% 4 2

T 9

l

Spring 2010 Math 121a Name Ke}/

Give your answers to at least 4 significant figures whenever possible.

1. (20pts) Differentiate the following functions (you don’t have to simplify):

a. f(8) = 2(2 — e2)° + 31n(& + 4) — %

2
_ En éjt.' ""/1_
Py= 6(£3= &%) (2442524 + greg *t 24

2
b. g(:ﬂ):x—‘ifﬁ+(m2+3)€_mz—2$
QMMM 5 3 —xl ; -xl
ghiz)= (x* +x _._5)2- '+()( +3)€ (‘2)()4‘2)(6 -2

2. (10pts) a. A frog needs to jump over a garden wall to reach a mate. The wall is 20 cm high.
Assume that the frog jumps the wall with just enough vertical velocity, vp to clear it. If the height
(in cm) of the frog is given by

h(t) = vot — 490¢2,
then determine the velocity of the frog at any time, v(t) = dh/df, where the velocity depends on
vy and t.

v(it)= Ve~ 180 £ cm/sec

b. Use the height of the garden wall and the function describing the height of the frog, h(t), to
determine the minimum vertical velocity, vg, needed to clear the wall. Also, determine how long
the frog is in the air, assummg it lands in the garden (he1ght h = 0) on the other side of the wall.

Z i
v(e) =0 (ma) > itu.x»m h(«.a)-—-- - &0 (”0) i;{%} =20

W I 77

vo= 177, 17 cm/sec Time in air = &, ¥ 0% | sec

S . - 249791
s 2 A, = -
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3. (32pts) Sketch the graph of the following functions. Give the x and y-intercepts, and any
asymptotes. Find the derivative and its critical point(s) (including the z and y values). Indicate
whether it is a local maxima or minima. For function. (If the function does not have a particular
asymptote, extrema or x or y-intercept, indicate “NONE”).

Graph of y(z): } v

z-intercept(s)  © -

y-intercept 0

Vertical asymptote(s) %=

Horizontal asymptote(s) Nene

(4% -xY2x) +x° _ ¥x sl
y'(z) = (=x1* = T{g-x)*
X, = g, ¥
Tmaz = ? y(mmm) = = Ié_____ )/(3) = ‘-—‘;—;-f- ==1]6
Tnin = o y(ﬂ:mm) = Y
_20(z —3) . y
b.y= Trap Graph of y(z): |
- ,._j_ i'
z-intercept(s) - - |
y-intercept is ¢o ‘:
1 _L__A-:-——--—--———-.—
Vertical Asymptote(s) Xz~ ! "
}
|
Horizontal Asymptote(s) y =0 ‘
| .
(!+x]3-(x-3¥311+"} (la-Zx) “’,U g
oy 20 z 56 ~ 1
y'(z) = (1+x) (1+x
Tmaz = 5- y(xmaa:) = 4.]) E 52 =
X =2
Tmin = N ore y(Imin): Nene ), (S'}.:' %‘{;—:' d. | 752
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4. (25pts) The ASPCA Complete Dog Care Manual (p. 55) states that the normal food requirement
for a 5 kg dog is 450 calories. It gives the normal requirement for a 30 kg dog as 1700 calories.
(Use 4 significant figures for all calculations.)

a. Assume linear relationship between the weight of the dog (in kg) (W) and the normal food
requirement (in calories) (F) that it consumes

F=mW +b.

Use the data above to find the constants m and b in the model above.

1700~ %50  jag0_ <o
so "= 36 =& = 25~
m =

b= 200 L = %50 - 5(59) = 200
b. Assume there is a power law relationship between the weight of the dog (W) and the normal

food requirement (F') that it consumes
F=kWe. e €= o (k) + @b (W)

Use the data above to find the constants a and k in the power law or allometric model above.

w | Selw F f bu (F)

¢ ;,'@d‘@_/ +50 | ¢, 0925 a= 'E“(&)“j“ﬂk 7. Y3837.6.197¢5 a.7%l?

30 (3.4¢120 (700 | 743338 L WIAAW) ™ 3,40/20-1,6974™ 7°

Gulkl = B (F) = q b (W) = C.10725 = 6. ZHIT(1.cofey = & 53¢

k= 136,37 .

- ' 1536 :

= : = 13¢ 37

a= 0.7%18 e L

c. Use both models (linear and allometric) to find the amount of feed consumed by a 20 kg dog.
Also, estimate the weight of a dog that normally consumes 1000 calories of food using both models.
Which model gives the better predictions and why?

o Linear Madel: 50(20) 260 =200
W =20ke then F= 1200 calories, Jooo = SowW + 200 w s %
If F = 1000 calories, then W = 16 ke
For Allometric Model:

, ¢. 7412
IfW =20kg then F= 1257  calories, 13¢.37 (29])

. . ), PP
If F = 1000 calories, then W = 1%, ¢ F| kg. 1000 = 126,37 W ¢
d. Which model provides the better estimate? jg00 Vi, zaew
W= [—~ )
126,37

Circle one: Linear Model Allometric Model



5. (20pts) a. The population of Poland in 1950 was about 24.82 million, while in 1970, it was about
32.53 million. Assume that the population is growing according to the discrete Malthusian growth
equation

Poy1=(1+7)P,, with Py=24.82,

where Py is the population in 1950 and n is in decades. Use the population in 1970 (P,) to find the
value of r (to 4 significant figures). Find how long it would take for this population to double.

o LY (32.53) _ >
2%4.92 (1+7)°=32.53 e (2252 = Livers
b (2)

A= —
r=_0.14¢+83  Doubling time = L(in years) 47 A (I i %%¥3)

b. Estimate the population in 2000 based on the Malthusian growth model. Given that the pop-
ulation in 2000 was 38.65 million, find the percent error between the actual and predicted values.

(47,7t~ 3P.LS)

Zq—a?&(l:‘?’?‘?})> ,00..__-—--—3—;5-.'5"‘_
Population in 2000 = .y, bl and Percent Error = 2G, 27 75

c. A better model fitting the census data for Poland is a logistic growth model given by
Pni1 = F(P,) = 1.45P, — 0.0112PZ,

where again n is in decades after 1950. Estimate the populations in 1960 and 1970 by computing
P, and P, where Py = 24.82.

P= 29,09 and P,= 32,70

d. Find the equilibrium for this logistic growth model. Calculate the derivative of F'(P) and evaluate
it at the larger of the equilibria. What does this value say about the behavior of the solution near

this equilibrium?
Fe = ’.‘f;/’e - d,dnzf‘tz = f;:c)

pt.: 0“}"{5_
d.ainz

P, = 0 and Ppe= ¥0.17% (P < Pae)
F(P)= 1.¥5-¢6,022¢ P Fl(Pp)= 0,55

r Unstable or Oscillatory

—_—
—
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6. (20pts) a. A woman with a chronic lung problem breathes a supply of air enriched with helium
(400 ppm). The initial concentration of helium in her lungs is ¢o = 400, and the measurement of
helium in her lungs after her first breath is ¢; = 352. If the concentration of helium in the room is
negligible, then an appropriate model for the concentration of helium (He) is given by the model:

eng1 = (1= g)en,
where c,, is the concentration of He in the nt breath and ¢ is the fraction of air exchanged. Use the
data for ¢y and ¢; to estimate the value of g. Then use this model to estimate the concentration of
He in the 4*® breath (c4). Determine how many breaths it takes for the He concentration to fall to
one half (200 ppm) the original concentration.

- 352 _ ; % @. 12
351:(;—1Hoa I-g= z:;,‘a-"‘” 7

cn: ca(l"—Zyl’l
= 400 (0.3’3)"

R A oA
Concentration He = 200 ppm when n = 5. 422 2040 = wod(0.77F|
i .
0= AU 30,22)
b. It is determined that there is Helium in the room. The concentration of Helium in the room, -,
is not known, but assumed to be constant. Below is a table of the patient’s first two breaths after
resuming normal breathing in the room.

Breath Number 0 1 2
Conc. of He (ppm) | 400 | 352 | 310

Assume a breathing model of the form:

q: 0;12—. C4= 23‘7.??

ent1 = (1 —g)en + 47
Use the data above to find the constants, ¢ and +, the ambient concentration of Helium. Then

determine the concentration of Helium in the next two breaths, s and ¢4. Assuming that this is the
better model, find the percent error between the model in Part a and this model for the estimate

of ¢s. 352 = $04(i-9) + 470 4% (1-gh= %2 l-L= Z
36 = 3§Z("j)fjfr 1"—'/3
382c<= #da(’/,) +;d’ zl':é'_
g= 0.128 4= 16 y=16é
joo (239.88- 241,01

3= 473,25 and cy= 24107 % Error at ¢y = "'0,5'(337,_, FYIYNE

c. Find the equilibrium concentration of Helium in the subject’s lungs based on the breathing model
in Part b. What is the stability of this equilibrium concentration?

Cet((‘i)ce-";a’ => ce=U=16

Equilibrium ¢, = (6 or UNSTABLE (Circle one)
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7. (23pts) Body temperatures of animals undergo circadian rhythms. A subject’s temperature is
measured from 8 AM until midnight, and his body temperature, T' (in °E), is best approximated
by the cubic polynomial

T(t) = 0.002(20000 — ¢ + 45¢> — 6001),

where t is in hours.

a. Find the rate of change in body temperature 7'/(¢). What is the rate of change in body temper-
ature at noon ¢ = 127 Also, compute T'"(¢). When is the rate of change in body temperature per
hour increasing the most and what is that maximum rate of increase?
T#)= 0,002 (- 322+ 90%4-660) = ~0.¢06 (2 = 30%+ 200) = | _
- 0.00 (£-10) - 20)

T'(t)= — 0,006 (x>~ 304 +240) T(12)= 0.096

T"#) = - 0,012 (£ ~15)

Rate of maximum increase at i, = 15 T'(tine) = O

b. Use the derivative to find when the maximum temperature of the subject occurs and when the
minimum temperature of the subject occurs. What are the body temperatures at those times?

timaz = Z0 T(tmaez) = 3¢.9

tmin = I o T(tmm) = 3 ‘S-‘ 4

c. Sketch a graph of this polynomial fit to the body temperature. Show clearly the maximum and
minimum body temperature on your graph and include the body temperature at the beginning of
the study (¢ = 8) and at the end (¢t = 24).

T() = 35.i3¢ T@4)= 3%, 372

Graph of T(t):

T
26
28 3¢
. 8
Y
—_——
¥ i 0 20 Y
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8. (23pts) a. It has been shown that iron is the primary limiting nutrient in open ocean waters.
There are currently a number of experiments to see if seeding the ocean with iron can create an
algal bloom that fixes CO2 (to remove this greenhouse gas). Soluble iron that is dumped into the
ocean is rapidly used by algae, which are consumed by other organisms. Suppose that at ¢ = 0,
a research vessel from Scripps Institute of Oceanography dumps a large amount of soluble iron.
Measurements from a trailing ship indicate that the concentration of iron remaining in the water
(not in the algae) satisfies the equation:

F(t) = 500e"%2% 4 50 ppm,

where t is in days. Find how long it takes for the amount of soluble iron to reach the level of
100 ppm remaining. Sketch a graph of F showing the F-intercept and the horizontal asymptote.

F(t)=100 whent = 10, 0 i| Graph of F(t):

2
= 53o
F(0)= 550
Horizontal Asymptote at F = S5 O o)l __
-0,23% L 34
leo= S_dd‘ecz +50 == Q_OZ =10 = A=

8.23

F
b. Find the derivative (ii_t Determine the rate of change of soluble iron at t = 2.

-0.23%2
F'ity= =lif e F'(2)=_ﬂ??

c. As noted above the algae rapidly blooms, then fades as the iron passes to organisms higher in the
food web. Suppose that samples of the sea water give a population of algae, P(t), (in thousands/cc)
satisfying the following equation:

P(t) = 4+ 160(e™ %04 — 705,

dP
where ¢ is in days. Find the derivative —. Find when the algal population achieves its maximum

concentration and determine what its maximum concentration is. Sketch a graph of P showing the
P-intercept, the maximum, and any horizontal asymptotes.

& " -0, -t
 —eYe a.o‘bt*aae 0.8
= 0.0%R —a.s‘x) -
P"(t) - IGO(— 0.0%¢ o4 0.53 G—I‘aph of P(t):
tmaz = 5. €91 P(tmaz) = 122,07 222
P(0) = 4
Horizontal Asymptote at P = 4
“— e — — — — - - = e
]

-a.Jd¢ - 3 "
O,C’-‘i-e,c ;t=a;l:;aa>x- C.49

O,,ﬁé,t-— 5o -



9. (27pts) Ricker’s model is often used to study the population of fish. Let P, be the population
(in thousands) of a species of fish in years n and suppose that Ricker’s model is given by

By i = R(B) =60, W0k,

a. Assume that the initial population is Py = 25, then determine the population of fish for the next
two years (P and Py).

P = ‘3@;}? P = %27.?6:

b. Find R'(P), then determine the maximum of this function (both P and R(P) values). Sketch
a graph of R(P) with the identity function for P > 0, showing the intercepts and any horizontal
asymptotes.

= o,ee;f( | -

R'(P) = 6.2 e @.C’drf')

P-intercept U R-intercept 0 Horizontal Asymptote R = O

Proz = 200 R(Pmax)z ‘t‘;é,i?

GRAPH:

56

F«rf

260 fn

c. Find all equilibria for Ricker's model and determine the stability of the equilibria. Justify your
stability argument by evaluating the derivative of the updating function.

Fe= G-ZKQQ-ﬂ‘dJSI"{ = =9 o l= 6.2 evd'aoffe.

Ple: C) Rf(Ple): 6’1 ed.dﬁfﬁé - C.Z

Stable or or Oscillatory fae = 200 4. (¢. ‘.7_)

P = 36%. 9]  R'(Py)==0.32%¢

(Stablelor Unstable Monotonic or



