REPRESENTATIONS OF THE BRAID GROUP B3 AND OF SL(2,Z)

Imre Tuba and Hans Wenzl 1

We give a completeclassi cation of all simplerepresenations of B 3 for dimensiond - 5
over an algebraically closed eld K of any characteristic. To describe our result in detall,
recall that B3 is given by generators%; and % which satisfy the relation %3 %% = %% %.
Moreover, it is well-known that the certer of B is generatedby 3 = (34%)3. It is easy
to seethat 3 acts on a simple d-dimensional B3- module via the scalar + which satis es
the equation ¢ = det(A)®, where A is the linear endomorphismvia which % actson V.
Our main result states that the eigervaluesof A and the scalar + completely determine a
simple represenation of B3 for dimension- 5, up to equivalence;for d - 3it is uniquely
determined by the eigervaluesof A. Moreover, such simple represertations exist if and only
if the eigervaluesdo not belong to the zero set of certain polynomials in the eigervalues
and £ which we list explicitly (seeProposition 2.8, Section2.10and 2.11, Remark 4).

One of the motivations for this paper was studying braided tensor categories by
analysing braid represenations. The categoriesunder consideration have a Grothendiedck
semiring isomorphic to the one of a semisimpleLie group. It turns out that in this context
it suzxces to classify represenations of B3 up to dimension 5. Indeed, as an application,
we obtain uniform formulas for the categorical dimensionsof objects in the secondten-
sor power of the adjoint represertation in braided tensor categoriesclosely related to the
conjectured seriesof exceptional Lie algebras,as proposedby Deligne and Vogel.

Our approac in this paper is quite elemenary: we rst show that assuminga certain
triangular form of the matrices A and B of the generatorsof B 3, the braid relation reduces
to chedking the values of certain coexcients of the matrix BA. We then show that for
dimensiond - 5 one can always assumesud a triangular form, and that the matrix
coexcients are determined by the eigervaluesand +, up to certain renormalizations. These
explicit represenations are then usedto compute polynomials which determine whether
the represenation is simple or not. Moreover, we show in the last section how these
polynomials canbe usedto compute categoricaldimensionsof objects in braided categories,
and we give explicit formulas for them.

After having completed this researt we learned of other approadestowards classi-
fying braid represenations, notably via local systemsby N. Katz, and via quivers. These
approacdhesas well asthe casewith d, 6 are discussedin the end of chapter 2.

We would like to thank M. Hunziker, N. Wallach, A. Wassermann,B. Westbury and,
in particular, P. Deligne for useful discussions.

1.1. Let B3 be Artin's braid group, given by generators % and % and the relation
YaYeYa = Yo% ¥s. It is well-known that B3 maps surjectively onto SL(2;Z), e.g. via the
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It is easyto ched that this homomorphism maps

H 0 1ﬂ M L 1ﬂ
Y%YoYs = %Y 7! S = 10 and 343% 7! U = :

Moreover, the certer of SL(2;Z) is equalto § 1, and the corresponding elemens $ and U
in the quotient PSL(2;Z) have orders 2 and 3 respectively. It is known that PSL(2;Z2)
is isomorphic to the free product Z, ©Z3 of a cyclic group of order 2 with a cyclic group
of order 3, and that the isomorphism can be chosensuch that $ and U are the generating
elemerns of these cyclic groups. Finally, the certer Z of B is generatedby (34%)3, and
Bs=Z 2 PSL(2;2).

1.2. In the following we assumeA and B to be invertible d £ d matrices over the al-

gebraically closed eld K satisfying ABA = BAB. Hence% 7! A, ¥% 7! B de nes

a represertation of B3. Let ,1; 1, 4 be the eigervalbes of A (with ,; not necessarily
d

distinct from ,; for i 6 j) and de'ne += det(A)%¢ = (~ i, , ).

Lemma (a) Conjugation via AB A mapsA to B and B to A.

(b) ABA(AB)i 1= B and BAB (BA)i 1+ A

(c) (ABA)2 = #1,and (ABA)i 1 = + LAB A if A and B generatethe full d£ d matrix
ring.

(d) For any choice +'=° of a sixth root of + the map ¥ 7! + 1%6A, 3, 7! + 176
de nes a represenation of Bz and of PSL(2;Z) 2 B3;=Z.

(e) If fer;ep; - eqgis abasisof eigervectorsof A, and b = AB Aegj, then fby;by; i byg
is a basisof eigervectors of B.

Proof It follows from the braid relation that BABi !t = Ai IBA, from which one
easily deducesclaims (a) and (b). For (c), obsene that (%4%%)? = (3%4%)3 is in the
certer of B3. As we assumean irreducible represenation of Bs, the certer has to act
via a scalar matrix, say ,1. Comparing determinants (using det(A) = det(B), we get
.9 = det(A)®. Statemert (e) follows from (a); (d) is clear.

1.3. Wesay that the d£ d matrices A and B are in ordered triangular form if A is an upper
triangular matrix with eigervalue ,; asi-th diagonal entry, and B is a lower triangular
matrix with eigervalue | 4+1, ; asi-th diagonal ertry.

Lemma AssumeA and B arein orderedtriangular form, satisfying ABA = BAB. Then
(@) Any d£ d matrix F = (fj) such that FBFi ! = A hasmatrix ertries fij = 0 for
i+ ) > d+ 1. This holds, in particular, for F = BA.
(b) Any matrix d£ d E = (e ) such that EAE ! = B hasmatrix ertries ; = 0 for
i+ ) < d+ 1. This holds, in particular, for E = AB.

Proof: Let fwi;wy; 1 wgg be the standard basis for K9, By assumption, the
eigenspaceof A corresponding to eigervalues, 1; @,  is equalto sparfwy; wo; @ w; g, for
r = 1;2; ::: d, while the corresponding eigenspacdor B is equal to spanfwsy;ws; I Wi g,
wheret = d+ 1 i. HenceF mapssparfwi;W,; ::: w;g onto sparf wy;Ws :: Wig, from

2



which we deducethe triangular shape of F. The secondstatement in (a) follows from
Lemma 1.2(b). Statemert (b) is proved similarly.

Prop osition AssumeA and B are in ordered triangular form, satisfying ABA = BAB.
Lett=d+ 1 i. After rescalingour basisvectors, if necessarywe can assume

(@) ABA is a skew diagonal matrix, with (ABA);; = (i 1)'*1 172,
(b) b =G 1) ay,

Pi k+i i+1 41=2
© = G D ket = (BA)y = (1 1) £7°=,4,

d) Ifi+j>d+1, i DG )k e par = (BA); = 0

(e) Statemerts (a)-(d) also hold for the coe+cients of the matrices A°= DAD !
andB%= DBD' ! if D is a diagonal matrix with d; = diy 6 0. In particular, if the entries
ajg for 1< i - [(d+ 1)=2] are nonzero,we can choosearbitrary nonzeronumbersfor them.

Proof: Statemerts (a) and (b) follow from the previous Lemma and Lemma 1.2(a)
and (c). Statemerts (c) and (d) follow from explicit matrix computations, exploiting
the triangular shapesof A, B and BA, and using statemernt (a). For (e), obsene that
conjugation by D doesnot change AB A, and also leaves A° and B?in ordered triangular
form. One can now prove statemerts (a)-(d) for A°and B? aswe did beforefor A and B.

Corollary (@) aig = +'%2=, 1, g,,
(b) @zai 1= (. 280; 10810 11 2=, 2, 4; 1,

Proof: By Proposition, (c), we have +1=2=_; = (BA)1q, With the latter being equal
to aiq, 4. Statemert (b) follows similarly, using Proposition (c).

1.4. Prop osition Let A be an upper triangular matrix with eigervalues, 1;,2; i, 4
down the diagonal, and let S be a skew-diagonalmatrix with S2 = c1 for someconstart ¢
such that B = SASi . Moreover, assume

(@) (BA)j =0fori+j>d+ 1,

(b) ,i(BA)it = cs;i
Then A and B satisfy the braid relations.

Proof: Obsene that Si ! is a scalarmultiple of S. HenceB = Si 1AS = SASi 1. We
getfrom this AB = S(BA)Si %, hence(AB); = Ofori+j < d+ 1. Exploiting the triangular
shapes of the matrices, we get that A(BA) is upper skew-triangular and (AB )A is lower
skew-triangular. HenceAB A is of skew-diagonalshape, with (AB A);.1 = | i(BA);1 = csq,
and AB A commutes with S. Hence

BAB = S(ABA)Si 1 = ABA:

1.5. An example Let V bea (d+ 1)-dimensional vector space,with a basislabeled by

0;1; ::: d, and let | o;,1; i1, 4 be parameterssatisfying , i, q; i = ¢ for a xed constart

c. Only for this subsectionwedenet = dj i. Then we get a [dzl] parameter family of
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represenations of B3 via the matrices

uu}‘ﬂ 1 H T
A= oo B= oGOt oy

To prove this, it satis esto che the conditions of Proposition 5, with S being the skew-
diagonal matrix de ned by s; = (%:;(i 1)',1). This canbe fairly easily cheded, using the
identit y

X TR T T Ho T

c 1 i+k - (: 1i | . - (: 1i

k:O(I ) kK } (i 1) di | (i 1) ;
This identit y is well-known, and can be easily proved by induction oni.
2. Represemations of B3 of dimensiond - 5.

2.1 In the following let V be a B3-module overthe eld K. Let fe;;ey; ::: eyg be a basisof
generalizedeigervectors of A, and let fby;by; ::: byg be a basisof generalizedeigervectors
of B with b = ABAe; fori = 1;2; ::: d. We shall always assumethat if A and B have
Jordan blocks, the labeling is chosensud that they are upper triangular. As a consequence
of our assumptionsand Lemma 1.2, there exist scalarscj , 1+ i;j - d sud that

X o
h= ¢ig and e=+"' gib:
j=1 j=1

As (AB A)? = +1, the matrix AB A is diagonalizable. We will usually refer to an eigervalue
of AB A just as +'=2, not specifying which root we choose. We shall also consider the
subspaces
W = sparfe;;ey; ey 19 \ sparfby;by; it by 10
\ .
W%=  (AB)'(spanfe;;ey; :: €q; 10):
i2N

Obserwe that W2 W, asABe = ABAAi lg = ; . Moreover, W is invariant under
AB A and WP0is invariant under AB. Also obsene that W has codimension - 2 and W°
has codimension - 3, being the intersection of 2 resp. 3 subspaceof V with codimension
1. We shall needthe following simple obsenations:

(i) Each of the setsf3; %0, f%;%%Qq or f3%%% ;% ¥Qg generatesB 3.

(i) Let | beasubsetof f1;2; :::; dg. If V9= sparfe; i 2 1g= sparfh; i 2 |1g, then
V0is a Bs-submodule.

(i) If W has codimension 1, it would coincide with sparfes;ey; ::: eg; 19 and with
sparf by ; bp; i by; 10, and therefore would be a B 3-submodule, by (ii).

(iv) If both W and W° have codimension 2, they would coincide; this spacewould
be invariant under both AB A and AB, from which one easily deducesthat it is a B3-
submaodule, by (i).



2.2. Prop osition Let V bea simple Bz-module of dimensiond - 5. Then an eigervector
of A, say e can not be contained in a proper subspaceof V which is invariant under B
and contains b = AB Ag;.

Proof: We choosethe labeling of (generalized)eigervectors sothat e; is contained in
a B-invariant subspacespannedby generalizedeigervectors by, ..., by; 1. Let W and W°
beasin 2.1. By 2.1(iii) and (iv), the claim follows immediately unlessW has codimension
2 and W? has codimension 3. As W has at least dimension 1, cortaining e;, we get the
claim for d = 2 immediately.

d = 3: Here W has to be 1-dimensional, containing both e; and by, i.e. it is an
eigenspaceof both A and B.

d = 4: By assumption, W contains both e; and b, and has dimension 2. If e; and by
are linearly dependen, the claim follows from (2.1)(ii). Hencewe can assumethem to be
a basisfor W. As dim W°= 1, there exists an eigervector v = ®e; + ~b; of AB in WC
We can assume 6 0, as otherwise v would be an eigervector of both A and AB, from
which the claim would follow by 2.1(i). But then

L(®er+ b)) = AB(®er+ by) =, itk + T, 1Aby;

where! isthe eigervalue of v. We deducefrom this Ab; 2 W, and alsotBe; = BAB Ab; 2
BAB (W) = W. HenceW is invariant under both A and B.

d = 5:WecanassumeéW to haveabasisf e;; b ; xg, with x an eigervector of AB A with
eigervalue 172 (see2.1). As AB is diagonalizable, we can choosea basis of eigervectors
vi = ®&e + “Wp + °Wx i = 1,2 for WO We have ABv; = w; + &V i b, with
wi = .1 DAby+ °DABX, fori = 1;2. AsABv; and by arein W, soisw;, fori = 1;2.

Casel: If wy and wy are linearly dependert, then there exist scalars®; and °, suc
that °1v; + %,v, 8 0 and °1wy + °,w, = 0. But then AB (°1vy + °5v5) 2 WP is a nonzero
multiple of by; in particular, b, 2 W2 But then also

+ 1€, = Ae; = A(BAB)b, = (AB)?%b, 2 W*

HenceW?is spannedby e; and by, and therefore is also invariant under AB A.

Case?2: If w; and w;y are linearly independen, then also AB x and Ab; arein W. We
concludeBe; 2 W asin the cased = 4. Moreover, also+'?Bi 1x = Bi IBABx = ABx 2
W, i.e. Bi 1x is a linear combination of e;; b, and x. If the coexcient of x is not equal
to 0 in this linear combination, we can multiply it by B and solve for Bx, which shows
that it isin W. In this case,W is invariant under both B and BAB. If Bi 1x is a linear
combination of only e; and by, we can multiply this linear combination by AB to obtain
for Ax a linear combination in b; and Ab; 2 W. HenceW is invariant under A and AB A.
The claim follows, using 2.1(i).

Corollary Let V be a simple B3z-module with dimensiond - 5. Then the minimal
polynomial of A coincideswith its characteristic polynomial.

Proof: Let b2 V, let S= sparfA'b; i = 0;1; ::: g, and let , be an eigervalue of A.
Then it is well-known that the intersection of the eigenspaceof the eigervalue , (for A)
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with S has at most dimension 1. To seethis directly, let p be the projection onto the
generalizedeigenspaceof A for the eigervalue , , with the kernel being the direct sum of
the generalizedeigenspacedor the other eigernvalues. Then we get

pS= sparfAip, b;i = 0;1; ::: g= sparf (A j ,)‘p, b;i=01 1 g

The claim now follows from the fact that the nonzeroelemertsin f(Aj ,)'p b;i = 0;1; ::: g
are linearly independert, and A acts as a full Jordan block on their span.

If the minimal polynomial of A doesnot coincide with the characteristic polynomial,
there exists an eigervalue, say , 1, whose eigervectors span a subspaceE of dimension
at least 2. If there is an eigervalue distinct from | 1, say ,;, pick an eigervector b of B
belongingto , j. Then sparf ASh ;s = 0;1; ::: dj 2gformsan A-invariant subspaceS°®suc
that dimS°\ E - 1, as proved in the last paragraph. Let S be the subspacegenerated
by S°and the eigervectors of A with eigervalue , j. Then alsodimS\ E - 1,i.e. Sisa
proper A-invariant subspaceof V which cortains both by and BAb;. HenceV could not
be a simple Bz-module.

If A only has one eigervalue, dmE , 2 implies that we have at least 2 di®eren
Jordan blocks. Let j be an eigervector of B belonging to a block of maximum length.
Let SO= sparf A ;s= 0;1; ::dj 29, which is a proper subspaceof V by assumption.
If S°did not contain g = BAD;, it would not contain the whole Jordan block of g either.
Hencethe spaceS spannedby S° and fe g is a proper A-invariant subspacecontaining
both ¢ and by, and henceis a B3-submodule. If S° doescontain g, it would be a proper
Bs-submodule by the sameargumert.

2.3 Lemma Let e; and e; be either 2 eigervectors of A with eigervalues, ; and , ,, or let
them be generalizedeigervectorswith Ae; = ,e; and Ae; = e, + €.

(@) Let VO = sparfe;;e;b;lpg. If dimVO - 3, then there exists a nonzero B3-
invariant subspaceof V of dimension- 3.

(b) Let d = 5 and let V%= sparfe;; er;es;by;lpg, with e; a generalizedeigervector
belongingto e; or ey, or an eigervector. If dimV . 4, it contains a nonzeroB z-invariant
subspace.

Proof: The claim in (a) follows from 2.1(ii) if dim V%= 2. Hencewe can assume
dim V0= 3. Let W = sparfe;;eg\ sparfb;;b,g. Then dim W = 1, as otherwise
fer; e; bi; bpgwould belinearly independert. In particular, W is spannedby an eigervector
w = ®e; + ®e, of ABA. Let us assume rst that both e; and e, are eigervectors. If
.1 = ,2, W would be a common eigervector of both A and AB A, and we are done.
Hence we can assume, ; 6 ,,. We can also assume®, 6 0 in the expressionfor w,
as otherwise w would be an eigervector of both A and AB A. Moreover, we also have
+72w = AB Aw = ®,b; + ®ly,. We now compute

ABw = Bi 'BAB (®1e; + @) = ® 2w+ & (L1 || by

(AB)?w = 1 2A(®rer + ®yep) = 72( W+ ®(, 20 , 1)€2):

The coezcients of e, and b, in the expressionsabove are nonzero. Hence the vectors
fey;p;wg and fw; ABw; (AB)?wg are basesfor the same subspace. This proves that
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it is both invariant under AB (second basis, as (AB)3w = #w) and under AB A (rst
basis). This provesstatemert (a) if both e; and e, are eigervectors. If e, is a generalized
eigervector, we compute

ABw = 172 ity #1%2@, i2p;; (AB)?w= £72 w + +'2@e;:

One shaws as before that spanfw; ABw; (AB)?wg = sparfe;; b;wg, from which one
deducesthe claim.

Obsene that V0% V9 Statemert (b) follows immediately from (a) if dimV°< 4.
Hencewe can assumedim V%= 4 and V°= V% which therefore is invariant under AB A.
Moreover, the spaceU = sparfe;; ey; e3g\ sparfby; bp; g hasat least dimension 2, being
the intersection of 2 subspacesof V° with codimension 1; we can assumedimU = 2 as
otherwise U would be an invariant subspace. Hence itpcortains 2 linearly independert
eigervectors w; and w, of ABA. Moreover, if w; = ® g, we can assume®; 6 O;
otherwise w; 2 sparfe;;e,g\ sparfb;; b,g which is O (the vectorse;; e;; by ; b, are a basis
for V9. Now the equality AB Aw; = +=2w; implies

x3 x _ o
BAW=B( @®,jg)= 7§, 'g=+Altw (a)
j=1 j=1

We want to show that we can assumee; 62U. If ez is a generalizedeigervector belonging
to e; with e3 2 U, we can replaceit by e; + ¢e; for any scalar¢ 2 K. This new vector
would only be in U for any choice of ¢ if e; 2 U. But then U would be spannedby e;
and ez, and would be a B3-submadule, being invariant under A and ABA. If e3 is an
eigervector in U %2 sparf by ; b; g, the claim follows from Prop. 2.2.

So we can assumethat X = sparfesz;wy; w,g coincideswith sparfe;;e;e3g. If e,
and es were eigervectors with sameeigervalue , , then either AB Aesz 2 X (which would
make X invariant under both A and AB A), or span(f AB Aesg[ X) would be equal to
span(fe;g[ X), where ey is a linear combination of e; and es, and, in particular, it is an
eigervector of A. Using these 2 di®erent spanning sets, we seethat we would obtain a
4-dimensional subspaceinvariant under both A and AB A.

Hencewe can assumethat V=X has at most 2 A-invariant 1-dimensional subspaces,
and, similarly V=sparfby;y;bzg has at most 2 B -invariant 1-dimensional subspaces.Ex-
panding the vectors in the equation (=) as a linear combination of fes;wi;w,g, and ob-
serving that wj;w, 2 sparfb;;by;bsg, we obtain that Bes is congruert to a multiple of
e3 modulo sparfby; p;bzg. But this would imply that ez together with by; by; b; spansa
B -invariant subspaceof dimension- 4. Statemert (b) now follows from Proposition 2.2, if
€3 is an eigervector. If e3 is a generalizedeigervector belongingto, say e;, we could show
as before that also €3 = e; + ¢e; is in a 4-dimensional B -invariant subspacecontaining
b ;b and bs. As this is true for any ¢ 2 K, and there are only at most 2 such subspaces,
we obtain that alsoe; itself is in a B-invariant subspacecontaining b;. The claim follows
from Proposition 2.2.

2.4. Prop osition Let V be a simple B3-module with dimension- 5. Then there exists
a basis of V with respect to which A and B act in ordered triangular form (see 1.3).
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Moreover, this is possible for any labeling of the generalizedeigervectors as long as A
appearsin upper triangular Jordan form.

Proof: To construct sudh a basis, we can always assumeat least one eigervector e;
for A and b, for B, and at least one more (generalized) eigervector e, asin Lemma 2.3.
Wede new; = e andwy = by. For d, 3, obsene that cq; 6 0 by Proposition 2.2, with
cj asin 1.3,for 1- i;j - d. Hencewe cande ne wy = € i (C42=G1)er, Which is both
in sparfe;;e,g andin sparfby; :::; by, 19. Ford, 4, de ne wy; 1 = AB Aw,, which is in
sparf b;; g and in sparfe;; :::; ey 10. Finally, if d = 5, we can expressh; as a linear
combination of fey; ey; e3;by; bg, by Lemma 2.3. Hencethere exist scalars®; and ®, suc
that w3 = bz i ®b i ®by isin sparfer;ey;esg\ sparfby;by;bzg. By construction, it
follows that

w; 2 sparfep; ey; i eg\ sparfb;by; @ibyyr;ig forl- i- 3 (@)

It follows from (=) that sparfwsi;wsy; 2 wjg Y2 sparfer; e; i eg and that

spanf Wg+1; i;Wa+2; i; -0 Wgg Y2 sparfb;bp; :: bg. Let us chek equality for d = 5.
This follows by construction for i - 3. But then sparfwi;w,;wsg = sparfe;; e; esg and
spanf wys; wsg = sparfby; b,g. The linear independenceof the w;'s now follows from Lemma
2.3(b). Hencethe inclusions below (=) actually are equalities, from which easily deduces
the triangular forms of A and B by induction oni. The casesd < 5 are similar and easier
to chedk.

2.5. Prop osition Let V bea simple B3-module of dimensiond with d = 2; 3. Then there
exists a basisfor V for which A and B acts via the matrices

H 1 H oﬂ
A= 1 b - B= =2 ford= 2
0 .2 i.2 .1
0 - 1 0 1
L1 .1,3,5 t,2 L2 .3 0 0
A=@0 .2 L2 A B= @, .2 0A ford= 3:
0 0 .3 P TN S AR

Proof: For d = 2: By Proposition 2.4, we can assumeA and B in ordered triangular
form, with only the nonzero o®-diagonalentries to be computed. Rescaling one of the
basis vectors, we can assumea;, = , ;. We obtain by; = j , > from the braid relation
ABA = BAB.

For d = 3: Again, by Proposition 2.4, we only needto compute the nonzero o®-
diagonal entries of A and B, which are in ordered triangular form. By Corollary 1.3, we
can assumeais = , 2 = bs;. If apz = 0, then also by, by Proposition 1.3(b). But then
sparf wy; wzg would be a subspaceinvariant under both A and B, cortradicting V being
simple. Hencewe canassumeays = , » = j bp3, by Prop. 1.3(e). Finally, we compute from

(BA)szg=Othat byp = j , 1,3, 0% .2



2.6. Prop osition Let V bea4-dimensionalB3-module, andlet D = P .2,3=,1, 4. Then
we can nd a basisfor V with respect to which we get the matrices

O L @+Di'+Di?),, L+DI1+Di2 5 47
_ 0 .2 (1+DiY) ;5 . 4
A= B, 0 , ,42
0 0 0 L
o 0 0 ol
_ i .3 .3 0 0C .
B_%’)D,z i (D+1), 02'

.2
i D31 (D®*+D?+D),; j(D?2+D+1); .1

Proof: For the proof, we rst assumeA and B in the form of Proposition 1.3. Then
we get from its corollary

a4 = £7°=1,4= (,1,2,3,4)"7D; ap3 = (agadus, 21 * )=, 2,3
g = > Dag = (13,4 o a3_(,1,2,3,4)3:4a2.
4= A= —4 924 13 = !

aiy (L1,2.3,4)%% 7 1.2, 4 ’

where the last 2 equalities follow from (BA),4 = 0 and (BA)42 = 0. It follows from the
equationsabove that az4 = 0if and only if ay4 = 0, and in this case,alsob,; = 0= bz, by
Prop. 1.3(b). But then spanfw,;wsg would be a Bz-submodule, cortradicting simplicity
of V. By Proposition 1.3,(e) we can chooseazs = , 4, from which one deduces

2
5 1> 3> 4
(,1.2,3,4)%

dzq =

We get from (BA)34 = 0, using the substitution in Prop. 1.3(b) that

a3 = (,1,2 3 4) 7D+ 1):

Similarly, we obtain from (BA)44 = 0, using Prop. 1.3(b) and the results so far

2
i i . — 51,2, 3 i .
= ihea( 14 D) s EES (D 1s Dl

To get A and B into the form as stated, it sutces to conjugate the matrices via the
diagonal matrix diag(, 4=a4)i. This shows that there exist at most 2 represettations of
B3 with prescribed eigervalues, ; for A, up to conjugation, depending on the choice of the
squareroot in the expressionfor D.

Obsenethat weusedthe equations(BA);; = Oforj = 4andi > 1 for the computation
of matrix entries above. It is easyto chek (BA); = 0 for the remaining ertries for which
i +j > 5. Hencecondition (a) of Proposition 1.4 is satis ed, and condition (b) follows
from Prop 1.3(d). HenceA and B satisfy the braid relations.
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2.7. Prop osition Let V be a simple 5-dimensional B 3-module. Then there exists a basis
with respect to which A and B act as ordered triangular matrices. Moreover, the module
is uniquely determined by the eigervaluesof A and the choice ° of a 5th root of det(A),
up to equivalence.

Proof: We proceedasin the proof of Proposition 2.5, using the results of Section1.3.
By Corollary 1.3(a), we get
41=2 03
5= —— = :
1,5  ,1,5

If ags = 0, we can concludefrom (BA)3s = O that agsazs = azs(, 3+ azs) = 0. If
azs = 0,then alsobs; = 0= bs, by Prop. 1.3(b). In this case,sparf wy; wo; Wa;Wsgis aBgs-
submodule. Hencewe can assumeass 6 0 and ays = 0. But then ays = (, 4=a&ys5)ags = 0
too by Corollary 1.3(b); and the matrix entries by;;bs; and by; are also equal to 0, by
Prop. 1.3(b). Hencesparf wi;wsg is an invariant subspace.

Sowe can assumeaszs 6 0. Assumeays = 0; then also azs = (a;5=, 4)ass = 0. We
get from (BA)ss = O that agsazs = , caus + axsays | azsais = 0: Sinceaszs 6 0, axz = 0.
It follows that byq;by; and byz are all equalto O, by Prop 1.3(b). This would entail that
spanf wy; ws; Wsg is a B3-submodule.

Hencewe can assumethat ajs 6 O fori = 1;2; ::: 5. We can chooseays = , 4 and
ass = ais, by Prop. 1.3(e). We now shaw that the equationsin (1.3) completely determine
the other entries of A and B. As this doesnot seemto be completely straightforward, we
include the details for the interested reader. Using (BA)25 = 0 and (BA)3s = 0 we get

o3 o3
Qo5 = aAis = ; azyy = a5+ , 3= + .3
>1:5 ,1,5
1=2 o3
>Fom (BA)a =i =i —,
, , o3
dpq = A14 | :
5 234
Substituting this into (BA)3; = 0, we nd
o3 u‘ ﬂ “ o3 ﬂ
_aga(,2,3,4+°%) _ 2,4 _
g = : = =5 t+t1 3+ ;
(azai ass), 2,4 .2, 4
and hence
o3
s = +,3+°
. 1.5

Using (BA)s, = 0 we obtain

Now (BA)45 = 0 givesus

_ . .2, 4
a3 = Ay i ast :
ais .3
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Finally, using (BA)ss = 0, we get
l'l o2 ﬂ u ﬂ

1,5
a13= —+53+° l+ 5
3 2

This shows that all entries of A and B are uniquely determined by the eigervalues, ; of A
and by a choice of a 5" root of det(A). It is now a straightforward computation to ched
the remaining conditions of Prop. 1.4to prove that the matrices A and B do indeedde ne
a represertation of B3. Alternativ ely, the existencequestion might be more easily settled
using someof the methods discussedin Section?2.11.

28 Dene for 1- i - dthe polynomials Pr(d)(x) = Qier(x i .i), wherel . i - dwith

i 6 r. Obserwethat thesepolynomials divide the characteristic polynomial of A. It follows

from the corollary of Prop. 2.2that p{® (A) isanonzerorank 1 matrix; if the d eigervalues
of A are mutually distinct, it is a multiple of the projection onto the eigenspacef , ,, with
kernel being the direct sum of the eigenspace®f the other eigervalues.

Now obsene that for our braid represenations, A and B are matrices with coexcients
in the ring R of Laurent polynomials in the | ;'s and °, a d-th root of det(A) for d =

4;5. As also the matrix Pr(d)(A)Péd) (A)Pr(d) (A) is a multiple of P{Y, we obtain Laurent
polynomials Qﬁg) in R by

PIV(A)PLY(B)P(D(A) = QIIP(I(A):

Prop osition (a) Pl(d)(B)Péd)(A) = Q(l‘fj)Edd, where E4q is the matrix with a 1 in the
(dd)-entry and zeroceseverywhere else.

(b) If Q¥ = 0, then PV (B)PV(A) = 0.

(c) The matrix ( f'zi(A i .r)) hasnonzeroertries in its last column at most in the
1-stuntil ij 1-strow.

(d) The Laurent polynomials Q(d) are given by

QY = .2+ (.si .5 Q¥ =(2+ ., 002+ 10

Qsi,):ioiz(, +°2)( +°2)(°2+,r k+,s|)( + 0t s, k)
wherefr;s;k;lg= f1;2;3;4q.

Y
QY = ci 824 ot 2)°24 o+ 2 C2+ 1)+ s k)

s
kér;s

Proof: The statemerts are showvn by straightforward computations We give some

details for the interestedreader. For statemert (a), obsene that P (B) is nonzeroonly in
the last row, whereit coincideswith the right-eigernvector of B for the eigervalue , 1, and
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that chd)(A) Is nonzeroonly in the last column, whereit coincideswith the left eigervector
of A for the eigervalue , 4. Using the triangular form of the matrices, and the fact that

the nonzero diagonal ertries are Pl(d)(, 1) and Péd)(, d4), respectively, these matrices can
be computed easily It is also obvious that Pl(d)(B)Péd) (A) is a multiple of Eg4q, and,
multiplying it by Péd) (A) from the left, that this multiple is equal to Q(l‘;).

Statemert (b) follows from (a) and the fact that we obtain matrices in ordered trian-

gular form independert of the labeling, Prop. 2.4. Statement (d) follows similarly from
(a). Statemert (c) is straightforward.

2.9. Main theorem Let K be an algebraically closed eld. (a) Any simple B3 module is
uniquely determined by the eigervaluesof A, up to a choice of a squareroot °?2 of det(A)
(for d = 4) resp. a 5-th root ° of det(A) (for d = 5).

(b) There exists a simple Bz module V of K-dimensiond - 5 if and only if the
eigenvalues, ; of A and the quartities °? (for d = 4) and ° (for d = 5), asde ned in (a),

satisfy QS? 6 Oforr6 sandl1- r;s- d, with Qﬁg) asde ned in 2.8. The eigervalues,
neednot be mutually distinct for this statemert.

Proof: Let V be a simple B3-module. By Propositions 2.5-7, we can assumea basis
for V sud that A and B act via matrices as described there. This shows part (a).

It remainsto be shavn for which valuesof the parametersthe represenations given
there are simple. Let us assumeQi(jd) = O for somei 6 j,1- i;j - d. If V is simple, we
can assumePi(d) (A) 6 0, by the corollary of Prop. 2.2. Hencethere exists a vector v for
which g = Pi(d)(A)v is an eigervector of A. As Qj(?) = 0, also Pj(d)(B)Pi(d) (A) = 0, by
Prop. 2.8(b). Obviously, g isin the subspacespannedby fB'e;;0- r - dj 29[ fhg, which
is B-invariant; it is a proper subspaceof V asthe minimal polynomial of the restriction of
B to it divides Pj(d). We obtain the existenceof a non-trivial B3-submodule from Prop. 2.2,
i.e. V can not be simple.

On the other hand, assumethat Qi(jd) 6 Oforalll- i6 ) - d Let W beanon-zero

Bs-submadule of V. Then it contains at least oneeigervector of A, say €. As Pi(d) (A)6 0
by Prop. 2.8(a), we can assumethis eigervector to be of the form g = Pi(d) (A)v for some
v 2 V, alsoif A is not diagonalizable.Letj 6 i. Then= AB APj(d)(B)Pi(d) (A)visaneigen-
vector of A with eigervalue, ;, provided it is nonzero. Using (AB A)i 1P;(B)AB A = P;(A),
one easily cheds that Pi(d)(B)eJ = Qi(jd)(AB A)e;, which is nonzero by our assumptions.
HenceW contains eigervectors for ead eigervalue of A.

Case 1: AssumeA has at least 2 distinct eigervalues, which we label , ; and , ;. By
triangularit y of A, their eigervectors can be chosenin the form (1;0;:::)t and (=; 1;0; ::2)¢,
which are both in W. It is easyto seefrom this that e;; e, by = AB Ae; and b, = AB Ae,
together with Ab; (which is the last column of A) spanV, which thereforeis equalto W.

Case 2: Assume A and B has only one eigernvalue, say ,. Then Pl(d)(A)Péd)(B) =
(Aj D9 YB; )9 1= QigEqq. As Qiq 6 0, the eigenspacesf , for both A and B are
1-dimensional. If W is a non-zeroB 3-submodule, it therefore must contain the eigervector
wg of B. The setofvectorsS = f(Aj ,)'wg;i = 0;1; :::dj 1gisin W. As (Aj ,)% 16 0,
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sois its last column (A )% wy, by triangularit y of A. HenceS is linearly independert.
This nishes the proof.

Corollary The simple SL(2;Z) modules and the simple PSL(2; Z) modules are given by
all simple B3-modulesfor which #2 = 1 (for SL(2;Z)) and for which += 1 (for PSL (2; 2)).
Obsenethat += j (,1,2)3ford=2and+= (, 1, »,3)% ford= 3.

2.10 Parameter spaces for B3 and PSL(2;Z) Wede ne idealslq 2K [, 1; i1, 4] (for
d- 3)andlg %2K]|[, 1; i, ¢;°] (for d= 4;5) asfollows:

lo=hfi, 1,2%+,3,

ls=h?2+ . s fi;r;sg= f1;2;3qi,

l4 = hf_,i2+ °2 = 1;2,34g [ o2+ i+ ., 2 fijj;r;sg=11,2;3;499 [ f°4=
515253;4g|’

Is = hfe2+° 1+ 2 0= 1,2,34g[ f°2+,;,;;1- i<j- 59[ f°°= 1,2, 3,4,s50i:

Let Ng be the zerosetof I4 in K9 (resp. in K91 for d > 3). Obsere that Ny is

invariant under the action of the symmetric group, acting via permuting the coordinates
i1 i+ 5in K9, The main theorem can now be reformulated as follows:

Main Theorem ° There exists a 1-1 correspondencebetweenequivalenceclassesof simple
B3 modules of dimensiond - 5 and the Sy orbits in K 9nNy.

2.11 Remarks 1. After this researth was completed we becameaware of a number of
related approades and results. We learned from P. Deligne that results similar to ours
are obtained in N. Katz's work [K] on rigid local systemsby a more general and less
elemertary method. In particular, he sketched to us how one can obtain the classi cation
of 5-dimensionalbraid represertations from Katz's work (seealso Remark 4 below).

2. We also learned of another approad using quiver theory (see[Ws] and, for a more
generalapproad, [S]). The following result appearsexplicitly in a preprint by Westbury:

Recall that in the PSL(2; Z)-quotient of B3 the elemens AB A and AB have order
2 and 3 respectively. Let n; and n, be the dimensionsof the eigenspacesf AB A, and
let m;, m, and mz be the dimensions of the eigenspacesf AB. Then there exists an
indecomposable represetiation of PSL(2;Z) if and only if n; , m; for i = 1,2 and
] = 1;2;3. Moreover, the parameter spacefor represenations of this type has dimension
d?j n?i n3j m?; m3; m3+ 1. This result isin accordancewith our ndings ford - 5, but
doesnot say anything about when the represenations are simple (e.g. for d = 4 there also
exist indecomposablebut not simple represenations with AB only having 2 eigervalues).

3. We do not expect our methods to work for dimension , 6 without signi cant
changes. For one, we can not expect ordered triangular forms for A and B: Indeed, if this
were the case,Tr(AB A) = 0 for any simple 6-dimensionalrepresenation of B3, by Prop.
1.3(a), i.e. n; = n, = 3. To get a counterexample, it sutcesto nd 6£ 6 matrices of order
2 and 3 which generatethe whole ring of 6 £ 6 matrices and suc that n; = 4and n, = 2.

Similarly, the result quoted under 2 also shaws that we will have more parameters
than the eigervaluesfor d , 6 and suitable valuesof m1; my; ms;ny;n,.

4. There exists a beautiful and simple argumert which considerably narrows down
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which polynomials can occur in the simplicity statemernt of Theorem 2.9, and which also

explains the nature of the factors in the polynomials Qi(-d) to someextent. We were told

this argumert by P. Deligne: J

Let V be a d-dimensional Bz module on which the certral elemert 3 = (3,%)3 acts
as a scalar+. Assumethat V has an r-dimensional B 3-submaodule W on which 33 acts
with eigervalues, 1; :::, ;. Comparing determinants of the restriction of 3 to W, we get
that

Gaoaa)® = (o, )% (1)

Hencewhenewer 3 acts as a scalar and (=) is NOT satis ed, the represenation hasto be

simple. Unfortunately, this argumert producesa suzcient but not a necessarycondition
for V being simple.

5. A result which could be related to our ndings is Coxeter's classi cation of nite

quotients of B3 de'ned by the additional relation 3 = 1, for i = 1;2: the additional
relation de nes a nite quotient if and only if p- 5 (see[C]).

3. An Application to Tensor Categories

3.1 We shall usethe results of the previous sectionto compute categorical dimensionsfor
certain simple objects in braided tensor categoriesrelated to exceptional Lie groups. We
will not give much badkground information about tensor categorieshere (seee.g. [DM],

[JS],[KW] or [T]), asthe application itself is rather elemenary. The reader not familiar

with the categorical languageshould think of the categoriesas represenation categories
of quantum groups.

Let Cbeasemisimpleribb on tensor categorywith trivial object 1 over an algebraically
closed eld K (see[T] for precisede nitions); this means,in particular, that End(X) is
a semisimpleK -algebrafor any given object X in C, and the homomorphismsbetween 2
objects in C form a vector spaceover K .

In the following, let Z be a simple selfdual object in C; this meansthat the trivial
object 1 appearswith multiplicit y one as a direct summandin Z~ 2. Let p 2 End(Z" ?)
be the projection onto 1, and let p; = p- 1and p, = 1- p be elemerts in End(Z~ 3). In
the following we will always assumethe following (rigidit y) condition

p2p1p2 6 0 (3:1)

As Z - 1 is canonically isomorphic to the simple object Z, p2(a- 1)p. is equalto a scalar
multiple of p, for any a 2 End(Z" ?). Let Y be a direct summandin Z- 2, with respect
to a chosendirect sum decomposition of Z- 2. This decomposition de nes a projection py
onto Y. We de ne the categorical dimensiondim Y by

(dim Y)pz = (dim Z)?pz(py - 1)p2: (3:2)
This de nition depends on a choice of dimZ. In the following we will always require
dim 1 = 1. Taking for py the projection ps, it follows from (3.1) and (3.2) that dim Z is

uniquely determined up to a sign; dimY is independert of the choice of the sign. So, in
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particular, if Z° 2 contains a subobject isomorphicto Z, dim Z is uniquely determined by
(3.2). It is not hard to ched that for subobjects of Z- ? this de nition coincideswith the
usual de nition of categorical trace as e.g. for ribb on tensor categories(see|[T]).

3.2 Assumethat C allows a braiding (seee.qg. [JS], [T]). For the purposeof this article, it
su+cesto know that this entails that there exists a canonicalendomorphismc 2 End(Z " ?)
sudh that ¢1C,C; = CoC1Cp, With ¢ elemerts in End(Z- 3) de ned asbeforethe p;. We have
the following simple

Lemma Assumethat Z- 2 decomposesasa direct sum - . Yi of d mutually nonisomorphic
simple objects Y;, eat of which has non-zerodimension. Moreover, we assumethat c acts
onY; via the scalar,j,and,; 6 ,; fori 6 j.

Then Hom(Z;Z" 3) is a simple d-dimensional B3-module, with the action de ned via
%f = ¢ £f forall f 2 Hom(Z;Z %) andj = 1;2; moreover, eath eigervalue of ¢; has
multiplicit y 1.

Proof. Let p{) 2 End(Z" 2) be the projection onto Y;, with p= p® being the pro-
jectiononto 1% Z 2 andlet : 1! Z- 2 be a nonzerohomomorphism. It follows from
rigidit y that (p) - 1) +(1- 1) is a nonzerohomomorphism and that dim Hom(Z;Z" 3) =
dimEnd(Z- ?) = d; it can also be cheded explicitly for the examplesbelow. Hence
V = Hom(Z;Z" 3) is a d-dimensional vector spaceon which both ¢; and c, act via con-
catenation of morphisms. Moreover, it has a basis of eigervectors (pt) - 1) +(1- 1) of
c,. If this represeniation of B3 were not simple, x a composition seriesof V, and pick
an eigenprgection p{) of ¢ suc that the eigenprgections p() - 1 and p; = p- 1 of ¢;
act nonzeroon di®erent simple factors. As p; is conjugateto p, = 1- p(asc; and ¢, are
conjugate), we can conclude p,(p(") - 1)p, = 0, which would contradict the assumption
about nonzerodimensions.

Corollary Using the notations of the Lemma, with Y; 2 1, we have
QY (dim )2

dim Y; = ;
P )PP ()

where Q;;, Pl(d)(s 1) and Pi(d)(, i) are asin Section 2.8.

Proof: Obserwe that the projection onto the eigenspaceof A with eigervalue , is given by
Pi(d) (A):Pi(d)(5 i) The claim now follows from (3.2) and Prop. 2.8(a).

3.3 Let us rst considerthe casewith C a braided tensor category whose Grothendiedk
semiring is isomorphic to the semiring of the represeration category of the Lie group G
with G beingan orthogonal group O(N ) or a symplectic group Sp(N ). Wetake asobject Z
the vector represertation of G. It is well-known that in this caseZ- Z 2 10X ©Y, with X
and Y simple objects corresponding to the antisymmetrization and a subrepresetation of
the symmetrization (tracelesstensors)of the 2nd tensor power of the vector represenation.
It can be shown that in this case(only using the assumptionsof braiding, and the given
Grothendiedk semi-ring), the eigervalues are of the form ®q;j ®q *;®ri !, with ® a 4-th
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root of unity and g;r 2 K. Moreover, r is 8 a power of g, depending on the given category
(seebelow). Using the notations [n] = gq"j g " and[ + n]=rq"j rilg ", it follows
from Corollary 3.2 that

dmz = @bl + 1= e 4y,
[1] qi gt ’

and L1+ L) L+ 10+ 2 ]
iU+ o, LU+ RIL]
erow M T om

This method can be extendedto de ne similar functions also for objects in higher tensor
powers of Z, which are labeled by Young diagrams (see [Wn, Theorem 5.5]). The ¢-
dimensionsfor G = O(N) are obtained by setting, = N j 1, for G = Sp(N) they are
obtained by setting, = j Nj 1. More generally, it is possibleto reconstruct such categories
similarly asit was done for categoriesof type A in [KW]; howeer, in this casewe would
needthe assumption of the category being braided. Soin this comparatively simple case
knowledge about braid represenations allows us to reconstruct the tensor category.

dimX =

3.4 The discussionin 3.3 canbe carried over to exceptionallLie groupsto some(sofar rather
limited) extent. We usethe notations [n] = s"™=2j si "“2 and [, + n] = t172s"=2; ti 172gi n=2
for n 2 N and, aformal variable; in our formulas, the result will be independert of the
choice of squareroots of s and t. It can be showvn that for an exceptional Lie algebra
g, the 2nd tensor product g 2 of its adjoint represenation decomposesas a direct sum
1©g©X,0Y,©Y,. Herewe usethe samenotations asin [De]. We are going to usethe
following results about quantum groups, which are essetially due to Drinfeld [Dr2] (for
a description of the relationship between operators c (braiding operators) and quantum
Casimir (= twist) alsoseee.g. [T]); hereay denotesthe scalarvia which the Casimir acts
on a simple g-module Y:

(i) the braiding operator ¢ acts on the simple summand Y % g 2 via the scalar
§ g?v i 2% with the sign depending on whether Y is in the symmetrization or antisym-
metrization of g 2,

(ii) the operator (c;c,)3 acts on the simple summandK %2 g 2 via the scalarg?®« i 63s

Now setting g?2s = si 3 and ¢?v2i 2% = t, and using the formulas for the action of the
Casimir in [De], oneseeseasily that the eigervaluesof ¢ (acting on g 2) ares® (for 1), j s®
(for @), i 1 (for X3), t (for Y,) and sti * (for Y,'). It follows from this that dety (c;) = s'°,
where dety (c;) is the determinant of the linear operator via which c; actson V.

In order to completely determine the 5-dimensional represeration of B3 on V =
Hom(g; g 2), we only needto compute the scalar + by which the certral elemern (cic,)3
actson V. This is equivalert to determining the 5-th root ° of dety (c;) givenby += °¢ =
dety (c;)° = s'9°. By (i), we get += ¢?®i 63 = s12 Combining the last 2 formulas, we
get ° = s?. One can now ched, using Corollary 3.2, that

[4]L i 6IL + 3],
[21L i LT

16

dimg=



_ BIL i 6IL +5IL i 4lL +3][2 + 4][2, i 6]

aMXe= "N AL+ 2L ARIZ G 4
o [6IBIAL + 5L i I3 i 6]
MY = G ULz 11 2

iz = [GUSIAL i 612 + 63 + 3] + 2

[2IL i 1012 i 2]2 i 12 + 4][ + 1]
Theserational functions are s-deformations of formulas givenin [De] for the classicalcase.

3.5 The computations above in the orthogonal casewere usedby ToledanoLaredoin [TL]
in the context of fusion of represenations of loop groups, basedon unpublished notes of
the secondnamedauthor. We have beeninformed by Antony Wassermannthat he usesour
results for 5-dimensionalbraid represertations in connectionwith fusion of represenations
of loop groups corresponding to exceptional Lie groups.
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