MATH 579 EXAM 3 SOLUTIONS
Nov 19, 2007

1. (15 pts) The Lucas numbers are defined by

Lo=2
Li=1
Ly =Lk 1+ L2 for k > 2.

Use an appropriate generating function to find a closed formula for Ly. (Hint: your formula

will likely be in terms ¢ = (1 ++/5)/2 and ¢ = (1 — v/5)/2, the roots of the golden ratio
equation 22 — 2 — 1. Note that this means 22 +z — 1 = (z + ¢)(z + ¢).)

Let -
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By the recurrence relation above
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Substitute = —¢ and z = —¢ to find A and B:
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Notice that ¢ + é = /5. Hence
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VE\z+o z+o)




Now use qﬁqg = —1 to get

fa) = L <<2+¢>><—¢> B <2+¢><—¢>)
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Notice that 1 —2¢ =1— (1 —v/5) = v/5 and 2¢ — 1 = (1 4+ /5) — 1 = /5. Hence
Ly = ¢" + ¢

Now for good measure, you can check that
Lo=¢"+¢"=2, Li=¢'+¢'=1.
2. (15 pts) Show that the number of ways to make 10m cents using only pennies, nickels, and
dimes is (m + 1)2.

Let pg be the number of ways to make k cents of change using pennies only, ng be the
number of ways to make k cents of change using pennies and nickels, and di be the number
of ways to make k cents of change using pennies, nickels, and dimes.

First construct three different generating functions for px, ng, and dj:
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It is immediately clear that py = 1 for all k. Now

P(z) = (1-2°)N(z) = (1 - 2°) > mga®
k=0
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Hence

ng if0<k<4
Pk = . .
ng —nNp—s ifn>5
Solving for ng, we get
Pk ifo<k<4
ng = ) .
Pk +ng_s ifn>5
Similarly,
N(z)=(1-2")D(z) = (1 — 2! dex
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dy ifo<k<9
ng = ) .
dk - dk—l() if n > 10

Solving for di, we get

A — i if0<k<9
R ng +dip_19 ifn>10 ’

Now

d1om = N10m + d10m—10 = N10m + N10m—10 + d10m—20
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Notice that
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Therefore
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3. (10 pts) Let F) be the Fibonacci numbers defined the usual way:

Fy=0

=1

Fp=F,_ 1+ Fi_o for k > 2.
Recall that we proved in class the closed formula

_(bk_qgk
Fk—i\/g

where ¢ = (1 + v/5)/2 and ¢ = (1 — v/5)/2 are the roots of the golden ratio equation

22 — x — 1. Prove the identity

n
> FP=F.Fup.
k=0
Hint: you can do this the easy way or the hard way. The hard way is to use the closed
form, the easy way is to use induction.

Let’s do this by induction. If n = 0, then
n
Y R =F;=0"=0=FF.
k=0

Suppose the statement is true for n. Now

n+1 n
ZFIS = ZFIE + i = FaFogr + Fl gy
k=0 k=0

- n+1(Fn + Fn+1) - Fn+1Fn+2
which is exactly what we wanted to prove .

4. (10 pts) Recall the Tower of Hanoi game from class. Let aj be the number of moves needed
to move k disks from one pole to another according to the rules of the game. We showed
in class that a; can be computed using the recurrence relation

a1 = 1

ap = 2ai_1+1 for k> 2

Use a generating function argument to show that a; = 2% — 1.

We did this in class and the argument is also in your textbook.

5. (15 pts) Extra credit problem. Let n € Z=". A partition of n into k € Z* parts is a sum
n=ny+ng+---+ng

where n1,n9,...,n € Z=°. (This has nothing to do with partitions of sets.) Since addition
is commutative, the order of the summands does not matter. For example, 1 + 2+ 3 and
2+ 2+ 2 are different partitions of 6, but 1 +2+ 3 and 3+ 2+ 1 are the same. In practice,
it is customary to list the summands in decreasing order.

Let P, be the number of ways to partition n into k parts. For example, P33 = 3 and
Ps o = 4. Obviously, Py, = 1 and P, = 1.

(a) For convenience, let us allow n and k to be any integer (possibly negative) and agree

that P, =0ifn <0or k <0.




Prove the recurrence relation

Pop=Pig1+ P gk

Let n = ny + no + -+ - + ni be some partition of n into k parts. Let us adopt the
convention of listing parts in decreasing order, that is n; > ng > --- > ny.

If ng =0, then n =n1 +ng + - - - + ng_1 which is also a partition of n into k£ — 1 parts.
Notice that this process is reversible. The same way we removed the 0 from the end of
the sum, we can add it back. In fact, we could start with any partition of n into k — 1
parts and turn it into a partition of n into k parts with ngy = 0 by adding a 0 to the end.
If n;. > 0, then n; > 0 for all i. Hence n; — 1 > 0 for all < and

n—k:(n1—1)+(n2—1)+---+(nk—1)

is a partition of n — k into k parts. Notice that this process is also reversible. The same
way we subtracted 1 from each part, we can add 1 back to each part. In fact, starting
with any partition of n — k into k parts, we can turn it into a partition of n into k parts,
in which all the parts are nonzero.

Therefore each partition of n into k parts can be mapped to either a partition of n
into k — 1 parts or a partition of n — k into k parts via a map that is a one-to-one
correspondence. Hence there are as many partititions of n into k parts as there are
partitions of n into k — 1 parts and partitions of n — k into k parts combined. That is

Pop=Pig1+ Pk

The only problem with the argument above is what happens if either K — 1 = 0 or
n — k < 0. In that case, it does not make sense to talk about partitions of n into k — 1
parts or partitions of n — k into k parts. Since we set P, = 0if n < 0 or k <0, the
recurrence relation remains valid even in such cases.

Suppose you have 6 identical hamburgers and 4 identical plates. How many ways are
there to distribute the hamburgers on the 4 plates if you can have empty plates too?
(Notice that this question is different from the hamburger question on the last exam as
the plates are all the same.)

Notice that you are asked to partition 6 hamburgers into 4 parts. So the answer is F 4,
which we can compute using the recurrence relation from part (a):
Psys=FPs3+Poy=PFPso+ P33+ Po3+ P oy
=Fs1+Pio+P3o+Po3+Po+ P g3
=1+Pi1+Popo+P31+Pio+1+P+ FPyo
=14+1+P 1+ FRa+1+P1+Pap+1+1+1
=14+1+1+1+1+14+1+1+1=09.
In case you are curious, here are the 9 partitions (without writing the 0 parts):
6=6=54+1=44+2=44+1+1=3+3=3+2+1
=3+14+1+1=2+242=24+2+1+1.

Suppose you have 6 identical hamburgers and as many identical plates as you want.
How many ways do you have to distribute the hamburgers on plates if you don’t want
to put empty plates on the table? (You may use your result from part (b) in answering
this question.)



Obviously, we will never need more than 6 plates. So the answer is Ps. We will use
the recurrence relation to compute this:

Psg=PFPos+ Pog=FPsa+Pis+1=94+Pia+Py5+1
=104+ Pi3+Po3=104+Pio+Poo=104+ P 1+ P_1o =11
In case you are curious, here are the 11 partitions (without writing the 0 parts):
6=6=5+1=4+2=4+14+1=34+3=3+2+1=3+1+1+1
=24+242=2424+1+4+1=24+14+1+14+1=1+1+1+1+1+1



