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Introduction Second Order DE

Second Order Differential Equation with an independent

Introduction variable y, dependent variable ¢, and prescribed function, f:

" o__ /
@ Introduction to second order differential equations y"=ftyy),

o Linear Theory and Fundamental sets of solutions @ Often arises in physical problems, e.g., Newton’s Law where

@ Homogeneous linear second order differential equations force depends on acceleration
@ Nonhomogeneous linear second order differential equations @ Solution is a twice continuously differentiable function
@ Method of undetermined coefficients @ Initial value problem requires two initial conditions

e Variation of parameters )
o Reduction of order y(to) = vo and y'(to) =0

@ Can develop Existence and Uniqueness conditions
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Linear Second Order DE Dynamical system formulation

Dynamical system formulation Suppose

Linear Second Order Differential Equation:
d y" = f(t,y,y)

" t li t — t
y ety +alt)y = g(t) and introduce variables z1 = y and 7o =y’

@ Equation is homogeneous if g(t) = 0 for all ¢ Obtain dynamical system

@ Otherwise, nonhomogeneous T = To
@ Equation is constant coefficient equation if written iy = f(t,21,22)
ay” + by’ + ey = g(t), The state variables are y and y’, which have solutions producing

trajectories or orbits in the phase plane

where a # 0, b, and ¢ are constants For movement of a particle, one can think of the DE governing the

dynamics produces by Newton’s Law of motion and the phase plane
orbits show the position and velocity of the particle
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Existence and Uniqueness

Classic Examples
@ Spring Problem with mass m position y(t), k Spring constant,
~ viscous damping, and external force F'(t)

e Unforced, undamped oscillator, my” + ky =0
o Unforced, damped oscillator, my” + vy’ + ky = 0 Theorem (Existence and Uniqueness)
e Forced, undamped oscillator, my " + ky = F(t) Let p(t), q(t), and g(t) be continuous on an open interval I, let ty € I,
o Forced, damped oscillator, my” + vy’ + ky = F(t) and let yo and y, be given numbers. Then there exists a unique
@ Pendulum Problem- mass m, drag c, length L, v = =, solution y = ¢(t) of the 2" order differential equation:
w? = £ angle 6(t) , )
o Nonlinear, 6" + v’ + w?sin(f) = 0 y" ey’ +alt)y = g(t),

o Linearized, 0" + v’ + w?0 =0
@ RLC Circuit

that satisfies the initial conditions

e Let R be the resistance (ohms), C' be capacitance (farads), y(to) = o and y'(to) = y1-
L be inductance (henries), e(t) be impressed voltage , , , , ,
o Kirchhoff’s Law for g(¢), charge on the capacitor This unique solution exists throughout the interval I. )
Lq"+ Rq' + % = e(t),
SDSJT SDSJ
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Wronskian

Linear Operator

Bt (e IDiise il Qjecieion) Wronskian: Consider the linear homogeneous 2"? order DE

Let L satisfy Lyl = y"” + py’ + qy, where p and q are continuous
functions on an interval I. If y, and yo are twice continuously Lyl =y" +pt)y" +q(t)y = 0.
differentiable functions on I and ci and co are constants, then

with p(t) and ¢(t) continuous on an interval I

Liciyr + coy2] = c1L[y1] + coL[ya).

Let y; and yo be solutions satisfying L[y;] = 0 for i = 1,2 and define

Proof uses linearity of differentiation. the Wronskian by
Theorem (Principle of Superposition) ¢ ¢
Y ‘ . Wiyl = | 80 20— g0 -y 000,
yl =vy" 4+ py’ + qy, where p and q are continuous functions on yi(t) yh(t)
an interval 1. If y; and yo are two solutions of L{y] =0
(homogeneous equation), then the linear combination If Wy, y2](t) # 0 on I, then the general solution of L[y] = 0
_ n satisfies
y=anT ek y(t) = c1ya(t) + caya(t).

s also a solution for any constants c1 and cs. DSo SDST
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Fundamental Set of Solutions Homogeneous Equations

Homogeneous Equation: The general 2"¢ order constant
coefficient homogeneous differential equation is written:

N "+ by’ 4y — 0

Let y1 and ys be two solutions of
y" +pt)y’ +q(t)y =0, This can be written as a system of 1°* order differential
equations
and assume the Wronskian, Wy1,y2|(t) # 0 on I. Then y1 and yo C Ax— 0 1
form a fundamental set of solutions, and the general solution is X=AX= —c/a —bja X,
given by
where
y(t) = crya(t) + c2ya2(?). ( I > ( y )
X = =
where c¢1 and co are arbitrary constants. If there are given initial T2 y'
conditions, y(to) = yo and y'(ty) = y1 for some ty € I, then these ) )
conditions determine c¢; and co uniquely. ) This has a the general solution
0 (3)+=(3)
SDSU Y v SDSU
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Homogeneous Equations

Characteristic Equation: Obtain characteristic equation by
solving

:l(a)\2+b)\+c) =0

det|A>\I|:‘ - 1 '
a

—c/a —bla— A
Find eigenvectors by solving

(A - A)v = ( __C?a

e ) (0

If X\ is an eigenvalue, then it follows the corresponding eigenvector is

v 1
LA
Then a solution is given by

o () =(19)

Homogeneous Equations
Method of Undetermined Coefficients

Linear Constant Coefficient DEs Forced Vibrations

Homogeneous Equations - Example
Consider the IVP

y"+5y" +6y=0, y0)=2, y'(0)=3.

The characteristic equation is
so A=—-3and A = -2

The general solution is y(t) = cie 3t + cpe ™2

From the initial conditions

y(0) = —3c1 —2¢0 =3

y(0) =c1 +c2 =2 and

When solved simultaneously, gives ¢; = —7 and c3 = 9, so

y(t) = 9e 2 — 7%

This problem is the same as solving

(4 ) e ()

SDSJO
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A2 450 +6 = (A+3)(A\+2) =0,
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Homogeneous Equations

Let A1 and Ay be the roots of the characteristic equation
aX? +bA+c=0.
Then the general solution of the homogeneous DE,
ay” + by’ +cy =0,

satisfies

y(t) = cre™’ + cpe?! if A1 # Aa are real,

y(t) = creMt 4 cotert if M = Ao,

y(t) = c1eM cos(vt) + coett sin(vit) if M2 = £ iv are complex.

V.
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Nonhomogeneous Equations

Nonhomogeneous Equations: Consider the DE

Llyl=y" +pt)y’ +q(t)y = g(t)

Let y1 and y3 form a fundamental set of solutions to the
homogeneous equation, L[y] = 0. Also, assume that'Y, is a
particular solution to L[Y,] = g(t). Then the general solution to
L[Y] = g(t) is given by:

y(t) = c1ya1(t) + coya(t) + Yy (t).
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Nonhomogeneous Equations

The previous theorem provides the basic solution strategy for 27¢
order nonhomogeneous differential equations

@ Find the general solution c¢1y;(t) + cay2(t) of the homogeneous
equation

e This is sometimes called the complementary solution
and often denoted y.(t) or yp(t)
@ Find any solution of the nonhomogeneous DE

e This is usually called the particular solution and often
denoted yp, ()

@ Add these solutions together for the general solution

@ Two common methods for obtaining the particular solution

e For common specific functions and constant coefficients for
the DE, use the method of undetermined coefficients

e More general method uses method of variation of
parameters
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Method of Undetermined Coeflicients
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Method of Undetermined Coefficients

Method of Undetermined Coefficients - Example 1: Consider
the DE
y// _ 3yl 74y — 362t

The characteristic equation is A2 — 3\ —4 = (A +1)(A —4) = 0, so the
homogeneous solution is

ye(t) = cret 4 coett

Neither solution matches the forcing function, so try
yp(t) = Ae*
It follows that

442 — 6Ae2t — 4462 = —6A4e2t =32t or A= ——

The solution combines these to obtain

1
£ = —t 4 L oot
y(t) = cre”" + coe 5¢

Homogeneous Equations
Method of Undetermined Coefficients

Linear Constant Coefficient DEs Forced Vibrations

Method of Undetermined Coeflicients

Method of Undetermined Coefficients - Example 2: Consider

y" — 3y’ — 4y = Hsin(t)
From before, the homogeneous solution is y.(t) = cie™" + coe*t
Neither solution matches the forcing function, so try

yp(t) = Asin(t) + Bcos(t) so
y,(t) = Acos(t)— Bsin(t) and y,(t) = —Asin(t) — Bcos(t)

It follows that
(—A+3B —4A)sin(t) + (—B — 3A — 4B) cos(t) = 5sin(t)
01“3A+5B:Oand3B75A:5orA:f% ande%

The solution combines these to obtain

15 25
y(t) = cre™" + coe* + — cos(t) — 31 sin(t)

34
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Method of Undetermined Coefficients - Example 3: Consider
y" =3y —dy =227

From before, the homogeneous solution is y.(t) = cie™t + coett

Neither solution matches the forcing function, so try
yp(t) = At> + Bt + C
It follows that
2A — 3(2At + B) — 4(At* + Bt + C) = 2t* - 7,

so matching coefficients gives —4A4 = 2, —64 — 4B = 0, and
2A — 3B — 4C = —7, which yields A = f%, B = % and C = %

The solution combines these to obtain

y(t) = cre”
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Method of Undetermined Coeflicients

Superposition Principle: Suppose that ¢g(t) = g1(¢) + g2(t). Also,
assume that y1,(t) and ya,(t) are particular solutions of

91(t)

g2 (t)a

ay” +by' +cy =
ay” +by' +ey =
respectively.

Then y1,(t) + y2p(t) is a solution of
ay” + by’ +cy = g(t)

From our previous examples, the solution of
y" — 3y’ — 4y = 3e* 4 5sin(t) + 22 — 7
satisfies
2 3t 15

1 15 25
y(t) = cre™t + coett — §e2t + 3 cos(t) — 31 sin(t) — 5+ o+ T
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Method of Undetermined Coefficients
Method of Undetermined Coefficients - Example 4: Consider

y" — 3y’ —4y="5e"
From before, the homogeneous solution is y.(t) = cie™t + coett

Since the forcing function matches one of the solutions in y.(t), we
attempt a particular solution of the form

yp(t) = Ate™,
S0
yo(t) = Al —t)e™
It follows that
(A(t —2) —3A(1 —t) —4At)e " = —5Ae ! =5e 7!,
Thus, A = —1

The solution combines these to obtain

and  y(t) = At —2)e”"

y(t) = cre™t 4+ coe*t —te! SDST
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Method of Undetermined Coeflicients

Method of Undetermined Coefficients: Consider the problem

ay” +by' 4+ cy = g(t)

@ First solve the homogeneous equation, which must have
constant coefficients

@ The nonhomogeneous function, g(¢), must be in the class of
functions with polynomials, exponentials, sines, cosines, and
products of these functions

@ g(t) =g1(t) + ... + gn(t) is a sum the type of functions listed
above

@ Find particular solutions, y;,(t), for each g;(t)

@ General solution combines the homogeneous solution with all the
particular solutions

@ The arbitrary constants with the homogeneous solution are
found to satisfy initial conditions for unique solution

SDSJO
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Summary Table for Method of Undetermined Coefficients
The table below shows how to choose a particular solution

Particular solution for ay” + by’ + cy = g(¢t)

yp(t)
t5 (Apt™ + ...+ A1t + Ap)

g(t)
Po(t) = ant™ + ...+ a1t + ao

P, (t)e 15 (Apt™ + ... + A1t + Ag) et
sin(B8t
Pp(t)e> { cos((gt)) 5 [(Ant™ + ... + A1t + Ag) et cos(Bt)

+ (Bnt™ + ... + Bit + Bo) e** sin(8t)]

Note: The s is the smallest integer (s = 0, 1,2) that ensures no term in yp(¢) is a
solution of the homogeneous equation
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Forced Vibrations Example 1
Forced Vibrations: The damped spring-mass system with an Example 1: The first condition allows computation of the spring
external force satisfies the equation: constant, k
my” +y’ + ky = F(t) Since a 4 N force is required to maintain the spring stretched 0.2 m,
Example 1 k(0.2) =4 or k=20

@ Assume a 2 kg mass and that a 4 N force is required to maintain
the spring stretched 0.2 m It follows that the damped spring-mass system described in this

@ Suppose that there is a damping coefficient of v = 4 kg/sec problem satisfies:

@ Assume that an external force, F'(t) = 0.5sin(4t) is applied to 2y" + 4y’ + 20y = 0.5sin(4¢)

this spring-mass system
or equivalently
@ The mass begins at rest, so y(0) =y'(0) =0

1! / _ : 3 . / —
@ Set up and solve this system y" +2y’ + 10y = 0.25sin(4t), with  y(0) =4'(0) =0
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Example 1 Example 1

Solution: Want y; + 2y, + 10y, = 0.25sin(4t), so with

Solution: Apply the Method of Undetermined Coefficients to y,(t) = Acos(4t) + Bsin(4t)

1" ’ _ .
y" +2y" + 10y = 0.25sin(4t) —16A cos(4t) — 16B sin(4t) + 2(—4Asin(4t) + 4B cos(4t))

The Homogeneous Solution: +10(A COS(4t> + B Sll’l(4t)) = 0.25 Sln(4t>
The characteristic equation is A” + 2\ + 10 = 0, which has solution Equating the coefficients of the sine and cosine terms gives:
A = —1 &£ 3¢, so the homogeneous solution is
—6A+8B = 0,
Ye(t) = cre ™" cos(3t) + coe " sin(3t) _8SA—6B = 095
The Particular Solution: which gives A — — 5710 and B — — %

Guess a solution of the form: The solution is

t)=A 4t B sin(4t 1
yp(t) = Acos(4t) + Bsin(d) y(t):e*t(clcos(zst)+czsm(3t))—%cos(zu)—%osm(u)

SDSJO SDSJT

Joseph M. Mahaffy, (mahaffy@math.sdsu.edu) — (27/32) Joseph M. Mahaffy, (mahaffy@math.sdsu.edu) — (28/32)




Homogeneous Equations
Method of Undetermined Coefficients
Linear Constant Coefficient DEs Forced Vibrations

Homogeneous Equations
Method of Undetermined Coefficients
Linear Constant Coefficient DEs Forced Vibrations

Example 1

Solution: With the solution

y(t) = e " (c1 cos(3t) + casin(3t)) — L cos(4t) — 3 sin(4t),

50 200
we apply the initial conditions.
(O) 0 1 1
=0=c — — or = —
Y 1750 750
3 2
"0)=3c3—c1 — — =0 ==
y'(0) €2 = €1~ &5 or €2 = e

The solution to this spring-mass problem is

1 2 1
y(t) =e* (50 cos(3t) + o sin(3t)) ~ %0 cos(4t) — T:’O sin(4t)
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Frequency Response

Frequency Response: Rewrite the damped spring-mass system:
y" +20y" +wiy = f(2),
with w? = k/m and 6 = ~/(2m)

Example 2: Let f(t) = K cos(wt) and find a particular solution to
this equation

Take
yp(t) = Acos(wt) + Bsin(wt)

Upon differentiation and collecting cosine terms, we have

—Aw? +2Béw + Awg = K

The sine terms satisfy

—Bw? — 2Aéw + Bwi =0 sDST

Homogeneous Equations
Method of Undetermined Coefficients
Linear Constant Coefficient DEs Forced Vibrations

Frequency Response

Frequency Response: Coefficient from our Undetermined
Coefficient method give the linear system
(Wi —w?HA+20wB = K,
—20wA + (w3 — w?)B 0.

This has the solution

K(wi — w?) 2K 6w

A = =
Z—wp i) M B o riewg)

It follows that the particular solution is

K [(w? — w?) cos(wt) + 20w sin(wt
yp(t) = [( ° ((wg )_WQ()Q —?—45%}2) ( )]
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Frequency Response: The model
y" + 20y’ + wiy = K cos(wt),

has exponentially decaying solutions from the homogeneous
solution.
Thus, the solution approaches the particular solution
(1) = K [(w? — w?) cos(wt) + 26w sin(wt)]
I\t = (wg — w?)? + 46%w?)

This particular solution has a maximum response when w = wy

Thus, tuning the forcing function to the natural frequency, wy
yields the maximum response
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