(x), and truncated Fourier series.

1.

-

Fourier series, n = 20
Joseph M. Mahaffy, (jmahaffy@mail.sdsu.edu)

1.

sin(nr) —sin(nr/2) 1 | (nﬂ')
nm nw ’
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Fourier series, n = 200

Fourier Series

1 % Periodic Fourier series, -2 < x < 2

2 % Step function at x = 1

3

4 NptsX=2000; % number of x pts

5 Nf=200; % number of Fourier terms

6 x=linspace (-5,5,NptsX);

7

8 al=1/4;

9 a=zeros(1l,Nf);

10 b=zeros (1,Nf);

11 f=alOxones (1, NptsX);

12

13 for n=1:Nf

14 a(n)= -sin(n*pi/2)/ (n*pi); % Fourier cosine
coefficients

° sDSO 15 b(n)=(co.s(r1*pli/2)—cos(In*lpi))/(n*pi); S ... -

Fourier sine coefficients
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Fourier Sine and Cosine Series Gibbs Phenomenon
Continuous Fourier Series

Example : Fourier Sine Series

If f(x) is an odd function, then ap = a,, = 0 and only the sine series

16 fn=a (n) *cos ( (n*pixx)/2) + ... remains:
b(n) *sin ((nxpix*x)/2); % Fourier function (n) I I
17 f=f+fn; 1 . [/nTT 2 . /nTx
s end b= [t (") ar= 7 [ ssn ("7 a

19 set(gca, 'FontSize',16);

20 lot (x, £, 'b-", "Linewidth',1.5); . . . .
P ( ) This series appeared for solutions of the heat equation, 0 < x < L

21 hold on .
22 plot ([-5,11,[0,0], 'r-"', 'Linewidth',1.5); with u(0,t) = u(L,t) = 0
23 plot([1,5],[1,1]1,'r—", 'LinewWidth',1.5); The Sine series produces an odd extension of f(x)
24 xlabel ('$xS$', '"FontSize',16, 'FontName', fontlabs,
25 'interpreter', '"latex'); 00 nr
26 ylabel ('$y$', 'FontSize',16, 'FontName', fontlabs, ... flx) ~ ZBnSin (T), O<z<L,
27 'interpreter', 'latex'); n=1
28 axis on; grid; 2 L e
29 B, = / f(z)sin <—) dz.
L J L

30 print —-depsc eg200_gr.eps
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Fourier Sine and Cosine Series Gibbs Phenomenon
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Fourier Sine and Cosine Series Gibbs Phenomenon
Continuous Fourier Series

Fourier Cosine Series Gibbs Phenomenon

Let f(z) = 100, and consider the odd extension of this function, so

is defi
If f(z) is an even function, then b, = 0 and only the cosine series f(x) is defined by

remains: 100, O<zx <L,

fz) =

> —100, —-L<z<0.
f(x)NAo—i—ZAncos(n—T), 0<z<L,
n=1 and extend it periodically with period 2L.
where As an odd function, this has a Fourier sine series
1 [t 2 [F - . (nTT
Ay = L/o f(z)dx and A, = L/o f(zx) cos (%) dz. fz) ~ ;Bn sin (T) ;
This series appeared for solutions of the heat equation, 0 < x < L with
with u,(0,t) = uz(L,t) = 0. 9 L 400, n odd,
B, = / 100sin (275 ) de =4 "
L Jo L 0, n even.
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Fourier Sine and Cosine Series Gibbs Phenomenon Fourier Sine and Cosine Series Gibbs Phenomenon
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Gibbs Phenomenon Gibbs Phenomenon
We examine the graph for n = 1,3,5,7 of We examine the graphs for n = 40 (20 nonzero terms) and n = 200
(100 nonzero terms) for
oo 400
. (NTX . nw ) n odd, 4
flz) ~ B, sin (—) , with B, = e nrT 400 n odd,
nz::l " L " 0, n even. flz) ~ Z B,, sin (L> , with B,=¢ "7
el L 0, n even.
15
10 100} AJ . i ',I : 10
50| 50 50
- 0 = 0 = 0
-50 7 i\ A i\ A 7
~100 i ¥ Y' ¥ ~100
109 o 45 10 s 0 5 10 15 20 %o 15 10 s o 5 10 15 20
s TR T R 9 5 10 15 20 SDST n =40 n = 200 SDST
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Fourier Sine and Cosine Series Gibbs Phenomenon
Continuous Fourier Series

Gibbs Phenomenon

Gibbs Phenomenon

The 2L-periodic, odd extension of f(z) = 100,
The Fourier series for the 2L-periodic, odd extension of

oo 400
= nme TR n odd,
() = 100, @)~ 3 Bysin (—” ) with B, =4 "
400 ot L 0, n even.
e == dd
B s nmwx “h B — prp n odd,
fla) ~ Z n S ( i3 ) Wi n 0 N even. by the Fourier Convergence Theorem converges to 100 for
n=l ’ 0 < x < L, which is hard to show for most values of x.
It is clear that the Fourier series converges to 0 at = 0 as every Consider z = %7
term in the series is 0.
. : : - . /nmy\ 400 1 1 1
Similarly, the Fourier series converges to 0 at any x = nL for Z By, sin (7) =—1|1- 3 + 577 + ..
n=0,+1,%2,..., as every term in the series is also 0. n=1 T
The Fourier Convergence Theorem claims that the series , . . 11 L
converges to 100 for each 0 < = < L. 'Euler‘ s formula gives 7 =1 — 3 —l— ol '(Wthh‘ is a very
inefficient way to compute 7, as it is an alternating series that does
not converge absolutely) SDSJO
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Fourier Sine and Cosine Series Gibbs Phenomenon
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Gibbs Phenomenon

Harder to show convergence for other values of x € (0, L).
Convergence easily visualized as worst near jump discontinuity

For any finite sum in the series near x = 0, the solution starts at 0,
then shoots up beyond 100, the primary overshoot

120

100/‘\/\/\
\/\/

Examine previous f(z)

Figure (close up) with
n = 1000 (or 500 8
nonzero terms)

= 60
The overshoot is about
40
20%
The maximum occurs at *
(001> 117898) 00 0,‘05 O‘.l O.‘15 0‘2 0.‘25 013 0.55 04
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Fourier Sine and Cosine Series Gibbs Phenomenon
Continuous Fourier Series

Gibbs Phenomenon

This overshoot is an example of the Gibbs phenomenon

For large n, in general, there is an overshoot of approximately 9% of
the jump discontinuity

Note the previous example had a jump of 200, and we saw the

maximum of 117.898, which is 9% of the jump

The Gibbs phenomenon only occurs for a finite series at a jump
discontinuity
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Differentiation of Sine Series

Continuous Fourier Series

Theorem (Fourier Series)

For a piecewise smooth f(x), the Fourier series of f(x) is
continuous and converges to f(z) for x € [-L, L] if and only if f(z) is
continuous and f(—L) = f(L).

v

Theorem (Fourier Cosine Series)

For a piecewise smooth f(x), the Fourier cosine series of f(x) is
continuous and converges to f(x) for x € [0, L] if and only if f(x) is
continuous.

Theorem (Fourier Sine Series)

For a piecewise smooth f(x), the Fourier sine series of f(x) is
continuous and converges to f(x) for x € [0, L] if and only if f(x) is
continuous and both f(0) =0 and f(L) = 0.
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Differentiation of Fourier Series

Previously, we solved
ou 0%u

PDE: 2% — 2 ¢
0 k0m2’

IC: u(z,0) = f(x),
and obtained the solution

i ka2t /MTX
u(z,t) = Z Bne 17 sin <T) .

n=1

BC: u(0,t) =0,
u(L,t) = 0.

The Superposition principle justified this solution for any finite
series, but can it be extended to the infinite series?

If f(x) is piecewise smooth, then the Fourier Convergence
Theorem shows that the Fourier series converges to the Initial
Conditions
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Differentiation of Fourier Series

Suppose we can differentiate the series term-by-term, then in ¢

ou >, kn2n? _mn22%t | /NTT
E__ZTBne L sm(T>.

n=1

Taking two partials with respect to x gives

o0
d%u Z n27T2B _kn?g? (mr:c)
—_— = ———DB,e” I sin|—].
Ox? 2" L

n=1

It follows that our solution above satisfies the heat equation:

U = Kgy.
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Counterexample

Differentiation Counterexample: Continuing with
oo
2L nwT
~Y — _]. TL-‘rl i <7> ) G O,L 3
x nz::l mr( )" sin T x€[0,L)

we differentiate the series term-by-term and obtain:
> nmwx
2 —1)"* cos (—) .
;( ) T

However, the series above is clearly not the cosine series for f’(x)
(the derivative of x)

This series fails to converge anywhere, since the nt”* term doesn’t
approach zero!

Fourier Series
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Differentiation of Fourier Series . . . . e .
Differentiation of Sine Series

Counterexample

Differentiation Counterexample: Consider the Fourier sine series for
f(z) =z with =z € [0, L]:
o0
. /nmx
T~ ansm (T) .
n=1

The Fourier coefficients satisfy:

2 / L . (nﬂm)

— rsin [ —

L Jo L
2L

. o/nmx nwzx nra\y |©
- = (sm (—) _ DT s (—))
n2m? L L L 0

bn

2L 2L
= —"cos(nw) = —(-1)"*!
nmw nmw
Thus, we have

0 2L( 1)n+1 R (nmv) €0, L)
x ~ E — (= sin{—— ), T ,L).
o L

Fourier Series
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Differentiation of Fourier Series

When is term-by-term differentiation justified?

Theorem (Term-by-Term Differentiation)

SDSJT

— (26/44)

A Fourier series that is continuous can be differentiated
term-by-term if f'(x) is piecewise smooth.

If f(x) is piecewise smooth, then the Fourier series of a
continuous function, f(xz) can be differentiated term-by-term if

f(=L) = f(L).
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Differentiation of Fourier Series

Differentiation of Fourier Cosine Series

From our earlier result, if f(x) is continuous, then its Fourier cosine
series is continuous, avoiding jump discontinuities where difficulties
occur for term-by-term differentiation

Theorem (Cosine Series Term-by-Term Differentiation)

If f'(x) is piecewise smooth, then a continuous Fourier cosine
series of f(x) can be differentiated term-by-term.

Corollary (Cosine Series Term-by-Term Differentiation)

If f'(x) is piecewise smooth, then the Fourier cosine series of a
continuous function f(x) can be differentiated term-by-term.

Joseph M. Mahaffy, (jmahaffy@mail.sdsu.edu) Fourier Series — (29/44)

Differentiation of Fourier Series
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Differentiation of Fourier Series . . . e .
Differentiation of Sine Series

Cosine Example

Example: Consider f(z) =z on 0 < z < L. Create an even extension, then make
this 2L-periodic as seen in the graph.

The function has a continuous, 2
piecewise smooth Fourier cosine series.

By our theorem, this Fourier series
converges

The Fourier coefficients are
0.5

1 L 2L
Ag = —/ zdr = r|l -z o

L Jo 2L o 2

-5 ;0 5
and
A _ 2 L (nwx)d _ 2L (nmb) " 2r . (nmb) L
no= 7 g T cos T r = 3.3 cos T — sin T .
2L
= n2ﬂ_2 ((71)’” - 1)

Fourier Series

Joseph M. Mahaffy, (jmahaffy@mail.sdsu.edu)

— (31/44)

Differentiation of Fourier Series
Differentiation of Cosine Series
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Cosine Series Term-by-Term Differentiation

Thus, if

nmTx

flx)= Ao+ iAncos <T) ,

0<x<L,

where equality implies convergence for all 0 < x < L, the theorem
above implies that

a5 () v (752

n=1

This sine series converges to points of continuity of f’(z) and to the
average where the Fourier sine series of f/(z) is discontinuous.
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Cosine Example

Thus,

L 4L 1 nmwx
v=5 w2 e ()

T o odd

where the series converges pointwise to the graph on the previous slide.

Note: This series converges absolutely by comparison to the series for -
n

The derivative of f(z) is piecewise 1
constant, as seen in the graph (right). 08
0.6
Differentiating term-by-term gives 04
0.2
4 1 nmx N : ! : :
1~fzfsin<—), O<z<L.
s n L -0.4
n odd Py
-0.8f
b
The weaker series convergence is easily

-5
seen, and it is easy to verify that this is

the sine series for f/(z) = 1.

Fourier Series
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Differentiation of Fourier Series
Differentiation of Cosine Series
Differentiation of Sine Series

Differentiation of Fourier Series Differentiation of Fourier Series

Sine Series Term-by-Term Differentiation Sine Series Term-by-Term Differentiation

Proof: We prove term-by-term differentiation of the Fourier sine
Similar results hold for the sine series with more conditions series of a continuous function f(x), when f'(x) is piecewise

smooth and f(0) =0 = f(L):

. . > . /nTT
Sine Series Term-by-Term Differentiation] If f'(x) is piecewise fz) ~ Z By, sin (T) )
smooth, then a continuous Fourier sine series of f(x) can be n=1
differentiated term-by-term. where B,, are expressed later. Equality holds if f(0) =0 = f(L).

If f'(z) is piecewise smooth, then f’(x) has a Fourier cosine series

Corollary (Sine Series Term-by-Term Differentiation) .

, nmx
If f'(z) is piecewise smooth, then the Fourier sine series of a fi(x) ~ Ao + Z Ay cos (T) )
continuous function f(x) can be differentiated term-by-term if n=1
f(0) =0 and f(L) = 0. where Ag and A,, are expressed later.

This series will not converge to f’(z) at points of discontinuity. SDST
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Differentiation of Cosine Series
Differentiation of Sine Series

Differentiation of Fourier Series Differentiation of Fourier Series

Sine Series Term-by-Term Differentiation Sine Series Term-by-Term Differentiation

Proof (cont): Need to verify that
Proof (cont): However, B,,, the Fourier sine series coefficient

f’(m)NZ@BnCOS (@) of f(z) is
= . B —2/Lf(a:)sin<m>dx
n — L o L 9
The Fundamental Theorem of Calculus gives: so for n % 0

=1 [ 1= (1w -10), A ="T5,1 2y s - 50

L L
Int ting b t
HICBTALING Dy Datts, It follows that we need f(0) =0 = f(L) for both Ay =0 and
L _ nm s
A, = % F/(2) cos (nﬂ )dw A = 5 By, completing the proof.
0 . However, this proof gives us more information about differentiating
2 nrx\|L nw i nmwr . . .
= — [f(m) COS( )‘ + —/ f(z)sin (—) dx} the Fourier sine series.
L L 0 L 0 L

SDSJT
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Differentiation of Sine Series

Differentiation of Fourier Series
Differentiation of Cosine Series
Differentiation of Sine Series

Differentiation of Fourier Series Differentiation of Fourier Series

Sine Series Term-by-Term Differentiation Sine Series Term-by-Term Differentiation
The more general theorem for differentiating the Fourier sine Exafmple: PreViOUSIY. considered f (ac); r Wi.th a Fourier sine
series is below: sertes and showed this could not be differentiated term-by-term.
The Fourier sine series satisfies:
AT n+1
Theorem f@) =z~ 2 Z L(- 1) G (nza:)
If f'(x) is piecewise smooth, then the Fourier sine series of a
continuous function f(x), Since f(0) =0 and f(L) = L, from the general formula above:
1
> nre ao=1 (1) - 1) =1
f(z) Zanm( 7 )
n=1 and
2
cannot, in general be differentiated term-by-term. Howewver, Ap = %Bn t7 [(*U"f(L) - f(O)}
o = (=)™ 4 2(-1)" = 0
9 1 nm 2 " nwT
7@~ 750 -10] + 3 (T B+ 7 |05 - 1] ) eos (7).
It follows that we obtain the correct derivative
~0S0 y SDSJO
/(@) = 1.
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Method of Eigenfunction Expansion Method of Eigenfunction Expansion

Method of Eigenfunction Expansion Method of Eigenfunction Expansion

The initial condition, u(z,0) = f(x), is satisfied if

Want to apply techniques of differentiating a Fourier series B, (0)si nwT
term-by-term to PDEs Z )sin ( L ) ’

Use an alternative method of eigenfunction expansion, which can

where the initial Fourier sine coefficients are
be applied to nonhomogeneous BCs

. (nTT
Consider an etgenfunction expansion of the form Bn(0) = L/o f(w)sin ( L ) dx

Z B, (t)sin (mrx) , Can we differentiate term-by-term to satisfy the heat equation,
L

Uy = kg, ?
where the Fourier sine coefficients depend on time, ¢

Need two partial derivatives with respect to z and one partial
derivative with respect to t. SDS0
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Method of Eigenfunction Expansion

Method of Eigenfunction Expansion

Method of Eigenfunction Expansion

Method of Eigenfunction Expansion

If u(z,t) is continuous, then the Fourier sine series can be

differentiated term-by-term provided The two derivatives w.r.t. x could be taken term-by-term provided
w(0,4) = 0 and w(L,t) = 0. the problem has homogeneous BCs.
Need
(homogeneous BCs) ou  ~=dB, . (nmc)
— ~ sin ([ — ) .
The result is ot L~ dt L
oV nT o nmwx
or < N By (t) cos ( L ) ) If term-by-term evaluation is justified, then
which is a Fourier cosine series dBn _ _kn27r2 Bo(b),
dt L2
Provided 8; is continuous, it can be differentiated term-by-term:
SO
0%u = n27r2B (s <n7rx> By (t) = Bn(0)e” "2 R
— ~ — ——Bp(t)sin( — |,
Ox? — L2 L
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Method of Eigenfunction Expansion Method of Eigenfunction Expansion

Method of Eigenfunction Expansion Term-by-Term Integration

Theorem

The Fourier series of a continuous function u(x,t)

u(z,t) = ap(t +Z<an COS(L)+b()SiH(?)>a

A Fourier series of a piecewise smooth f(x) can always be

can be differentiated term-by-term with respect to t integrated term-by-term and the result is a convergent infinite series
that always converges to the integral of f(x) for —L < x < L (even if
ou(x,t) nmwx the original Fourier series has jump discontinuities.
%—ao —|—Z< t)cos( )—i—b'()sin(—)), J S

if %—;‘ is ptecewise smooth.

This theorem justifies the use of separation of variables and our

solution. SDSO SDST
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