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Abstra ct. Wecharacterize all simple unitarizable representations of the braid
group B3 on complex vector spacesof dimension d - 5. In particular, we
prove that if %3 and ¥» denote the two generating twists of B3, then a simple
representation ¥2: Bz ! GL(V) (for dim V - 5) is unitarizable if and only if the

eigenvalues | 1;, 2;:::;, g of 4% ) are distinct, satisfy j,jj= land? (1?) > O for
2. i- d, wherethe (1?) are functions of the eigenvalues, explicitly described
in this paper.

1. Intr oduction

Unitary braid represertations have been constructed in seeral ways using the
represeration theory of Kac-Moody algebrasand quantum groups, (seee.g. [1],
[2], and [4]), and specializations of the reducedBurau and Gassnerrepreserations
in [5]. Sud represernations easily lead to represenations of PSL(2;Z) = B3=Z,
where Z is the certer of B3, and PSL(2;Z) = SL(2;Z)=f§ 1g, where f§ 1g is the
certer of SL(2;Z). We give a complete classi cation of simple unitary represen-
tations of B3 of dimensiond - 5 in this paper. In particular, the unitarizabilit y

images of the two generating twists of B3. The condition for unitarizabilit y is a
set of linear inequalities in the logarithms of theseeigervalues. In other words, the

inside a polyhedronin (R=2%)9, wherewe give the equationsof the hyperplanesthat
bound this polyhedron. This classi cation shaws that the approades mertioned
previously do not produce all possible unitary braid represenations. We obtain
represenations that seemto be new for d , 3. As any unitary represenation of
Bn restricts to a unitary represenation of B3 in an obvious way, theseresults may
also be useful in classifying such represenation of B,.

I would like to thank my advisor, Hans Wenzl, for the ideas he cortributed to
this paper and Nolan Wallach for his suggestions.

Let B3 be generatedby % and % with the relation %%% = ¥%%%. It is
well-known that the certer of B3 is generatedby (%4%)3. Let K be any “eld. If
Yis a simple represetation of B3 on a K -vector spaceV, then %%, %)% must act
onV asascalar+2 K. Since% and ¥ are conjugatesvia ¥ %%, their images

A = %) and B = %%%) have the sameeigenvalues, 1;, 2;:::;, 4. We will need

the following two results from [3].

Theorem 1.1. (1) Let K be an algebaically closal "eld, V a d-dimensional
K -vector space, and | 1;,2;:::;,4 2 K j f0g, where d - 5. There exists
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a simple representation¥2: B3 ! GL(V) suchthat the eigenvaluesof A =
%%,) satisfy Qﬁg) 6 O for all r 6 s wher the polynomials Qﬁg) are as

follows:
QI(’ZS):i>r2+,r,Si,S;
Q¥ = ( 2+, 6,102+ .1 k)
with k 6 r;s.
QW = i T 2+ ) 2+ )+ okt )CF ¥ s k)

with °2 =, ¢¢¢, 4, and k;l 6 r;s.

Y
r°+,?)(°2+,so+>§ (°2+,r,k)(°2+,s,k)
k6r;s

QY =1 8(°2+

with °° = ,100¢ 5.
(2) A simple representation of B3 of dimensiond - 5 is uniquely determined

up to isomorphism by the eigenvaluesof A = £%,) (for d - 3) and +, where
%% %)% = £1dy (for d= 4;5).

Explicit matrices for A = %£%) and B = “£%) are alsolisted in [3].
The functions Qﬁ? are de ned in [3] by

PO (B)P{N APV (B) = QIIPIV(B);
where P{?(x) = Qig,(Xi .i). Note that substituting ,; = €*i and taking

s 1

logarithms reducesthe problem of 'nding the zercesof QE? to solving a system of
linear equationsin the t;. (SeeExample 4.2.)

Prop osition 1.2. Let %: B3 ! GL(V) be a simple representation of dimension
d - 5. Then the minimal polynomials of A = £%4) and B = 4%) are the sameas
their characteristic polynomials.

An immediate consequencef this is

Corollary 1.3. If A (or B) is a diagonalizablematrix, then it hasdistinct eigen-

Proof. SinceAds conjugate to some diagonal matrix D, its minimal polynomial
is just p(x) = " (x i dj) wherethe d; are the distinct diagonal ertries of D. By
the previous proposition, degp = d; henceD must have d distinct diagonal ertries.
Thus all of the diagonal entries of D are distinct. a

Since we are interested in unitarizable represenations, we will let K = C and
we will require that j,ijj = 1. Let ¥2: B3 ! V be a simple d-dimensional represen-
tation (d - 5), and A = %£%4), B = %£%). Any unitarizable complex matrix is
diagonalizable, so we can assumethat A and B are diagonalizable. So the eigen-

%%, %)% actson V, that is (AB )3 = #l . Denote the C-algebrageneratedby A and
B by B. In other words, B = ACB3), where CBg3 is the group algebra. Note that
B = End(V) by simplicity.

The proof proceedsby de ning a vector spaceantihomomorphism { : B! B
and proving that it is an algebraantihomorphism and an involution of B in section
2. In section 3, we de ne a sesquilinearform h;:i on the ideal | = Beg; that is
invariant under multiplication by A and B. We prove that h ;:i is positive de nite
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if 1 (1?) > 0for2- i- d. In this case,%is a unitary represeration of Bz on the
d-dimensional vector spacel . We also prove that Yzis a unitarizable represertation
1 (1‘,’) > 0for2- i- d. In section4, we give someexamplesof using the positivity
of 1 (9.

2. An involution of the image of Bjs

Let em i bethe eigenprgection of M to the eigenspacef , ;, whereM 2 fA; Bg.
That is,

. d
Y ML 4P

Em ;i

. - X ; .
j§i>i| s jéi(,il ,j)
Note that ex; and eg. always exist becausethe eigervalues are distinct. Also
ewiu; = 4 eu;i. Dene (¥ by eg;en es; = 1 (Vs ;. Note that
(d)
1= Q g ;
' keiGii k) kejGid LK)

Lemma 2.1. The? i(jd) are real numbers.

Proof. For i 6 j, the proof is by direct computation using , ; =
For example, for d = 5:

iland*=-il,

B

Q

L@ CPELT DR L L) ke 2L (P L 100)
i - ~ ~
I °8 kgi(,ii ,k) kéj(>j i ,k)

G ) (G e S DT L G GRSV N

(1 si,iil)(li ,i,-il) °6Yk§i;j(,ii LG LK)
The rst of the two quotients is easily seento be real. For the secondquotient,
A O |
AQ - - ! Q .. e o
keig C2+ .12+ k) ke {0 2H LI ADCT 2 D,

06 © = o1 6=

kei Gid LK) k) kgi;j(,iili,il)(,jili,il)

Multiply the numerator and the denominator by °*2, 3 3 =, ... { to seethat this
is still Q ) )
ke L)+ k)
6 e Gii LG LK)
For the casei = j, note that g:l enk = I, so
g = 6 | eg ‘i
xd
= €gi; €ak €B;i
k=1

xd
= €B:i €Ak €8
1

-}

d
= li(k)eB;i:
k=1

P P _
Hence g:l 1i(kd) =1,and li(id) =1i i 1i(kd) is real. a
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Prop osition 2.2. S=fepjeg.1€aj j1- i;j - d;i6jg[ fex j1- i- dgisa
basis for the C-vector space B.

Proof. Suppose
xd xd xd
®j €n; €165 + ®iea;i = O
i=1 j=l i=1
isi
Multiply by ea; both on the left and on the right. The only term of the sum that
survivesis

®ieni = O
Let v; bean eigervector of A correspndingto , ;. Thenea; Vv, = vi 6 0,s0ex; 6 0.

Hence®; = 0.
For i & j, multiplying by ea; on the left and by eaj on the right showvs

®j €ai €16 = 0:

But

€5:16a7 €8;1€a] €a;1 = (68161 €5:1)(5;16a7 €8:1) = 152V ep.1 6 O,
SO exjeg.1€r; 6 0. Hence® = 0. SoS is linearly independert. It has d?
elemerts, henceit is a basisof the d?-dimensional spaceB. o

Note: if we know 1! i(id) 6 0 for all i, we can usethe basisS°= feaies.1€a5 j1-
i;j - dginsteadof S. As exjeg1€ai =1 i(id)eA;i , SUis almost the sameas S. Since
S%is more symmetric than S, its usemakesthe following computations simpler and
the argumerts more transparent. In the most general casehowever, 1 i(id) could be
0.

Dene { : C! C asthe usual complex conjugation. Extend {to B! B
by requiring { to be an antilinear map with {(eai) = ea; and {(ea; €s;1€a; ) =
€aj €3;16a; fori 6 j. Note that {(* i(jd)) =1 i(jd).

Lemma 2.3. { as de ned alove is an antihomomorphism on the algeba B and
{2 = IdB-

Proof. It is suzcient to prove that { acts asan antihomomorphism on the elemens
of the basis S. S hastwo di®erer types of elemers, therefore we will have four
di®eren cases.Sinceead canbe veri ed directly by a simple computation, we will
show the details for only one:

1)
{(ea;i eaj ) = {(eaj M(eni ):
2)
{(en;i (ea;j €s;18ak)) = {(ea;j €s;1€ak M(€a;);
{((eni es;16a5 )€a) = {(eax ){(eaj 8;1€aK ):
(3) Fori 6 Kk,

{((eaii €8;1€a; )(€ak €8:1€6a1)) = (€ €8:1€AK )(€A;j €B;16; ):



LO W-DIMENSIONAL UNIT ARY REPRESENT ATIONS OF B3 5

(4)
{((ea; es;1€n; )(€n; €B:1€ak)) = {(€n;i (€B;1€A;j €B:1)€AK)
= {(eA;i (1 (1?)eB ;l)eA;k )
= 1 (1?){(6/.\3 €s:16ak )

— d .
1 (1j)eA;k €B;1€a;i -

Also
{(enj es;1€ak ){(eni €3:1€a5 ) = (€ak €8:1€a;j )(€a;j €8;16n: )
eak (es;1€a;j €B;1)€n;

d .
! (1]')eA;k €8;1€a; -

That {2 = Idg follows immediately from the de nition. o

Lemma 2.4. {(eg.1) = e .1.
Proof. First note It_.hat {(eai es:.1€a: ) = {(* i(id)
tiply eg.; by 1= id:l eai on both sides:

d
eni) = 1 Yeni = enj es.1€ai . Mul-

A ! 0 1
xd xd X
€g;1 = €ai €1 @ €A A = €a;i €B:1€A;
i=1 j=1 i
into 0
xd
{een) = {@ eni €8;16a7 A = {(eni es18n; )
i=1 j=1 i=1 j=1
xd
= (eA;j €8:16a;i ) = €8.1:
i=1 j=1
ol
Corollary 2.5. {(A)=Aitand{(l)=1.
Proof.
xd xa x L o
{(A)={C .ieni)= cilleai) = .lTea = Al
i=1 i=1 i=1
Similarly,
xd xd xd
{m)={ eni) = {(ea;i) = eai = I:
i=1 i=1 i=1
ol

Lemma 2.6. {(B)=Bi1.
Proof. Note that
AT H(B)AT = {(A}(B){(A) = {(ABA) = {(BAB) = {(B)A {(B):

That is, Ai 1 and {(B) satisfy the braid relation. Sothe group homomorphism2:
Bz ! GL(V) de'ned by “A%4) = Ai 1 and Y4%) = {(B) is another represeration
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of Bz onV. Onceagain, the braid relation impliesthat Ai * and {(B) are conjugates.
Hencethey have the sameeigervalues,namely | i *; 5%,

But { : I B only permutes the basis S of B = End(V). Hence {(B) =
{(End(V)) = End(V) and Ai 1 and {(B) generatethe algebra End(V). That is, ¥#
is also a simple represenation of Bs.

Now, (Ai Y{(B))® = {(BA)® = {(AB)3 = {(+|) = =+ 1 (recall j§ = 1).
By Corollary 1.1, the eigervalues, | *;, 5 *;:::;, L1 (if d= 2;3) or the eigernvalues
together with + (if d = 4;5) uniquely determine a simple represenation of B3 on
V up to isomorphism.

But we already know sudh a represemation, namely ¥, 7! Ail and ¥% 7!
Bi 1. Hencethere exists M 2 GL(V) suc that Ail = MAiIMil and {(B) =
MBiIMil Then M isin the certralizer of A.

A ]
i1 Y B L i1
Meg.1M! M M i
|=2’1i s |
_ Y MBMIT
i=2 N
izp s 10 i
R TR
| S B
|=£\ > > |
\d Bil. |1
= { - =1 I’.'
i=2 s!l.li ,ill

Call the quartity in parenthesesA. Note that A is the eigenprgection to the
subspacespanned by the eigervector w; of Bi 1 with eigervalue ,i*. But the

eigervectors wy;wy;:::;wy of Bi ! are also eigervectors of B and span V (the
eigervaluesare dlst|nct) HenceA(w;) = wy = eg-1wW; and Aw)) = 0= eg-1w; for
i, 2. That is, A= eg.1 astheir action on the basisfwy;wy;:::; wqg is identical.

Then Lemma 2.4 shows {(M ez Mi 1) ={(A) = {(es1) = es:1.

Henceconjugation by M is a B-algebraisomorphismthat "xes A and eg.;. But
A and eg.; generatethe basis S of B, hencethey generate the algebra B. So
conjugation by M must x every elemert of B. In particular, {(B) = MBI Mi 1=
Bil. a

3. An invariant inner-pr oduct

Let B act on the left algebraideal Beg.;. Note that Beg.; is a d-dimensional
C-vector space,as eg -1 is an idempotent of rank 1.

De nition 3.1. De ne the form h;:i on Beg.; by
hees.1;bes 1i es;1 = {(be&s:1)aes;1 = eg 1{(b)aes 1
for aeg.1;be&s 1 2 Beg ..
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It is easyto verify that h;:i is a sesquilinearform on the C-vector spaceBeg ;.
Since{(A) = Ai ! and {(B) = Bi 1, this form is clearly invariant under the action
by A and B; hence4B3).

Lemma 3.2. T =fenxjeg.1j2- i - dg[ fABAeg 10 is a hasis for left algeba
ideal Beg.; considered as a C-vector space.

Proof. Suppose

xd
® AB Aeg ;1 + ®enieg1 =0
i=2
Note that (eaj ABAeg.1)(ABA)i 1 = enjea1 = #. Since(ABA)i 1 is invert-
ible ea; ABAeg.1 = Oif andonly if i ;| 2.
Multiply by ea.1 onthe left. Then ®ea.1AB Aeg.; = 0. But ea.1AB Aeg .1 6 O,
so®, = 0.
Now, multiply by ea; (i , 2) on the left. Then ®&ea;ez.1 = 0. We know
eg.1€aieg1 =1 (1?>e3;1 6 0 by simplicity, soeaieg.1 6 Oand ® = 0.
HenceT is a linearly independent set, and we can concludethat it is a basis of
the d-dimensional vector spaceBeg .. a

Note: if we know ex.1€5.1 6 0, we can use the more symmetric basis TO =
feaieg.1 j 1- i - dgto simplify this and someof the following computations.
Unfortunately, ea.1eg.1 could in general be 0. In particular, if l(ﬁ) = 0, then
ea 16g:1 = O too.

Theorem 3.3. The braid representation B is unitarizable if and only if * (1?) >0
forall 2. i- d

Proof. Supposel(lf) > Oforall 2 - i- d Considerthe action of B on Beg ;.
The sesquilinearform de ned above is invariant under the action of 4B3). Soit is
suzcient to show that it is an inner product. That is, we needto prove that it is
positive de nite. On the basisT:

eB;l{(eA;i )eA;i €g:1 = €3:1€a:i €a;i €B:1
d
€g:1€a;i €31 = 1(1i)eB;1;

PAB Aeg.1;ABAeg.jieg;1 = hes:i;eg.ii€g;1 = €161 = €g;1!

heai €s:1;€n; €11 €81

Hencehes eg.1;€ai €511 = 1 (1?) > 0 fori, 2 by assumption,and
MBAGB;]_; ABAeB;li =1
We claim that T is orthogonal with respectto h; ;i. Leti;j 6 1andi 6 j:

heai€s;1,€aj €810 €8;1 =  €;1{(€a; )€aj €B;1 = €B;1€4i €aj €8;1 = O;
PAB Aeg.1;€ni€s:1i€;1 = es.i{(€ai )ABAeg.1 = eg;16n ABAeg;1 = O

We usedeni AB Aeg.1 = 0 in the last computation as beforein Lemma 3.2.
Henceh; :i is a positive de nite form. Then Beg.; is a C-vector spacewith inner
product h;:i and the action of 4B3) on this spaceis unitary.
Conversely supposeB is unitarizable. So there exists V a C-vector spacewith
inner product h;:i and ¥2: B3 ! GL(V) sud that A = £%,) and B = £%) act
asunitary operatorson V. Let ® be the transposeinduced by h; :i. We know that
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A” = Ailand B® = Bil. Let v2 V be an eigervector of B with eigervalue | ;.
Then ez ;v = v and

- ®
Vi€ €% eai GniaV

0- henjes;1V;en; €g;1Vi

hv;es.1€ai eg-1Vi = v;1(1?)e3;1v = 1(1?) hv;vi :

) 2 by simplicity, so*{" > 0in this
case. Q

Hence* (1?) 0. We know ? (1‘,’) 6 Ofori

B

4. Examples

Example 4.1. d= 2:

i 3+ .1.20 .5
GaiL2)(G2i ,1)
o LEi 1,2t 5
G1i,2)?

51,2

(1i .2)?2

1j !
Ga1=20 D(2=010 1)
—_ d2

= 1] =t 1= >0

5

1
12

= 1+

N

That is,

i 1—> 1;

LI

1
2

v

or,1=,,= €' for ¥YF3< t < 5%&3.

Example 4.2. d= 3:

1) _ (5+.2.3(5+,1.3)
1 GaiL2)Gai La)gi L1)(2i .3)

1+ 8.2 22 4 .38

_ 3 (3 ity .1 ng

51 .2 s 1 21 .1

13 _ (3+.2,390 5+ .1,2)
' GaiL2)Gai La)gi L1)(ai L 2)

1+ 2.3 23 4 22
_ 3 73 51,4 3 L1 K]
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Let!, = ,2=,1 and ! 3= ,3",1- Then

L+ 14g1) 1415000
i1i !212(1i_ 3) (M2
@+ 1a0g) tg+ 104t
i 1a® (@i 1) (e ta)

Let e?#2 = | , and €2 = 1 3. Sowe are looking for (t;t3) 2 [0;1)? such that
both 1(132) > 0 and 1(1? > 0. 1(132) and 1(12 can changesignsat

10
12

a);

|
1

1)
13

ol = 4

Lalit = iy

Llit = iy
w, = 1,
ws = 1,
Wy = W3!

These equations can be transformed into linear equationsin t, and t3 by taking
logs:

btts = o
2 3 - 21
1
tg = 2+ E;
1
tz = 23+ o
to = 0
tz = O
t, = ts:

Of course,the above equations are all understood mod 1.

Computation by Maple shows that * (fg > 0and? (1?’3) > 0in the open set colored
black on the plot below. The grey regions are those where one of 1 (132) and ! (132 is
positive and the other is negative. The line t, = t3 correspndsto ,, = | 3, in

which casethe represenation cannot be unitarizable.
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