Math 337 Review Exam 3 - Solutions

1. a. The differential equation, y” —y = 4t 2 + 6e¢, is readily solved using the method of undeter-
mined coefficients. The characteristic equation is A> — 1 = 0, so A = £1. Thus, the homogeneous
solution is

ye(t) = cre’ + cae™".

It follows that an appropriate guess for the particular solution is
yp(t) = Aot® + Ayt + Ay + Bte™t  with Yy, (t) = 245 + B(t — 2)e".

Thus,
Yp — Yp = 243 + B(t — 2)e™" — (Agt® + Ayt + Ag + Bte ") = 4t* + 6.

Matching coefficients gives Ay = —4 from t2, A; = 0 from t, Ag = 245 = —8 from t°, and finally,
—2B = 6 or B = —3. The general solution satisfies:

y(t) = cre’ + coe™t — 4t* — 8 — 3te .

b. The differential equation, y” — 2y’ + 2y = 4 cos(t), is readily solved using the method of un-
determined coefficients. The characteristic equation is A2 — 2\ + 2 = 0, so A = 1 £+ 4. Thus, the
homogeneous solution is

Ye(t) = €' (c1 cos(t) + ez sin(t)).

It follows that an appropriate guess for the particular solution is
Yp(t) = Acos(t)+ Bsin(t) with y,(t) = —Asin(t)+ Bcos(t) and vy, (t) = —Acos(t)— Bsin(t).
Thus,

Yyp — 2y, +2y, = —Acos(t) — Bsin(t) — 2(—Asin(t) + Bcos(t)) + 2(Acos(t) + Bsin(t))
= 4cos(t).

Matching coefficients for cos(t) gives —A — 2B + 2A = 4 and for sin(t) gives —B + 24 + 2B = 0.
Thus, B=—2A,s05A=4or A= % and B = —%. The general solution satisfies:

y(t) = e'(c1 cos(t) + casin(t)) + %cos(t) — gsin(t).

c. The differential equation, y” + 9y = 18tan(3t), requires the variation of parameters. The
characteristic equation is A2 + 9 = 0, so A = +3i. Thus, the homogeneous solution is

Ye(t) = 1 cos(3t) + co sin(3t).

The Wronskian satisfies:

cos(3t) sin(3t)

Wly1,yo](t) = _3sin(3) 3cos(3l) | 3(cos®(3t) + sin?(3t)) = 3.



The variation of parameters gives

yp(t) = —COS(3t)/ 18Sin(3?tan(3s)ds+sin(3t)/ 18COS(3§)tan(33)ds

B t sin%(3s) ) L
= —6005(3t)/ cos(30) ds+681n(3t)/ sin(3s)ds

= —6cos(3t) /t(sec(?)s) — cos(3t))ds — 2sin(3t) cos(3t)ds

= —2cos(3t)In|sec(3t) + tan(3t)| + 2 cos(3t) sin(3t) — 2sin(3t) cos(3t)ds
= —2cos(3t)In|sec(3t) + tan(3t)]
The general solution satisfies:

y(t) = c1 cos(3t) + c2sin(3t) — 2 cos(3t) In | sec(3t) + tan(3t)|.

d. The differential equation, y” + 4y = 8 csc(2t), requires the variation of parameters. The charac-
teristic equation is A 44 = 0, so A = £2i. Thus, the homogeneous solution is

Ye(t) = c1 cos(2t) + o sin(2t).
The Wronskian satisfies:

cos(2t) sin(2t)

Wiy, y2](t) = ’ _osin(2t) 2cos(21) ’ = 2(cos?(2t) + sin?(2t)) = 2.

The variation of parameters gives

yp(t) = _COS(Qt)/ 8Sin(28;CSC(28)dS+Sin(2t)/ 8COS(28)CSC(28)d8

2

b cos(2s)

t
= —4 cos(2t)/ 1-ds+ 4sin(2t) / Sin(25) ds
= —4tcos(2t) + 2sin(2t) In | sin(2¢)]

The general solution satisfies:

y(t) = c1 cos(2t) + cosin(2t) — 4t cos(2t) + 2sin(2t) In | sin(2¢)].

e. The differential equation,
—2t

€
y"+dy +dy = —5

requires the variation of parameters. The characteristic equation is A2 + 4\ +4 = 0, so A = —2
(repeated root). Thus, the homogeneous solution is

Ye(t) = (c1 + CQt)e_Qt.



The Wronskian satisfies:

W[ }(t) B €—2t te—Qt €—4t
YL =1 _9em2t (1 — 2¢)e 2 ‘
The variation of parameters gives
t —2s,—2s t ,—2s,—2s
_ —2t se e —2t € €
yp(t) = —e€ / st + te / st

t t
1 1
= —e_2t/ ds+te_2t/ —ds
s s
= —e Hnft|—e

The general solution satisfies:

y(t) = (1 + cat)e* — e (In[t| + 1).

f. The differential equation, t?y” + 7ty’ + 5y = 6t, requires the variation of parameters. The
left hand side is a Cauchy-Euler equation, so attempt solutions of the form y(t) = t*, leaving a
characteristic equation A(A — 1) + 7TA + 5 = A2 4+6M+5=0o0r A\ = —5and Ay = —1. Thus, the
homogeneous solution is

ye(t) = 1t + et

The Wronskian satisfies:
t=° t=1

A7
56 g2 | T

Wly1, y2](t) = '

Note that the nonhomogeneous term is written g(t) = % The variation of parameters gives

tg(s—1 t (s
yp(t) = —t_5/ fs((sg)ds—i—t_l/ 465((57))d8

t t
= —gt5/ 85d8+;t1/ sds
_oB (N 3Py L
25\ 6 2t\2/) 2

The general solution satisfies:

1
y(t) = c1t > + ot + 3t

2. The differential equation is:

t 1
(1—t)y" +ty —y=2(t—1)%"" or y"+ 17—ty/ -1 V= —2(t—1)e .

Since y1(t) = t, then y(t) = 1 and y/(¢) = 0. Substituting into the RHS of the equation above
gives:
t 1

0+ -— ——t=0
T T T ’



so satisfies the homogeneous equation. Similarly, if y2(t) = €', then y4(t) = €' and y4(t) = €’

Substituting into the RHS of the equation above gives:
A=t te! et

‘Tt T Y

s0 y2(t) satisfies the homogeneous problem. Solving the general problem requires finding a particular
solution using the variation of parameters. The Wronskian satisfies:

t et

Wil = | | & | ==t

The variation of parameters gives

yplt) = —t/ —68(2(i8__1§)€j_5)d5+6t/ _8(2((5:11))53_8)d8

t t
= t/ Qesds—et/ 2se %%ds
1 1
= —2 —t — —t — — —t
te +(t+2>e <2 t)e

The general solution satisfies:

1
y(t) = 1t + coe’ + <2 — t) et

3. a. Consider y” — 9y = 2te 3 sin(t) + 6t 2e3’. The solution of the homogeneous equation is
Ye(t) = cre 3+ coedt.
The guess that one makes for the method of undetermined coefficients is

yp(t) = e 3 (A1t + Ag) cos(t) + (Bit + Bo)sin(t)) + (C2t2 + Cit + Co) e,

b. Consider y” + 2y’ + 2y = 4t 2e~t + 3te ' cos(t). The solution of the homogeneous equation is
ye(t) = e (c1 cos(t) + casin(t)).
The guess that one makes for the method of undetermined coefficients is

yp(t) = (A2t2 + Ayt + Ao) e +te™ ((Bit + By) cos(t) + (Cit + Cp) sin(t)) .

4. a. Consider



Laplace transforms give:

16 or Y(s) = s+ 2 n 16
s+2 2 —4 0 (s+2)(s2—4)

s?Y(s) — s —2—4Y(s) =

Partial fractions on the second expression give

16 A B C
(s +2)(s2—4) = (s+2)2+8+2+5—2 or 16 = A(s —2) + B(s+2)(s — 2) + C(s + 2)°.

From s = =2, A= —4. From s =2, C = 1. From s?, B= —C = —1. It follows that

—4 1 2

Y(s) = (s+2)2_s+2+s—2'

The inverse Laplace transform gives

y(t) = 2e% — et — 4te™2,

b. Consider
y" —y =12y =136t —-3), y(0)=2, y'(0)=—6.

Laplace transforms give:

2(s — 4) N 9e—3s
(s—4)(s+3) (s—4)(s+3)

§*Y (s) — 25 +6 — sY(s) + 2 — 12V (s) = 9e™3° or Y(s)=

Partial fractions on the second expression give

9 A B
(s—4)(s+3) s—4+s—|—3 or 9 (s+3)+ Bls —4)

From s =4, A= % From s = -3, B = —%. It follows that

2 9 (e 3 e 38
Y(S)_s+3+7(s—4_s+3)'

The inverse Laplace transform gives

9
o3t 9 A(t—3) _ _—3(t-3)
y(t) =2e " + 7U3(t) (e e ) .

c¢. Consider
y”+2y’+5y={g: ?§i<4 y(0) =0, y'(0)=4.
Laplace transforms give:
5 e 4s 4 5 — He4s

s o YO =iyt serze

SQY(s) —442sY(s) + 5Y(3) — o



Partial fractions on the second expression give

5 A  B(s+1)+2C )
s((s+1)2+4) s + (s+1)2+4 or 5 ((s+1)*4+4)+Bs(s+1)+2Cs

From s =0, A=1. From s>, B= —-A=—1. From s = —1,5=44—-2C or C = —%. It follows

that
4 1 s+1 1 2 A
Yis) = (s—|—1)2—|—4+<s_(s+1)2—|—4_2<(8+1)2+4)>(1_6 ")

The inverse Laplace transform gives

y(t) =14 (; sin(2t) — cos(2t)> +ua(t) (1 () <cos(2(t _a))— %sin(2(t - 4)))) .

d. Consider
y" + 4y = cos(t), y(0)=1, y'(0)=0.

Laplace transforms give:

s s 1

Y (s) — s +4Y(s) = —— Y(s) = .
V) mst W) =577 o0 YO =gt @iy

Partial fractions on the second expression give

1 As+B Cs+2D
CENCET S Y S 1= (As+ B)(s* +4) + (Cs+2D)(s* + 1).

From s =i, 1 =3(iA+ B),so A=0and B = . From s = 2i, 1 = —3(2i{C + 2D), so C = 0 and

D= —%. It follows that
s 1 1 1 2
Y(s)= o [ ) == (=2 ).
(s) 52+4+3<s2+1> 6<82+4>

The inverse Laplace transform gives

y(t) = cos(2t) + %sin(t) - ésin(Qt).

e. Consider )
I P 0<t<3 _ fiay

The function on the RHS can be written f(t) = t* —t2u3(t) = t2— (t—3)2ug(t) —6(t —3)us(t) —Jus(t).
Laplace transforms give:

s2Y (s) +2Y (s) — 3Y(s) = = — —6 -9

(Alternately, one could evaluate



which gives the same answer.) It follows that

¥ (s) 2 —2¢735 — Gse 3% — 95238
S =
s3(s+3)(s —1)

The partial fractions is tedious but straight forward, giving

2 1 1 2 4 14
Fs+3)(5-1)  54(s+3) 26-1) 35 02 27s

—2 — 65 — 952 65 17 2 22 131
FG13)s-1)  108(s13) 4(s—1) 35 952 27s

The inverse Laplace transform gives the solution

1 4, 1, 1, 4 14
) = — Cet - 42— 2t —
y(t) 51 T3¢ T3t TglTop

17 1 22 131

—ualt =3(t-3) | 20 -3) _ Ly _gy2 _ 24y gy 100

“3(><108 1° gt =37 -5 t=3) -5

5.a. If L{f} = F(s), then .
F(s) = /0 f(t)e stat.

Leibnitz’s rule of differentiation of the integral states that

d b b9
da:/a f(fc,y)dyz/a f((;;’y)dy-

In other words, the differentiation operator can commute with the integral. Thus,

dF(s) _ [*0f(t)e > s
e /0 (%dt__/o t f(t)e dt.

It follows that

cipe) = -0

b. Since Lsin(2t) = ﬁ, then

_d 2 B 4s
ds \s2+4)  (s2+4)2

which is £{t sin(2t)}.
c. For the initial value problem
y" +4y =2cos(2t),  y(0)=-1, y'(0)=4,

we take Laplace transforms and obtain:

2 4— 2
2V (s)+ 5 —4=4Y(s) = i or Y(s) = i i
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The inverse Laplace transform gives

y(t) = 2sin(2t) — cos(2t) + %tsin(%).

6. a. The differential equation can be written
y" " +y=0(t)+6(t—7)+6(t—2m)+6(t—37) + ...
The Laplace transform becomes

L{y"y+L{y'y = $SL{y}—sy(0) —y'(0) + L{y"}
— L{5(6) 4+ 5(t— ) + (1 — 27) + 6(t — 37) + ...}

or
(> +DL{y} =14 e ™ +e 2™ 4737 ¢ .
Thus,
1 e~ s 6727rs 67371'5
L =
v 82+1+82+1+S2+1 +52+1+
or
y(t) = sin(t) + ug(t) sin(t — w) + ugr(t) sin(t — 27) + usz.(¢) sin(t — 37) + ...
oo
= sin(t)(1 — wr(t) + upr(t) — use(t) + ...) = sin(t) Y _(—1)"unr(t).
n=0

b. The differential equation can be written
y" +y=0(t)+6(t—2m) +0(t —4m) + 5(t — 67) + ...
The Laplace transform becomes

Ly +L{y'y = $PL{y}—sy(0) —y'(0) + L{y"}
— L{5(E) + 6(t — 2m) + 6(t — A7) + 5(t — 67) + ..}

or
(> +1)L{y} =14 e 2™ 7™ p 70 4 |
Thus,
1 67271'3 6747rs 67671’5
L{y} =
v s2+1+52—|—1+32+1 +32+1+
or
y(t) = sin(t) + uox(t) sin(t — 27) + ugr () sin(t — 47) + uer (¢) sin(t — 67) + ...

= sin(t)(1 + vnr(t) + war(t) + ugr(t) + ...) = sin(t) Y ugnx(t).
n=0

c. In the first case, sine functions alternately cancel each other out. Thus, on alternate intervals
of 7, the function is positive part of the sine curve followed by an interval of the zero function.
The second case is the resonance case. In this case, each interval of 27 has the solution increasing
the amplitude of the sine function by 1. This solution becomes unbounded, so the bridge would
collapse.



