CHAPTER 11

SERIES

JEFFREY STOPPLE

A DVICE TO THE STUDENT: You w ill notice that m any exercises
refer back to earlier ones. You w ill therefore need to keep copies of
w hat you turn in, or better still, keep them in a perm anentnotebook

and turn in the copies.

A DVICE TO THE INSTRUCTOR: Thischapter assum es thatthe OD E
m aterial from M ath 3C has been covered. I've tried to m ake this m a-
terial interesting by including applications to ODEsw herever possi-

ble.

1. LINEAR A PPROXIM ATION S

A lthough you m ight not notice it, all of M ath 3A is abouta single

idea: com plicated functions can often be approxim ated, on a sm all

scale anyw ay, by straight lines. W hat good is such an approxim a-
tion? M any textbooks w ill have a (rather unconvincing) application,
som ething like A pproxim ate the square root of 1.037'. In fact, al-

m ost everything that happens in calculus is an application of this

idea.
For exam ple, one learns that the graph of a function y:f(X)is
increasing atapointX: aAif the derivativefo(a)is positive. W hy

is this true? It's because of the linear approxim ation idea: the graph
is increasing exactly if the straight line approxim ating the graph is
increasing. For a line, it's easy to see that it is increasing if the slope
ispositive.ThatsIopeisfo(a).

The point of this chapter is to generalize this idea to higher order
"better-than-linear' approxim ations. To do this w e w ill need to start
by review ing the case of linear approxim ations. There are a lot of
different w ays to specify a line in the plane by an equation. For us
the m ost useful w ill be the "point-slope' form : the line through the
point (a;b)with stope Mhas the equation Y j b= m(Xl a);or y =
b+ m(Xl a):lfy:f(X)issomefunction,lhelinelhrough the point
(2;f (@) with stope THA) is just y = f(@)+ FAA)(X | Q). so.ir Xis

close to a

() f(x)vaf(a)+ fYa)(xi a):
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A PPLICATION : Supposeyou w antto study the m otion of apendu-
lum . The im portant thing to know is the angle u(t)thatthependu-
lum m akesw ith the vertical,as a function of tim et. N ew ton's second

law and som e consideration of vectors leads to the conclusion that

the second derivative u(n(t)should be equalto | S|n(u(t))
Ut = i sin(u(t)):

(You w ill see this form ula derived in M ath 5A .) It is extrem ely dif -
cultto nd afunction u(t)thatdoesthis.lnsteadwecan approxim ate
the function | Sin(X)nearX:Obyasim pler function, a line. U sing
the form uIa(l)abovewithf(X):i Sin(X)and a:0wegetf(0):O
andfO(O):i COQO):|1SO| Sin(X)]/4iXiinsnoltoo big. Then
an approxim ation to our original problem is to seek a function I.,l(t)

w hich satis es

KXt = i )
Ifthe pendulum does not oscillate too m uch, then H(t)willbesm all,
and it is safe to use the approxim ation to the sin function. The point
here isthatitis much easier to nd a function that behavesthis w ay;
H(t)z Coqt)works,so does p.(t)=S|n(t)orany com bination of the

tw o. W hatw e have done here is linearizethe differential equation.

1.1. Find the equation of the line tangent to y: exatX: O.Be sure
your answ er really is the equation of a line; if not, it's wrong. Plot

the line together w ith exon your calculator.

1.2. Find the equation of the line tangent to y: XalX:lPIug
X::I.:OB?intothe equation for theline;thisgivesagood approxim a-
tion to 1:037:“'5 still not a very convincing application. W e'll do

better in exercise 4.6 below .

1.3. Find the equation of the line tangent to y: | S|n(X)at X = ]/4
U se this to w rite the equation describing the m otion of a pendulum

w hen it is nearly upside dow n. Show that u.(t): COit)ls no longer

solution, but t:]/4+etisasolution.
H(

[

2. QUADRATIC A PPROXIMATION S

Suppose we want an approxim ation toy: f(X)atX: athat
is a little better. W e m ight look for a quadratic polynomial. If w e
w ant it to be at least as good as the linear approxim ation, it should
touch the graph (i.e., pass through the point(a;f(a))),and also be
tangent to the graph, so the rst derivative should befo(a). But w e

also w ant the second derivatives to m atch up;the second derivative
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of the quadratic should be fm(a) H ere's the form ula, w hich a little

thought w ill show does w hatitis supposed to:
1
(2) f(x) ¥af(a)+ fYa)(x i a)+§f®(a)(xi a)%:

N otice that f(a) fo(a.) and f(D(a) are all num bers, so the right side

really is a quadratic polynomial, w hile the left side can be a m ore
com plicated function. Com pare this form ula to the one for the lin-
ear approxim ation, (1). AIll we have done is add an extra term , the

%fm(a)(X| a)z. This extra term has the property that it is zero at
X = aand the derivative of this term is justfm(a)(Xi a),also is
zero at X = a So adding it on doesn't screw up any of the linear ap -
proxim ation. On the other hand,taking tw o derivatives of the linear
approxim ation gives zero (check this), w hile tw o derivatives of our
extra term is exactly w hatw e w ant: f(D(a) The %is there to com pen -
sate for the fact that taking derivatives w ill introduce a factor of 2 in
that term

EXAM P.LESZ Take f(X): ex,and a: 1 Since f(l)fo(l)and f(l)(l)

are all equal to e,w e get that
e
& Yae+ e(xj 1)+ E(Xi 1)%;

for Xclose to 1. N otice that the right side is a quadratic polynom ial
w ith the property that its value at X = 1 and its rst and second
derivatives at X = 1,are all equal to e. Figure 1 show s the graph of
y:ex,togetherwiththelinearapproxim ation y=e+e(Xi l)(onthe
bottom )and the quadraticapproxim ation y:e+e(Xi 1)+e:2(Xi 1)2
(on thetop). N otice the quadraticismuch closer to exnearle,but

curves aw ay eventually.
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N ext take f(X) = S|n(X) and a = ]/4_—2 W e have Sln(l/FZ) = 1
0011/4:2): O and | S|n(1/4:2): | 1:30

. 1
sSin(x) Y4 1j Q(X i YE2)?

forXnear1/4:2.FigureZshowsthe graph ofy=Sin(X),togetherwith
the linear approxim ation Y = 1=1+ O(X[ 1/4:2),and the quadratic
approxim ation 1| 1:2(X| 1/4:2)2

W ARNING: The most com m on m istake is to forget to evaluate at
X = Qat the appropriate tim e. This gives a result that is not a qu a-
dratic polynom ial. For exam ple, if you don't plug in a:1/4:2,y0u
w ould w rite som ething like SII’](X)+ 001X)(X| ]/4_—2)| %SIH(X)(X|
]/4:2)2:Y0u get an ugly mess,not anice sim ple polynomial. Don'tdo

this.

2.1. Find a guadratic approxim ation to exatX: O:Plotthe qua-
dratic together w ith exon your calculator. Com pare your answ er to
the exam ple above; the point here is that w hich polynomial is the
best approxim ation depends on the base pointa You should also

com pare your answ er to the answ er to exercise 1.1

2.2. Find a quadratic approxim ation to |n(X)at X = 1:Plotlhe qua-

dratic together w ith In(X)on your calculator.

2.3. Find a quadratic approxim ation to 1:(1| X)at X = O:Plotthe

guadratic together w ith 1=(1| X)on your calculator.
2.4. Find a quadratic approxim ation to COiX)at X = 0

2.5. Find a quadratic approxim ation to S|n(X)al X = 0 Som etim es

the linear approxim ation isthe best quadratic approxim ation.
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2 . —
2.6. Find a quadratic approxim ation to 3X +7X| 4atX—0.Draw
som e conclusion about your answ er. N ow nd the quadratic ap -
proxim ation at X = . N otice that your answ er is really just X

7X| 4,written in afunny w ay.

3. HIGHER A PPROXIMATION S

H aving carefully read the explanation of how the quadratic ap -
proxim ation w orks, you should be able to guess the form ula to ap -
proxim ate a function w ith a degree 3 polynomial. (If not, go back
and re-read that part of section 2.) W hat we need to do is keep
the quadratic approxim ation, and just add on a term thatm akes the

third derivatives m atch up:

() Yt (@) + @i a)+ SfM@(xi @7+ S Ma(x i @)’

. 1. ) ,
when Xiscloseto d The factor of élsthere because the third deriva-

. 3 —
tive of (Xl a) isexactly 6— 2('3 The notation for higher derivatives

is starting to getconfusing,so from now on w e w ill also w ritef(n)(a)
for the N-th derivative off(X)atX: A Remem berthatf(o)(a)m eans
no derivatives at all, it's just the original function f(X)evaIuated at
X=a

W e can getapolynomialofany degree Nto approxim ate a function
f(X),which wewillcallthe MN-TH DEGREE TAYLOR POLYNOMIAL OF
f.ra

5 FX)Y%fO@+ fO@)(xi a)+ ¢ee+ %f M@)(xi a)"

for Xnear a. You've probably seen n!before,it is the product of all
the integers up to N. For exam ple, 4!is ju st 4¢3¢2¢1= 24 N otice
11 = 1,and weijustde ne ol = 1,50 every term in the polynom ialis

of the sam e form ,

1

SfR@xi @k
K!
w here kgoesfrom Oup to N.

A PPLICATION: Im agine a vertical steel beam , w ith som e load

5
(in tons) on it. If it fails, it w ill start to bend in the middle, and the
top halfmakessomeangleXwirh the vertical. W e w antto know the
angle X as a function oftimet(in seconds). From considering force

vectors, X(t)salis es the ODE

xqt) = | sin(x) i x:
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Figure 3
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Thisistoo hard to deal w ith, so instead approxim ate s S|n(X)| Xfor
Xnear O,W ith a degree 3 Taylor polynomial. Suppose, for exam ple,

that = 7=6.7nhen for Xnear Ow e have

5

7 x 7x3
H . 1 - .
—sin(x)j XYa=i —=:

This gives you a sim pler m odel for the beam

%) = X X3
V=% 36

Figure 3 show s the graph of Y = 7:68in(X)i X, together w ith the
cubicapproxim ation Y = X:6i 7X3:36

W e can analyze this autonom ous ODE w ith the techniques of sec-
tion 2.5 of the M ath 3C text. A Iittlf)algebra show sthatX:6i 7x3=36=
Onas three sotutions: O anda 8 6—:7: A little cplculus show s the
graph of Y = X:6i 7X3:36isdecreasing at both § E,and increas-
ing at 0. so X = 3] 6—:7are stable equilibria, w hile X = Qis unstable.
fthebeam isvertical (unbent)attimelt= 0 thabeam willbend,and

rem ain in oneofthetwobentpositionsX:§ 6=7

3.1. Com pute the degree 3 Taylor polynomial of each of the func-
tions in the exercises in section 2. In each case,graph the polynom ial

w ith the function being approxim ated .

3.2. Try to com putethedegreethreeTaonrponnomialatX:Ofor
2
the function X CquX) It is very painful exercise. The next section

w ill show you som e very useful shortcuts.
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3.3. In the exam ple w ith the beam at the end of this section, con -
sider w hat happens if the load = 5:6 D oes it bend? In general,

how large a load , is it safe to puton the beam ?

3.4. N ew ton's Law of Cooling says that the rate of change of tem -
perature Twith respect to tim e tis proportional to the difference
betw een the tem perature Tofthe object and the tem perature M of

the surrounding medium

dT
az kN(M | T), kN > Othe constant of proportionality.

Stephan's Law of Radiation says the rate of change is proportional

to the difference of the fourth pow ers:

dT
a = kS(M4| T4), kS > Othe constant of proportionality.

Com pute the fourth degreeTaonrponnomianfM4iT4,asafunc»
tion ofT,aroundthepointT:M4(Mis xed.) Your answ er should
show thatforTcIoseto M,Newton'sLaw is agood approxim ation
to Stephan's Law,and tell you the relation betw een the constants kN

and kS.

4. POWER SERIES

So far w e've discussed how to get various approxim ations to a

function f(X)ata base pointa. For exam ple,in exercises 1.1,2.1,and

3.1 w ith f(X): exyou com puted that

e Yal+ X

2

Yal+ X+ —

¢ 2
2 43

Yal+ X+ —+ —
4 X > 6

foanearO.Whatwehavenotdoneissaid how near 'near' has to
be, or how close the polynom ial is to the function w hen w e use the
sym bol 1/4. The tw o questions are clearly related. W e w ill save these
guestions for later, how ever.

In this section w e w ill de ne TAYLOR SERIES,and, m ore generally
PowER SERIES. Think of the Taylor series as a polynomial of in nite
degree, that goes on forever. The coef cients are determ ined by the
form ula (3). For exam ple, every derivative ofexis ex,and eo=1.30
th e TaylorseriesforexatX:Ois

2 3 n
1+ x+ =+ X 4 ooer 4 goe
27 6 ni
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Thisisjustaw ay to keep track of the factthat Taylor approxim ations
of all possible degrees exist for this function, even though in any
given com putation w e w ould use one of nite degree. A nalogously,
the decim al digits of 1/4: 3141592653589793 go on forever, even
though w e can only use nitely m any of them in a given calculation.

A nother w ay to w rite Taylor series m ore com pactly is w ith the§

notation, the Greek letter for S (m eaning ‘sum '). The Taylor series

for € at X = 0is

2 3 n X- n
" 1+x+%4~%+¢m+57+mm= X

n n”

n=0
The § notation just m eans add up all term s of the form Xn:n!,for all
ngoingfrom Otoin nity.

The functions Sin(X) and COiX) have a nice pattern in their Tay -
lor polynomials, because the derivatives repeat after the fourth one:
sin(x). cogx). i sin(x). j cogXx). sin(x), COLX). etc. w nen we plug in
OW e get a sequence 0,1,0,] 1,0,1,0,| 1, So by form ula (3) the
TaylorseriesforSin(X)atX:Ois

3 5 2n+1 hs x2n+1

X X
S S +.1n + — .1n
(£ X1 3 E'N¢O)Qmﬂﬂ¢wnJ')m+m

and the Taylor series for COQX)at X = Ois

2 4 2n h e x2n

X2 x*t o X N X
) 1'2+M'NM“”QW+m¢Fle%W

. . . s (1 il .
A nother basic function that is very useful is | X .. Convince
. injil
yourself that the MN-th derivative of this function is n!(1| X)l = so

. il
th e Taylorseriesfor(1| X)I is just

X
) 1+ X+ X2+ ¢¢¢+ X" + ¢¢¢= x":
n=0

The Taylor series (4), (5), (6), and (7) com e up so often that you w ill
certainly need to know them

W e use the name TAYLOR SERIES W hen w e start w ith a function,
lik e ex,and construct a sequence of polynomials based on it. M ore
generally, w e can start by w riting any polynomial of in nite degree.
This is called a Pow ER SERIES. A Taylor series is just a special case

of a pow er series.
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For exam ple,consider

N N (o N ) L

Choonzt @z oz '@z
( )2n
¢ee+ (j )" —— )2 + ¢¢¢=
R (1 02
n=0 (nI)Z
We will eventually use these to de ne new functions. The pow er

series de ned by (8) is the Bessel function, JO(X) w ith applications
to the physics of heat conduction. Figure 4 show s the degree 2,4,6,8,
and 10 Taylor approxim ation to Jo(X),together w ith the function it-
self. Since any polynomial eventually tends to in nity, the approxi-
m ations all eventually curve aw ay from JO(X).Butthe higher degree
ones ‘last longer'. The function JQ(X)itseIf tends to Oas Xtends to
in nity.

W HY ARE WE DOING THI1S? It seem s a little abstract. H ere's the
reason: In the previous sections, w hen com puting Taylor polynom i-
als, w e had to take a lot of derivatives. This can get very tedious,
and it is hard to do accurately. (Recall exercise 3.2). The pow er se-
ries provide a convenientnotation for learning the shortcuts to these
com putations.

EXAMPLES: We can add pow er series together, m ultiply, or m ake
substitutions. This w ill give the Taylor series of new functions from

old ones. For exam ple,to getthe Taylor series 0fS|n(2X),w e just take
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(5) and substitute 2X for X' . Thusthe series for S|n(2X)is

8x3 35 22n+1 y2n+1 p 22n+1 y 2n+1 .

o . . a3\n — . 23N
TR ¢ee+ (i 1) 2n+ D) + ¢0¢ n:o(l 1) n+ 1)

2X |
3 3
Sim ilarly if wewant the seriesforex,wetake(zl)and substitute "X~

3
for X' . Thus the series for eX is

6 9 3n s 3n
1+x3+ <+ X 4geer 2+ oee= . X
2 6 n! . n!

W e can also add or subtract series. The series for exl 1| Xis

2 3 n )4 n
X e X ee= T X
2 6 n! oo n!

since 1+ Xis its ow n Taylor series (see exercise 2.6). To getthe series

2 2
for X ex,justm ultiply every term in the series for exby X ,to get

, . x4 x5 n+2 R XN+2
X243+ o 4 00 T+ 0=
2 6 n! n!
n=0
M oRAL: Itisalm ostalw ays easier to startw ith a know n series and

use these shortcuts, than itis to take lots of derivatives and use (3).

4.1 . U se (7) to com pute the Taylor series at X = Ofor each of these

functions: (1+ X)l 1, (1| Xz)i 1, (1+ Xz)i 1'

4.2 . U se the m ethods of this section to com pute the Taylor series at
- 2
X—Oofx CO%?)X).Com pare to w hatyou did in exercise 3.2. Re-read

the moral atthe end of this section.

4.3 . Com putetheTaonrseriesatX:Oof

1 1 1 1
:_¢ and of

2i x 2 '1j (x=2) 2i x3:

4 .4 . Com pute the Taylor series at X = Oof S|nh(X) = (ex | ei X):Z
X=(X + 1), xel X ana X2sin(x?).

4.5 . Com pute the Taylor series at X = Oof Sin(X):Xand (ex| 1):)(
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4 .6 . Consider the function f(X) = (1+ X)t, w here tis som e real

num ber. We will use this function to de ne the BINOMIAL SERIES.

N oticef(o)(O)= f(0)= 1,and for K> 1tne Kin derivative at Ois
(k) - . . . .
F90)= (L1 D(ti 2)000(ti k+ 1y:

exactly Kterm s

Thus ifwede ne

S y M e a2t k+ 1)
o 7 k k! ’

P, ¢

| t k

t
then the Taylor series fo (.1 X) is exactly - X", .
i,C i, ¢ i,0 k=0 k i, ¢
W rite out explicitly 2 5,and 4AW hen you m ultiply itout, 4
is about 00453135 i
t
It becom es clearthatiftis an integer, and k> t,then K - O I'n

this casef(X)isapoilyq:nom ial,and its Taylor series is nite. These bi-
nomial coef cients It( m ay be fam iliar to you,from Pascal's triangle.
Iftis not an integer,the Taylor series has in nitely m any term s.

W rite out the rst four term s for the binomialseriesfor(1+X)1=2,
ie. 1= 1=2 +1hnis is, of course, just the degree 4 Taylor ppolyno-
m ial. N ow plug in X = :037t0 get a good approxim ation to 1037
Com pare this to w hat your calculator gives, anad to your answ er to
exercise 1.2. Figure 5 show s the function y: itogetherwith the
linear approxim ation from exercise 1.2 and the degree 4 approxim a-

tion above.

4.7. sethe binom ial series w ith [ = j 1=2tc nd the Taylor series

for 1: 1| X2.
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5. M ORE SH ORTCUTS

In the previous section w e saw how to add, subtract, and m ake
substitutionsin pow er series. In this section w e w ill take derivatives,
integrate, and m ultiply.

D erivatives are easy,as you already know ther rules for derivatives

. il . i 2
ofpolynomials.Thus,sincethederivativeof(l] X)I is(l] X)I , W e
_ 1 x)i2 _ et

get the Taylor series for | X by taking the derivative of every

term in (7):

d—c)'((1+ X+ X2+ x3+ ¢¢¢+ x" + ¢¢¢) =

2 nj 1 —

0+ 1+ 2x+ 3x“+ ¢¢¢+ nx"' ~ + ¢CC=
nil_ n.
nx" -+ = (n+ 1)x™:

n=1 n=0

N otice there are tw o w ays to w rite the series in §notation,by keep -
ing track of the powerofX,orby keeping track of the coef cient.
Since the derivative ofexis ex,weshould have thatthe Taylor series

(4) isits ow n derivative,and it is:

d xZ  x38 X"
&(1+ X + ?+ E+ ¢ee+ m+ ¢ee) =

2 ni 1

0+ 1+ X+ = + ¢00+ X+ ¢g¢:
2 n!

Every term shifts down by one. N oticethatn:n!isjust 1:(n| 1)'
W e can also integrate pow er series ‘term by term '. For exam ple,
since the antiderivative of(li X)ilisi |n(1| X),wegetthe Taylor
seriesfori In(ll X)by com puting the antiderivative of each term in
(7):
X2 X3 Xn )Q- Xn
X + 7+ §+ ¢ee+ — ¢ee= —:
n n=1 n
Ifw ewantinstead |n(1| X),ofcoursew e haveto multiply every term
by | 1 There is a subtle point here; the antiderivative of a function
is determ ined only up to a constant (the ‘+C' term of M ath 3B). In
this exam ple,i |n(1| X)isthe unique choice of antiderivative that
iszero at X = O That value of the function determ ines the constant
term of the series expansion. So in this case, the constantterm is 0.
Thisidea lets us get a handle on functions thatdo nothaveasim -
ple antiderivative. For exam ple, you m ay have learned in M ath 3B

s oy2
X
thatthe function e' has no sim ple antiderivative. Thegraph ofthis
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Figure 6
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function is the 'bell shaped' curve, w ith applications in statistics. If

i X
w e take a Taylor series for eI :

1: x2+ X_4_ X_6+ 000+ (i 1)"x2 + 060 b3 (i 1)"x>
: 2! 6 n! nt

n=0
and integrate term by term w e get:

X3 X5 X7 (i 1)nX2n+1
P K gges Uy g T U X
X370 2 @2n + Dn! @+ D!

. Ny 2n+1
R
s oy2
X
This is the Taylor series for the antiderivative of el w hich is Oat
X = O The function w hich has this as its Taylor series is called the

"Error function' Erf(X). By the Fundam ental Theorem of Calculus,

another w ay to w rite this is

VAN )
err(X) = e Udt
0
since Erf(X) is just the function that com putes area under the bell
curve up to a variable pointX. W e have renam ed the variable of
integration tto keep it separate. A nother w ay to think about this is

that w e have used pow er series to solve the differential equation
0_ A x2. - N
y =€ ’ y(o)_ O

Figure 6 show s the graph ofy: eixz, (the "bell curve') together
w ith the graph ofy=Erf(X)discussed above. Convince yourself by
com paring the graphs thatthe bell curve has the right properties to
be the derivative of the Error function.

H ere's the last trick of this section: Instead of m ultiplying a pow er

series by a num ber, or a pow er of X,w e can m ultiply tw o different
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series together. In general the coef cients of the product are com -
plicated, so w e w ill not use the § notation to w rite the general co-
ef cient; w e w ill just w rite the rst few . For exam ple, the series for

S|n(X) COS(X) com es from m ultiplying

x3 x5 x? x4
(X| §+§| ¢¢¢)(1| E+m| ¢¢¢)
_ .., 1 1 1 1 1, .5 _
= Xj 5+§)X+ §+T3!+I)X + ¢¢C=
Xj =X+ —x7+ ¢¢¢:
'3 15
N otice there are tw o w ays of getting an X3term in the series for

SII‘](X)COS(X) one from the product of the X term in S|n(X) and the

2

X term in COiX),and another from the product of the constant term
3 .

in COiX)and the X“term in S|n(X). There are three w ays of getting an

5
X term , etc.

—_ . i3
5.1. Com putetheTaonrseriesatX—Ofor(1[ X)l .

5.2. Com pute the Taylor series at X = Ofor In(1+ X), In(1| X3), and
In((1+ X):(ll X)) (H int: These are easy,don'tm ake them into hard

problem s.)

— 2
5.3. In exercise 4.1 you com puted the Taylor series forl—(l‘l'X).
U se this to com pute the Taylor series for arCtan(X)

5.4. Com pute the Taylor series at X = Ofor aI’CSII’(X)(H int: exercise

5.5. In exercise 4.5 you com puted the Taylor series for (ex| 1)=X.
U se the techniques of this section to nd the Taylor series for the

"Exponential integral' function Ei(X)de ned by
ei(x) = — =

0 t

In other words, Ei(X) is the antiderivative of (ex| 1):Xw hich is O

at X = 0 This is another function w hich com es up in physics and

engineering.
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5.6. Euler's dilogarithm L(X)isde ned by

in In(1j t)

L(x) = . .

dt;
in other w ords, it is the antiderivative ofi |n(1| X)=Xw hich is Oat
X = O It has applications in my area of research, num ber theory.

Com pute the Taylor series expansion for L(X)atX: 0

5.7. Com pute the rst few term s of the Taylor series atX:Ofor

S|n(X)e2X and for ei X:(1+ X)

5.8. The differential equation

0. — 1 . —
yiy=-—— y0)=1

1+ x
is rst order linear, so the m ethods of section 2.2 of the M ath 3C text
should solve it. A dif culty arises in the form of an integral you
can't do. Use your answ er to the previous problem to nd the rst

few term s of the Taylor series for the solution. (There are other, m ore

sy stem atic w ays to nd the solution as a series,done in M ath 5C.)

5.9. In addition to m ultiplying series together,one can also do long

division. D ivide the series for COS(X) into the series for Sin(X)to get
the rst few term s of the seriesfortan(X).ltstarts X+ %"' ¢¢¢,what
isthe nextnonzero term ? The series forse((X)com es from dividing
the series for COiX)into 1= 1+ OX+ OX2+ ¢¢¢.The constantterm is
1,whararethenexttwononzeroterms?You can check your answ er

by also using form ula (3).

5.10. The point of these sections w as to develop shortcuts for com -
puting Taylor series, because it is hard to com pute a lot of deriva-
tives. W e can turn this around, and use a known Taylor series at
X = Qto tell w hat the derivatives at X = @are: the N-th coef cientis

N-th derivative atadivided by n!.Usethisidea and your answ er to

2 —
exercise 4.2 to com pute the 10th derivative of X COS(3X)a1 X = 0

5.11. Try to show thatthe pow er series Jo(X)given by form ula (8)

satis es Bessel's equation:
1 0,
380 + 23600 + Jo(x) = 0

by collecting alllike pow ers of Xon the left side, and show ing every-

thing cancels.
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6. CONVERGENTCE

In the previous sections w e've dealt w ith pow er series as form al
objects, as w ay to keep track of all the different Taylor polynom ial
approxim ations of all different degrees. Wenow need to think about
w hat happens for a particular num erical value of the variable X. Do
thepolynom ialapproxim ations getclose to the function value? D oes
itmake sense to add up in nitely m any num bers? The answ er to
both question is "Som etim es.'

W e start w ith the G EOM ETRIC SERIES. This is the nam e for the

Taylor series

R
1+ X+ X2+ ¢¢¢+ X" + ¢¢¢= x":
n=0

for the function 1:(1| X). This m eans that for any n,the Ntn Taylor

polynom ial at X = Ofor 1:(1| X)is 1+ X+ X2+ ¢¢¢+ Xn:For a given

num erical value ofX,wecan ask, 'Is this close to 1:(1| X)’) This is
. 2 n

true exactly w hen (1] X)(1+ X+ X + ¢¢¢+ X )is close to 1 A little

algebra show s that in the product, a lot of term s cancel; in fact, all

butthe rst and the last:
(1i X)L+ x+ x2+ ¢¢¢+ x") = 1; x"*:

This m akes it easy to tell w hatis going on;iijj<1,then Xn+l! 0
asn! l.Sointhis case (1| X)(l'l' X+ X2+ ¢¢¢+ Xn)is close to 1
fornbig,or1+X+X2+ ¢¢¢+Xni5closeto 1:(1| X)

Butifx> 1,Xn+l! 1 asn! 1,50 1| Xn+lisnotcloseto lln
this case the Taylor polynomialsnolonger approxim ate the function,
no m atter how big the degree is. (Sim ilar considerations apply w hen
Xx<il,

W e w ish to do a sim ilar kind of analysis for other pow er series, for
w hich w e need to introduce someterminoIogy.SupposeF;Cngis any
in nite list of num bers (a SEQUENTCE). W hen w e write rj;zocn(an
IN FI NITE SERIES OF just a SERIES) W e m ean a new listofnum bersfsng

form ed by taking partial sum s

So= G
S1=CG+ 0
$2=0+tC0+ ¢
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For exam ple, takephe geom etric series above, with X = 1=2 s, Ch

1
w ill be (1:2)n By n:0(1:2)n,w e m ean the sequence of num bers

So= (1=2)°=1
s = (172)° + (1=2)" = 3=2
s = (172)° + (1=2)" + (1=2)* = 7=4
S = (1=2)° + (1=2)' + (1=2)? + (1=2)° = 15=8
W e w ill say in general a series coNVERGES if the sequence of par-
tial sum s Sn approach som e lim iting value, and w e'll say the series

DIVERGES O Otherw ise. By the discussion of the geom etric series at the

beginning of this section,
_ 1 @=2
"1 1=2)

SothepartialsumsSnconvergeasngoesto' nity.

by som e algebra 2| (1:2)n

— 1= 1 —
A nother exam ple: |if Cn - l—n then by n=1 1—nwe m ean the

sequence of num bers

s1=1

1
32:1"'5

1 1
=1+ -+ —
53 2" 3

This exam ple is a fam ous series, called the H ARMONIC SERIES. N o-

tice w e started sum m ing from n= 1instead of N = O;thisislegal.

The fact that this series diverges is discussed in exercise 6.4.
Onemorepxam pIe:TaketheTaonrseries(4)forexato,and plug

— 1 —
in X—l.By nzol—n!wemeanthesequence

So=10I=1

101+ 1=11= 2

1=0I'+ 1-11+ 1=2!= 5=2= 2.5

Sy = 10!+ 1=1'+ 1=2!+ 1=3! = 8=3 = 2:6666:::

n un
N B
i

Later w e'll see that this sequence really does converge to

el = e= 2:71828182846: :
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W ARNING: Try not to confuse pow er series, (w hich are form al
objects w ith a variable X) and in nite series (w hich are actually se-

guences of real num bers, the partial sum s.)

W e w ill also need a m ore delicate notion of convergence. It som e-
tim es happens thatan in nite series w ill converge, butonly because
positive and negative term s cause a lot of cancellpion. (To see an
exam ple, write dow n the rstfew partial sum s of n(l 1)n:n.) For
technical reasons, this is not optim al. So w e'll also consider z13new
series form ed by taking absolute values, and say thatthe pries nCn
CONVERGESABSOLUTELY isthe seriesofabsolute values njcnjcon-
verges,i.e. if the sequence

So = ]Co]

jCoj * jCij
jCoj + jCij + jCy

S1
S2

converges. The point here is that the num bers being added are all
positive, so the partial sum s can only increase. There is never any
cancellation. A bsolute convergence is the very best possible, grade
A AA kind of convergence. In particular, if a series converges abso-

lutely, then it converges.

6.1. W rite the rst 5 partialsump for the series for the harm onic
. n—
series. D o the sam e for the series n(| 1) =N
1 —n2
6.2. W rite dow n the rst 5 partial sum s for the series nzll—nA
6.3. U se your calculator to com pute the partial sum of the rst 100
term s of the series in the previous problem . In fact this series con -

vergepthe Sw iss m athem atician Euler proved the very beautiful for-
1 —_n2 — —
m ula n=1 1—n —]/1%—6.This series is related to the function L(X)in

exercise 5.6. See also exercise 6.7.

6.4. In this exercise w e show thatthe harm onic series diverges.

View each coef cient].:nbeing sum m ed as the area of a rectangle
w ith basetheinterval(n;n‘l'l)ofwidth lontheXaxis,and height
1:n. Draw arough diagram of the rst few rectangles. On this sam e
graph,sketch the function y:].:X.ItshouId lie under all the rectan -
gIes.Thustheareaundery=1=X,from 1uptosomebigintegerN,
is less than the sum of the areas of the rectangles, w hich is the N-th
partial sum of the series SN — 1+ 1=2+ 1=3+ ¢¢¢+ 1=N. v se calculus
Iocomputetheareaundery:1:Xfr0m leuptOX:N.Usethis
to show thatasN! 1SNI 1
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Thistrick can often be m ade to w ork, its called the INTEGRAL TEST

for convergence.

6.5. (Continuation)Theantiderivativefor1:Xyoufound abovegoes
to in nity very slow ly. How big doesNhaveto be so that the area
under 1:Xbetw een land N is bigger than, say, 107 This tells you
how m any term s of the harm onic series you need before you can say
that SN is bigger than 10 The harm onic series diverges, but very

slow ly.

6.6 . TPy to generalize the argum ents in exercise 6.4 to w ork for the

1 _ —
series n=2 1—(n|n(n)). You w ill need to integrate the function y—
1=(x In(x)):

6.7. The integral test can equally well be m ade to how a series
converges. In this exercise you w ill show show that r]1-:1 1:n2(:0n»
verges. First, w hat function y:f(X)wiIIbe appropriate? N ext,you
need to arrange the rectangles so the graph ofy: f(X)Iies above

them instead of below . Com pute
ZN
AN = f (x)dx;
1
itisthen greater than SN. Show that |imN! 1 AN is nite,then |imN! 1 SN

is nite as w ell,i.e. the series converges.

7. TESTsS FOR CONVERGENCE

A n application of the idea of absolute convergence isthe coM PAR-
ISON TEST. It uses inform ation about one seriePto get inform ation
about another. H ere's how it works. Suppose nCnis somF;: series
that w e know converges absolutely. Given another series thq,if
anj anjfor all N, then the com parison testsaysthalthespies n

also converges absolutely. Thereason thisw orksisthatif JCnJcon

prges,itspartialsumsdon'tincreasetoin nI'Dty.ThepartiaIsum s for
njbnjare all less than the partial sum s for JCnI:)
Conversely if the series w ith the smaller term s does not con -
‘yrge absolutely, then neither does the series w ith the larger term s
Cn.
A m azingly, w e can use this fact and our know ledge of the geo-
m etric series to get inform ation aboutany pow er series atall. Thisis
im portantenough to state in fancy language,buttheideasare sim ple

enough for you to follow
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I:)l
Theorem . If nzocnis any series,letLbethelimit
R an+1j
L= Ilim —=:
il jCaj
Then the series converges absolutely if L < 1 and it diverges if L > 1

Thereisno inform ation if L = l,anything can happen.
Proof. Suppose Las in the theorem satis es L < 1; i.e
. JCn+1] .
lim ——= < 1L
il G
Since L is less than 1 it is a property of real num bers that there is

another number I betw een L ana 1 (For example, I = (L+ 1)=2

w orks.)

since Iis bigger than the |lim it L its true that
+

Jera
JGn)

for nbig enough, say bigger than som e N (N depends on r,butis

r

then xed independent of everything else.) This says for exam ple
that
jon+1] . . S
—F<T or JCn+1) < IJCnJ-
JCN)
Sim ilarly
fow-aifonal _ 2
JCn+1) JCN)

In general w e ndthatforanyk
. . K: .
ik < Ty

. . 1
since I < 1 the geom etrpc series JCNJ Fk:O I’k converges absolutely.

or  jonez) < r¥onj:

By the com parison test, k:OjCN+kj= rI:Njcnjconverges,i.e.the
original series converges absolutely.

In the case w hen L>1,onecan show sim ilarly thatthe individual
termsjcnjareincreasing,so the series diverges. D

W e typicaIIID use this w ith Cn = an(X| a.)n com ing from som e
pow er series nan(Xl a)ncentered at X= Q& The RADIUS OF CON -
VERGENCE Risthe‘largest' valueothhatmakesthelimitLequaIl
Itistheradiusofaonedim ensionalcircle,theinterval(ai R,a+ R)
The ratio test then can be interpreted as saying that the series con -
verges absolutely w hen JX| aj< R.Wegetnoinform ation w hen
JX| aj:R.(Thelerminology‘radius'makesmoresensewhenthis

is generalized to functions of tw o variables, then the pow er series
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convergesinside areal circle in the plane.) The ratio testis extrem ely
useful because so m any pow er seriesinvolve n!,and theratioscancel
so nicely.

EXAMPLEszlntheseriesforex,wehave
janeX™ _ Xt 1 Xt ol X
ja.x"j  jxj=n! jxj» (n+1) n+1

Sothelimi1L=Oforany Xand therefore the series alw aysconverges
absolutely, for any X.Wesay the radius R:].
For the geom etric seriesan:].forevery n,so

jansa X" jxE
janX"] X"j

Thus the the series converges absolutely if JXJ < 1 as w e already

= JX:

knew . The radius of converg nceisl
The series for In(ll X) is i=1 | ann, s o
jansa X" jxj"i=(n+ 1) i
janx7] pin=n

The last step above comes from m ultiplying num erator and denom

JX]

n+1) Hix1=n

inator by 1:n,usefulfor seeing thatthe lim it istj ¢1= JXJ Thus the
series converges absolutely for JXJ < 1,or R: 1

H ere's a slightly m ore com plicated exam ple;the pow er series

3n—nn.
x=2":
n=0
(See exercise 4.3). W e have

ivi3(n+l) :2n+1
PIT =2 = ixje=2:

jx3nj:2n
- -3 - - 1=3.
Thus the series converges absolutely ifJXJ <2,or,JXJ<2 . This
— n1=3.
show theradiusofconvergenceisR—2 .
Pl. Lbsethe com parison test and the harm onic series to show that

n1: ndiverges4 (You m ay assum e th eph arm onic series diverges,

even if ypu didn't do exercise 6.4.) H int: n< n;w hat does this say

about 1= ﬁvs. 1=m

7.2. U se the com perison test and your answ er to exercise 6.7 to
1

—n3
1_n converges.

show thatthe series n=1

7.3. U se the ratio test to nd the radius of convergence forS'”h(X)
(see exercise 4.4) and for S|n(X)
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2
7.4 . Find theradiusofconvergence oftheTaonrseriesforX COiBX)

you com puted in exercise 4.2

7.5. Fin thetheradiusofconvergence ofthe Taylor series for S|n(X):X

and (ex| 1):Xyou com puted in exercise 4.5

1 n
7.6 . Show that the radius of convergence of nzln!X is 0 This

show s the w orst case can happen.

7.7. Com putetheradiusofconvergence for the Bessel function JO(X)
given by form ula (8). This show sthatJo(X)reaIIy doesde neafunc-

tion. U se the rst 4 term s and your calculator to estim ate Jo(l)

7.8. U se the ratio test to show that R = lfor the series L(X)you
found in exercise 5.6. N otice that exercise 6.7 show s that the series
L(l)doesconverge,even though this is on the boundary, w here the
ratio test gives no inform ation. The geom etric series also has radius
R = 1,butcertain|y does not converge w hen X = 1 (W hat is the
Nth partial sum for the geom etric series w ith X = 1?) This show s

anything can happen on the boundary.

7.9. D eterm ine theradiusofconvergence of the binom ial series (ex -
ercise 4.6). There are different answ ersdepending on w hether or not

tis an integer.



