Math 3C Pra ctice Exer cises
Lecture 2, W'03, Mar 11, 2003

NB: the nal exam is 7:30{10:30 PM on Mon, Mar 17 in Girv etz 1004.

Unless told otherwise, your answers must be carefully justied. It is not enoughto have a
correct answer, you must explain how you got it. Neat work, clear and to-the-point explanations
will receive more credit than messy chaotic answers. Simplify your answers as much as you can.
It's ok to leave /3, 7, €2 and sud, but not 7/14, /9, log1, or e®.

You may not use books, notes, and calculators on the exam, but you may have two 3" by 5"
(double-sided) handwritten cheat sheets. Also, bring a pencil, eraser, scratch paper, and your
studert ID.

Warning: \Learning" the answersto practice problems is nearly{probably completely{useless.
If you know how to do all the problems below in the sensethat you can do all problems of the
genresthey represer, no matter what notation is usedin the statemerts and no matter how they
are formatted, you are in quite good shape. The problems on the nal will look similar to theseto
someonewith a solid understanding of the material; but may look completely di®erert to someone
whoseknowledgeis shallow. In any case,they will be doablewith the techniquesand ideasneeded
to solve these. Someof these are more demanding than a version on the nal might be. Also, the
“nal will be much shorter (about a third of this).

1. Decideif the following are true or false.
of

@) D Let f(x,y) be a di®ereniable function. Then a (8_x>

(b) D Let f be a continuous function. Then dd/ f(t)dt = —f(x) for any a.
€z x

(c) D If the isoclines of the DE &y = f(x,y) are horizontal lines, then 3f(gy:,y) = 0.
dx or

(d) D Let L be a linear operator. Then L(y1y2) = L(y1) L(y2).

(e) D If y(t) is a solution of the DE 3’ = f(y), where f is somefunction, then y(t — c) is
also a solution for any number c.

() D Let Z—y = f(y). If f(¢) = 0and f'(c) > 0, then y = c is a stable equilibrium solution
X

of the DE
(9) D chfv = Z(n"' Depr 2™
- n+1
(h) D/chac dx = ,;)Wr 77
@ D Suppose lim &% = 0. Then the power serlesz cpx™ is corvergert for any z.
—00  Cp
n=0

)] D Any rst-order linear DE is separable.

2. Considerthe surfaceV = f(u,w) = w+ w?cosuw) in (u,w, V) space.
(2) Draw the w-sectionw = 1 (do this in 2 dimensions,not 3). Label your axesand label
a couple of points on the curve with their coordinates.
(b) Find the equation of the tangert plane at the point (u,w) = (m,1). Your answer should
be in the form V = a linear function of u and w.

3. Considerthe di®ererial equation y’ = 2ty + 1. In the samepicture:
(a) Sketch someisoclines.
(b) Sketch the direction “eld.

4. Label ead of the following di®erenial equationsas S (separable), LH (linear and homoge-
neous), LI (linear and inhomogeneous)A (autonomous), or N (hone of the preceding). Use
all labelsthat apply.



10.

11.

(a) y/ — esin(t)y ¢
d

) &Y+ cos@?)e® = 0.
ds

© v = (y—1>
(d) 2 — (et — e*t) z=0.

(e) v = e¥+t.
, 1+ 43
0 y= 4+ cos(y?)

@) y'=y>+ el + 17.

. Determine all the equilibrium solutions of the di®erenial equation

Y = (y+ Dy(y — 3)*(y — 4)*

Sketch them in a slope eld picture for the equation and mark them on the phaseline (the
line ¢ = 0) with an open circle if they are unstable, a Tled circle if they are stable and a
split circle if they are semistable. Your slope eld picture should shav why these markings
are correct.

. Consider the di®erenial equation y’ — tsin(t)(y® —2y>+ y) = 0

(a) Find all equilibrium solutions.

(b) Find the generalsolution. You may not be abel to solve for y explicitely.
(c) Verify that your generalsolution doessolve the equation.

(d) Find the solution satisfying y(7) = 1/2.

. Useh = 1/4 to perform four steps of the Euler method to approximate the solution of the

initial value problem
y =y,  y0)=1

at t = 1. The exactvalue of y(t) at t = 1lis e = 2.7182818285. ., what is the total error of
your approximation?

. Considerthe di®erertial equation 3’ = cos()y + sin(t)

(@) Verify that y(t) = e™® [, e=5"®)zdz is solution to the di®ererial equation with
y(23) = 0. (NOTE: You are not asked to solve the equation and you should not try to
explicitly evaluate the integral. You are asked instead to ched that the given function
satis es the equation and the given initial condition).

(b) Find the generalsolution of the equation. (Hint: You already have a \particular solu-
tion.")

(c) Find the solution which satis es y(23) = 115.

. Find, by inspection, a particular solution of the equation

1
1+ ¢

/+8 -
) 1+t3/

Then nd the generalsolution of the equation.

Let L(y) = v + p(t)y where p(t) is somefunction.

(a) Usethe de nition of linearity to prove that L is a linear operator.

(b) Assumethat L(y1) = t, L(y2) = cosf), and L(y3) = 0 where y1, y» and y3 are some
functions and y3 # 0. What is the generalsolution of L(y) = 2t — 3cos()?

Find the solution of the IVP rst using variation of parameters, then by the integrating
factor method.

% = sin(t)y + sin(t) cogt), y(1) = 1.

Your nal answer should be in closedform and contain no unevaluated integrals.



12.

13.

14.

15.

16.

17.

Find the solution of the IVP “rst by the integrating factor method, then using variation of
parameters.

dy y e
a"‘ 422 3 y(1) = 1

Your nal answer should be in closedform and contain no unewaluated integrals.
The solution of w’ + ¢(t)w = h(t), w(a) = wy is

. g t ¢
w() = e Ay ¢ e L [0 g

(a) Derive this formula.
(b) Show directly that the formula provides a function which satis es the equation and the
initial condition.

Supposethe function y satis es

/0 Eds /f(s)ds

for all ¢ in someinterval. Shaw, using only the Fundamenal Theorem of Calculus and
the Chain Rule, that then 3/(t) = g(y(t)) f(¢); that is y solvesy’ = g(y)f(t). Justify any
computations by giving the reasonswhy you think they are correct.

Let z(t) be the massof a radioactive substanceat time t.

(&) The rate of decay of a radioactive substanceis proportional to the amournt presen at
any time. Usethis information to nd the di®ererial equation that z(¢) satis es.

(b) Let's say that initially there is a 25¢g of radioactive material and it is decaing cortin u-
ously at a rate of 2%/year. Solwe this IVP for x.

(c) What is the half-life of this substance?(You may leave logsin the answer.)

Al Caponeis blending moonshinein the basemen of his secretbar. His apparatus consists

of two connectedbarrels. Newly-distilled whiskey containing 80% alcohol is dripping into

barrel 1 at a rate of 10gal/h. This mixture is constartly stirred and °ows out of barrel 1

and into barrel 2 at the samerate. The mixture in barrel 2 is also thoroughly stirred and

°ows out at the samerate to be bottled. Barrel 1 is 50 gals, barrel 2 is 100 gals. They are

initially both Tled with old whiskey cortaining 40% alcohol.

(&) Setup an IVP for the amount of pure alcohol in barrel 1 asa function of time. Solve
this IVP.

(b) Do the samefor barrel 2.

(c) How long beforethe whiskey °owing out of barrel 2 contains 50% alcohol?

Lt. Columbo is investigating a bank robbery, which took place at 4PM. He visits the sus-
pects home at 8PM. The suspect's friends assurehim that they (incl. the suspect) were
" watching the Smurfs on video all day long, and they didn't even leave the housesincebreak-
fast. On his way out, Columbo noticesthat the suspect's car feelswarm. He measuresthe
temperature of the coolant and it's 25°C. An hour later, he sneaksbadk to take another
measuremeh It is now 20°C. The thermostat in the garageis setto 15°C. He knows that
the normal coolant temperature in a running engineis 95°C.

(a) Assumingthat Newton's Law of Cooling applies, nd a di®erertial equationto describe

the temperature of the coolant in the car.

(b) Solwe the equation, and usethe given data to "gure out the constarts in your solution.
(c) Should Columbo believe the suspect and his friends?



18.A barrel of monkeys is releasedon a monkey-lesstropical island. Five years later, 280

monkeys are found swinging in the trees. Another 5 yearslater, 700 monkeys are counted

on the island. Assume that the monkey population obeys the logistic equation and the
w3 island's banana crop can sustain 2800 monkeys.

(a) Write down the logistic equation and solve it. Show all details of the solution.

(b) Using the population data and the maximum population, nd the particular solution
of the equation. (Hint: You can take advantage of the fact that the equation is au-
tonomousto make the initial conditions simple.)

(c) How many monkeyswerein the barrel?

19. (a) Find the Taylor seriesfor f(z) = 1/z at x = 1.
(b) What is the radius of corvergence?

20. (a) Find the Taylor seriesfor sinhz = (e —e~%)/2 at = 0. (Hint: you may usewhat you
know about the Taylor seriesfor e*.)
(b) For what x doesthe Taylor seriesfor sinhz corverge?
(c) Recallcoshz = (e*+ e~ 7)/2. Use% coshz = sinhz and the result from part (a) to nd
the Taylor seriesfor coshz at 2 = 0. How do you know what the constart term is?
(d) For what x doesthe Taylor seriesfor coshz corverge?

21. Show the following:
=1
(a) nzz:l = diverges.

b) > % converges.
n

n=1

(c) Z 1 diverges. (Hint: the derivative of In(In( x)) is 1/(xInz). Usea similar argu-
— ninn

mert to exercisell.6.4 in the Reader.)

[e.9]

@ > 771('”1”)2 corverges. (Hint: the derivative of 1/In(z) is —1/(z(In z)?). Usea similar

a?gumert to exercisell.6.7 in the Reader.)
22. Find the interval of corvergencefor the following power series.

(a) Z 2n
(b) Z -
© ZH)” s

©) Z @y

@)}jp&Wnux+5ﬁmﬁ
n=1
23. Integration and di®eren tiation review . You may want to attempt the following exercises
from Stewart: 3.6.11-16,Ch. 3 review exercises27-34, Ch. 7 review exercisesl1-13, 16-23,
25-28. You can, of course,do others too for additional practice.



