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1. (22pts) Differentiate the following functions (you don’t have to simplify):
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2. (11pts) a. The population of the India in 1980 was about 692 million, and a census in 1990 showed
that the population had grown to 853 million. Assume that this population grows according to the
Malthusian growth law,

I'n.+1 = (1 + T)I’m

where n is the number of decades after 1980, and I, is population n decades after 1980. Use the
data above to find the growth constant 7. How long does it take for India’s population to double?

253 =(1+r)692 [+r= 253 =1.2320¢ A ()
s ¥ ny= ,ﬂkf(lfr')“ 3.31k
r= 0,232C, Doubling time = 33.{% years

b. In 1980, the population of China was 985 million, while in 1990, it had grown to 1,137 million.
Assume China’s population is also growing according to a Malthusian growth law.

Cn+1 = (1 -+ S)On.
Find its rate of growth per decade, s, and predict the year when India’s population is equal to

China’s? . _
e €92 (i.zzzc,(;)n= ?2’5'(1,15<e3)"
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f = . 7o 4 cad
s= 0.18%3 Year when populations same = 2033, 76 5.376 decales



oY

—

iz (xes)e R re le e (%)

3. (32pts) Sketch the graph of the following functions. Give the z and y-intercepts, and any
asymptotes. Find the derivative and its critical point(s) (including the z and y values). Indicate

whether it is a local maxima or minima. For function. (If the function does not have a particular
asymptote, extrema or x or y-intercept, indicate “NONE”).

a.y=(z+4)e 2/ Graph of y(z):

2y

z-intercept(s) -4

y-intercept 4 s
Vertical asymptote(s) #Mene \

Horizontal asymptote(s) O  as x—>#=0 ¢ X
- X
X %
vi@=—<%¢€
Tmaz = 0 y(xmaz) = Y
Tmin =__Nome Y(@min) =__Nong
2
b.y= —t;—_zf—l_i_é Graph of y(z):
2
z-intercept(s) MNeme - b4
- A
b
y-intercept is S ;
{
Vertical Asymptote(s) X = = | (
{ (1,%)
{
Horizontal Asymptote(s) Nl T N
(-2-¢) 1
xl-l—Z.X.—S - (ngxx'{\ (
y'(z)=__ (xedd* ~ (x+t)= | |
(
Tmaz =__ 3 . y(mmaz) = - Lf. ‘
Tmin =___| Y(@mn) =__F

(Xff)[ZX*Z)'(xz+Zx45f\ _ x%#2x-3
y - (x+0)* ‘ (x+1} %
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4. (25pts) A study of birds in flight [1] showed an allometric rélationship between the weight of the - .

* bird and the speed of its flight. The Common Swift (Apus apiis) had a weight (M) of 0.038 kg and -

flew at a velocity (U) of 10.6 m/sec. The Common Eider (Somateria mellissima) had a weight (M)
of 2.015 kg and flew at a velocity (U) of 17.9 m/sec. (Give all answers to 4 significant figures.)

a. A linear model is given by U = kM + b for some constants k¥ and b. Find the constants k and b.

17.9-10.6 ’
= l =3 = - k(2.618) s 16, &
k 2.015~0,433 3.6928 b= 179 (Z ) “Lo
b= 3.0928 b= _lo.4C

b. An allometric model satisfies the relationship given by U = cM? for some constants ¢ and a.

Find the constants ¢ and a. -
‘ ) M ) | L LW
,&,(’b():ﬂn(c)+q/ﬁ¢(ﬂ) E'@l‘,gg ~3.2702 | i0.C 42,3@6\ 2
D (17.9) = A ((e5€) | 2.0t5 |0, 70002 | 179 2.27%3
&= “g(z.015) - Al 6,058
A(()._ Af”’.q’)*" QLCZH(HS'): 2.792

c= 16.319 a= 0.1319S e i6.319

c. The Mistle Thrush (Turdus viscivorus) weighs 0.114 kg, so use each of the above models to
predict the velocity, U, at which the Mistle Thrush flies. If it is clocked at a speed of 11.9 m/sec,
then determine the percent error from each of the models (assuming that the actual clocked value

is the beSt). . 6.7 3188
U= 3:6925 M +ie. %t U=16.31TM
. 4 ' - 3. 2)
ico Clﬁ%ﬁ]s,é{gé 106 5 2,97
Linear Model U= 18, &% m/sec Percent Error= = 8.5¢ 2

Allometric Model U = 12,25 m/sec Percent Error= 2.977%

d. The Rook (Corvus frugilegus) was clocked with a speed of 13.0 m/sec, so use each of the above
models to predict the mass, M, of the Rook. If its weight is measured at 0.488 kg, then determine
the percent error from each of the models (assuming that the measured weight is the best).
_ U-ivkcC oy easits
M= =g "’12(7531? (pe (01785 ~0.439)
ice (6, C2#7- @.9‘?5’) = %0.9¢ °. ¥2¥
- C.¢27?

Linear Model M = 06.¢2F9 kg Percent Error = 40.967,

Allometric Model M = 30, i#%8S kg Percent Error = ~63. %27,

[1] T. Alerstam, M. Rosén, J. Béckman, PGP Ericson, O. Hellgren (2007) Flight speeds among
bird species: Allometric and phylogenetic effects. PLoS Biol 5(8): €197. doi:10.1371



- B, (2'0p"bs) a. An 'i.nvésive;si)e‘cies of insect enters an ecological study area. The initial survey of the
region finds a population density of 15.6 insects/m?2. Three weeks later a survey finds a density
of 35.7 insects/m?. Assume that the population is growing according to the discrete Malthusian

growth equation »
Ppy1 = (1+71)P,, with Py=15.6,

where Py is the initial population and n is in weeks. Use the second survey (Ps = 35.7) to find the
value of r (to 4 significant figures). Find how long it would take for this population to double.

. vaxe X 3
F.= (.6 (14r)” 28, F= 156 (1+7)° [ #v = -;;’:) 3
. 4 A (2)
A= pien
2,2 r= 0.317¢ Doubling time = 2. S{Z, (in weeks)

b. Estimate the population after 4 weeks based on the Malthusian growth model. Another survey
finds that the population after weeks was 44.6 insects/ m?, find the percent error between the actual

and predicted values. , .
g ¥ fve .(f‘*'______-——-—' e c)
P = 15.¢(),3j78) e
2, 2 FP= 47 ¢S and Percent Error = $.¥87
c. A better model fitting the survey data is a logistic growth model given by
Ppy1 = F(P,) = 1.42P, — 0.00488F2,
where again n is in weeks. Estimate the populations Py and P, given that Py = 15.6.
j/ ( = 20.96 and Po= 2% 62
d. Find the equilibria for this logistic growth model. Calculate the derivative of F(P) and evaluate
it at the larger of the equilibria. What does this value say about the behavior of the solution near
this equilibrium? . =z .42
: P = [.$2F - 0.00475F, foz0 o Fx LIE
0.9¢84p%
[, 2 Pe=_0 and Pr= %6.066 (Pie < Pye)
3,2 Fi(p)= [.%2— 0.0097¢ P Fl(P)= 0,83

i, or Unstable or Oscillatory
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6. (20pts) a. A man with a chronic lung problem breathes‘a supply of air enriched with helium

' (550 ppm). The initial concentration of helium in his lungs is ¢co = 550, and the measurement of

helium in his lungs after his first breath is ¢; = 500. If the concentration of helium in the room is
negligible, then an appropriate model for the concentration of helium (He) is given by the model:

cnt1 = (1 = g)en,
where ¢, is the concentration of He in the n® breath and ¢ is the fraction of air exchanged. Use the
data for ¢y and ¢; to estimate the value of g. Then use this model to estimate the concentration of

He in the 4" breath (c4). Determine how many breaths it takes for the He concentration to fall to
one half (275 ppm) the original concentration.

!
cnT 550 (r—zx 0= -9 = 170
. (‘-i}q - ;/2,—
_ _ : _ ,é.,,(‘/]
g= 0.0969l cu= 375 F ns Z% Z)

Concentration He = 275 ppm whenn= 7, 272§

b. It is determined that there is Helium in the room. The concentration of Helium in the room, 7,
is not known, but assumed to be constant. Below is a table of the patient’s first two breaths after
resuming normal breathing in the room.

Breath Number 0 1 2
Conc. of He (ppm) | 550 | 500 | 456

Assume a breathing model of the form:
enr1 = (1 —q)en + 7.

Use the data above to find the constants, ¢ and -, the ambient concentration of Helium. Then
determine the concentration of Helium in the next two breaths, c3 and cs. Assuming that this is the
better model, find the percent error between the model in Part a and this model for the estimate

of cy4. aa~(z»z)sse T ¥ ('«i:0‘2’3’ ia'd 560— 4,78 (Ss2) = )6
‘+§(, (l- ) s¢a +:.6 - 1%
44 ~(l~;)sa 2

toa (274.7 - 372.2)

cs= %17.28 and c= 383.2 % Brrorat cg = — 1« 97 J

c. Find the equilibrium concentration of Helium in the subject’s lungs based on the breathing model
in Part b. What is the stability of this equilibrium concentration?

Ce:‘(";)C§"’ia’ => Ce:K

Equilibrium ce = 33,3 or UNSTABLE (Circle one)
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o (21pt$) Many 'ééological studies réqliife that the subject studied is correlated with the temper-

ature of the environment (especially insects and plants). Over a 20 hour period, data are collected
on the temperature, T'(t)in degrees Celsius. The temperature data are found to best fit the cubic
polynomial

T(t) = 0.01(1600 — 135t + 27 1% — t°),

where t is in hours (valid for 0 < t < 20).

a. Find the rate of change in temperature per hour, %. What is the rate of change in the
temperature at 3 AM, ¢t = 3? Also, compute T"”(¢t). When is the rate of change in the temperature
increasing the most and what is that maximum rate of increase?

/() = 0.01 (=135 +54k -3 £7) ="0.03 (L~ 13% + +57) = -0.03( & -3 % -15)

T/(t)==1.35 4+ ¢.54% —0.03¢ " T'®)=_&

T"t)= ©.5%-0.06£

Rate of maximum increase at tip, = 7 T/ (tine) = [0 g °C /hr

b. Use the derivative to find when the minimum and maximum temperatures occur. Give the
temperatures at those times. L l !>

tmam = fAS— T(tmam) = r Z. ?.5’ °C

tmin = 3 T(tmin) = t‘f’, in °C

c. Sketch a graph of this polynomial fit to the temperature. Show clearly the maximum and
minimum temperatures on your graph and include the temperatures at the beginning of the study
(t = 0) and at the end (¢t = 20). ‘

TO)=_16 T(20)= 7

Graph of T(t):
23

1%
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8. (22pts) a. The von Bertalanffy equation for growth of fish can be used to approximate the weight -

of a person. Assume that the weight of a woman, W, in kg as a function of age, ¢, satisfies the
equation:
W (t) = 66 — 63e~0:075..

Find the age of a woman that the model predicts to weigh 50 kg. Sketch a graph of W showing
the W-intercept and the horizontal asymptote.

W(t) =50 when t = [& 27¢ Graph of W(t):
3 w'
wW(0) = ‘
O=_= Ge
Horizontal Asymptote at W= &6
¢. ¢ F5X 3
e = %

£ = }"L(é%(’) c.0Z8
b. Find the derivative W'(t). Determine the annual weight change for a 10 year old.

- $.8F7SH «
Wi(t)= . 725 e WH(10)= 2.23i9 g/r

c. Young children in some urban environments receive a high exposure of lead (Pb). Young children
through crawling and oral explorations have the highest lead concentrations. Suppose that that
the concentration of lead, ¢, in a child’s body (ug/dl of blood) satisfies

0.25%
Caes) t

c(t) = 3+ 25t e~0%%, c'd=25(ze
where t is the age of the child. Find the derivative ¢/(t). Find when lead achieves its maximum
concentration in the child and determine what its maximum concentration is. Sketch a graph of ¢
showing the c-intercept, the maximum, and any horizontal asymptotes.

—0.,284 .
ct)y= 25 e 62 (l - 6,25 76’) Graph of c(t):
C
tmaz = L'- c(tmaz) = 37.?4{ ws -
c(0) = 3

Horizontal Asymptote at ¢ =

W
]
{

R =0 = 1~ 06.25x=0

= » ot
7 % L~ 02504y
clyl=24 28 (He -2 +100¢ |

€

—-0,333r)
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8. (27pts) Hassell’s model has been used to study the population of insects. Let P, be the population
of an agricultural pest in a survey region of 1 m? with n in weeks. Suppose that the insect population

satisfies the model given by
15 B,

(1+0.01R,)*
a. Assume that the initial population is Py = 50, then determine the population of the pest for the
next two weeks (P and P). .

Pn+1=H(Pn)=

= 222.2/m? Py= 94, ({%/m?

b. Find H'(P), then determine the maximum of this function (both P and H(P) values). Sketch
a graph of H(P) with the identity function for P > 0, showing the intercepts and any horizontal
asymptotes.

2
(1+001P)° = p.3(itcotf) o0} o (1 ~o0.02F)

H'(P)= (lroeip)® - (lee.0lP)%

P-intercept O H-intercept 0 Horizontal Asymptote R=
Pmaav= ’S-O H(Pma,:zc)= 222'2'
GRAPH:

222 -+
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c. Find all equilibria for Hassell’s model and determine the stability of the equilibria. Justify your
stability argument by evaluating the derivative of the updating function. Q 2/()

f 1§ f’e feo
' - w N3 P
Pe=_O0  H'(Po)= 15 e (1+o.0if,) )

_ s

¢.¢ife =
Stable or Unstable ¢ Monoton@\or Osc111at0ry P+ d-elle

i,
= 100(18 1) =/¢¢ 62
P = 1%G,62  H'(Py)= —0.78% Fe

(Stablé)or Unstable Monotonic or(OsciIlatori;’! (‘ 6.02(1%¢, 42\)

(1 + 0.010%¢.62)) %



